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Preface to the Second Edition

This second edition of A Computational Differential Geometry Approach to
Grid Generation is significantly expanded by new material that centers on
the recent advances in grid generation technology based on the numerical so-
lution of Beltrami and diffusion equations in monitor metrics. It gives a more
detailed and practice-oriented description of the monitor metrics for provid-
ing the generation of adaptive, field-aligned, and balanced numerical grids.
New finite-difference codes are described for generating both structured and
unstructured surface and domain grids. Numerous applications of the codes
for the generation of numerical grids with individual and balanced proper-
ties in surfaces and domains, in particular, in the tokamak-edge region are
demonstrated. The new edition also boasts examples of the implementations
of the grid generation codes in the codes for the numerical investigations of
gas-dynamics and magnetized plasmas problems.

Grid technology, which has had a significant impact on the efficiency of
numerical codes, remains a rapidly advancing field of computational physics
and applied mathematics. New achievements are being added by the creation
of more sophisticated techniques, modification of the available methods, and
implementation of more subtle tools as well as the results of the theories of
differential equations, calculus of variations, and Riemannian geometry in the
formulation of grid models and analysis of grid properties.

The development of comprehensive differential and variational grid gener-
ation techniques reviewed in the monographs of J.F. Thompson, Z.U.A. Warsi,
and C.W. Mastin, P. Knupp, and S. Steinberg, and V.D. Liseikin has been
largely based on a popular concept in accordance with which a grid model
realizing the required grid properties should be formulated through a lin-
ear combination of basic and control grid operators with weights. A typical,
basic grid operator is the operator responsible for the well-posedness of the
grid model and construction of unfolding grids, e.g., the Laplace equations
(generalized Laplace equations referred also to as second-order Beltrami equa-
tions) or the function of grid smoothness, which produces fixed non-folding
grids while grid clustering is controlled by source terms in differential grid
formulations or by an adaptation function in variational models. However,
such a formulation does not obey the fundamental invariance laws with re-
spect to parameterizations of physical geometries and frequently results in
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cumbersome governing grid equations. Besides this, the choice of the weight
and control functions for providing well-posedness, grid non-degeneracy, and
adaptation is largely based on unreliable theoretical assumptions borrowed
from one-dimensional models.

The current book revises this popular concept and pursues a more up-
dated and somewhat revolutionary one based on the general fact that an
arbitrary one-to-one, smooth multidimensional coordinate transformation de-
riving a numerical grid in a domain or on a surface is realized by a solution of
a system of the Beltrami equations in a suitable monitor metric specified in
the physical geometry. The system can be interpreted as the multidimensional
equidistribution principle in which the monitor metric tensor is an extension
of a scalar-valued weight function. With this interpretation for a mathemati-
cal model for generating grids in domains or on surfaces, one need only choose
the Beltrami equations, without any complementary control operators that
worsen the model, while the required grid properties are realized through the
specification of suitable metric tensors.

Thus the single Beltrami mathematical model provides a real foundation
for the solution of the challenging problem of the development of compre-
hensive grid generators. Consequently the efforts of research should be di-
rected towards implementing this model into grid technology by developing
approaches for formulating metrics in physical geometries and establishing
necessary relations between them and the required grid properties for the
purpose of setting up an adequate control of the grid quality by the choice
of the suitable metric.

One natural approach for formulating metric tensors and corresponding
tensor-valued weight functions is based on the notion of a monitor surface
over the physical geometry that undergoes a gridding process. The monitor
surface is defined as the graph of some (in general vector-valued) function
that takes into account the behavior of the physical solution. This monitor
surface, having an inherent metric tensor that can be considered as the very
tensor-valued weight function, is suitable for generating adaptive grids with
the use of a smoothness functional (which is the functional of energy) whose
Euler-Lagrange equations are, in fact, equivalent to the Beltrami equations
in the metric of the monitor surface. The resulting grid derived by this metric
tends to cluster its nodes in the zones of the large gradient of the function. The
approach for formulating the adaptive metric is readily extended to define
more general monitor metrics in domains or on surfaces, thus turning them
into Riemannian manifolds whose implementation in grid technology allows
one to generate grids satisfying the most broad mesh quality requirements.

In order to control the required grid properties by the monitor metrics,
one needs a knowledge of geometric characteristics of the monitor geometries
and their relations to the resulting grid behavior. This knowledge can be at-
tained with the aid of the theory of multidimensional differential geometry of
Riemannian manifolds adjusted to the features of grid technology. The theory
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of multidimensional differential geometry is really one of the most promising
branches of the pure mathematical field of science, capable of pushing grid
technology to a more advanced level in its development. Indeed, many notions
and characteristics of common surfaces, such as metric tensors, their invari-
ants, first and second fundamental forms, curvatures and torsions of lines, the
mean and Gauss curvatures, and Christoffel symbols, have already been used
by many authors as natural elements in defining grid quality measures and
formulating appropriate variational and differential grid techniques in a uni-
fied manner regardless of the geometry of the physical domains and surfaces.
A theory of more general geometric objects, such as regular multidimen-
sional surfaces and Riemannian manifolds implemented for generating grids
with necessary properties, is expected to become a highly beneficial tool for
boosting grid technology. The known relations and techniques of differential
geometry also present an efficient means for transforming and modernizing
the physical and grid equations into a suitable form. It is presumable that
the science of differential geometry will play in numerical grid technology
the same role played by the science of matrices in the theory of difference
approximations of boundary value problems.

Therefore, there is a need for a monograph that is essentially aimed at
providing deep and balanced insight into the fields of grid science, multidi-
mensional geometry adjusted to grid technology, and up-to-date achievements
of the applications of geometric tools to the creation of advanced grid tech-
niques. With this background the reader will be able to formulate and develop
well-posed grid models and algorithms and analyze grid properties with ge-
ometry related tools, thus taking part in the solution of the very challenging
problem of the development of advanced comprehensive grid generators.

This monograph gives an account of the geometrization of popular com-
prehensive grid methods and presents an important extension to the methods
related to the application of the technique of Riemannian manifolds to the
formulation of grid equations by developing some procedures for the con-
struction of monitor metric tensors. Contrary to classical geometric studies,
which center on geometric features and characteristics of specified Rieman-
nian manifolds, the problem of finding appropriate monitor metrics for pro-
ducing grid systems with the required properties is somewhat an inverse
problem of the creation of Riemannian manifolds with desirable geometric
characteristics. In accordance with the concept of the inverse problem, the
author of the monograph discusses rather thoroughly some new techniques
aimed at the construction of special monitor metrics in physical geometries.
The techniques are designed by generalizing the projection approach in which
the monitor metric in an n-dimensional physical geometry is borrowed from
a natural metric of the n-dimensional surface derived by a height monitor
function over the geometry. This technology allows the required metric to
be defined through the original metric of the physical geometry and certain
vector-valued functions.
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The book establishes and reviews some of the relations of the Riemannian
geometry for the purpose of obtaining new equations with implemented met-
ric characteristics aimed at facilitating the control of the generation of grids
with the required properties. Taking advantage of the relations established,
the author has converted the equations into a compact form convenient for
numerical treatment via the available algorithms.

The technique of multidimensional differential geometry is also applied
to study the qualitative effect of a general class of monitor metrics on the
resulting mesh. For this purpose a new characteristic of grid clustering is
formulated. Certain relations between this measurement and some geometric
characteristics of grid hypersurfaces and the monitor functions forming the
monitor metrics are established. The well-known results for grids generated
by inverted Laplace equations about node-clustering near concave boundary
segments of domains and node-rarefaction near convex boundary segments
are, using these relations, extended to arbitrary boundary segments and to
more general Beltrami equations in monitor metrics. On the basis of the
established formulas, the monitor functions are readily estimated in the in-
verted diffusion and Beltrami grid equations to provide grid clustering or, if it
is reasonable, grid rarefaction near arbitrary segments of physical geometries.

Some relations of the mean curvature of the monitor surfaces to the Bel-
trami equations for grid generation are exhibited. The book also includes
a chapter devoted to the implementation of the comprehensive grid equa-
tions and the energy functional into numerical codes and to the application
of the codes to the numerical solution of some gas-dynamics and plasma-
related problems.

Since grid technology has widespread applications to nearly all field prob-
lems, this monograph will be useful for a broad range of readers, including
teachers, students, and researchers as well as practitioners in applied mathe-
matics, mechanics, biology, medicine, and physics interested in the numerical
analysis of multidimensional field problems with complicated geometries and
complex solutions.

The book is divided into two parts. Part I of the book gives a geometric
background needed for the development of grid generators. The grid equa-
tions, codes, and applications are described in Part II.

Part I of the monograph includes Chaps. 1-4. Chapter 1 gives a general in-
troduction to the subject of numerical grids and methods of their generation.
Chapters 2—4 introduce the reader to multidimensional differential geometry
for the purpose of better understanding those of its techniques that are suit-
able for the implementation into advanced grid generation technologies. The
geometric implementation in grid technology pursued in the book assumes the
development of robust techniques for producing appropriate monitor metrics
over both physical domains and surfaces thus converting them into Rieman-
nian manifolds. The metrics should guarantee generation of grids with the
necessary properties through popular mathematical models.
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Part II of the book is devoted to the implementation of geometric tools
into the development of grid techniques and codes. It contains Chaps. 5-7.
Chapter 5 deals with fundamental elliptic grid models formulated through
the operators of Beltrami and diffusion and establishes compact formulas of
monitor metrics. Two-dimensional Beltrami equations in the natural metric of
a physical surface were originally proposed by Warsi for generating fixed grids
on the surface. The ordinary Laplace equations that are the Beltrami equa-
tions in the Euclidean metric were applied to generate fixed grids in domains
by Crowley and Winslow. One justification of the Beltramian operator is
demonstrated in Chap. 5 by the proof of the statement that an arbitrary non-
degenerate smooth transformation of a physical domain or surface is realized
as a solution of the Dirichlet boundary value problem for the system of Bel-
trami grid equations in some appropriate metric. The chapter also discusses
some variational and harmonic interpretations of the Beltrami equations, in
particular, a variational approach for generating harmonic maps through the
minimization of energy functionals, which was suggested by Dvinsky.

With the help of the geometric relations, established in Chap. 4, the grid
equations introduced in Chap. 5 are transformed in Chap. 6 to equations in
invariant forms with respect to independent logical variables. Special mon-
itor metrics over two-dimensional surfaces are designed that result in sim-
pler transformed equations, even in comparison with the equations that have
been used for generating fixed grids. The chapter also establishes relations
between the monitor functions and geometric characteristics of the Rieman-
nian manifolds produced and the coordinate lines and surfaces generated by
a corresponding mathematical model, for the purpose of realization of grid
control through a suitable specification of the monitor functions.

Chapter 7 gives a description of some computational codes for generat-
ing grids with the numerical solution in the logical domain of the elliptic
equations obtained in Chap. 6 by changing mutually dependent and inde-
pendent variables in the original Beltrami and diffusion equations. Some
numerical aspects related to the development of grid generation codes are
reviewed, in particular, the application of layer-type functions to formulat-
ing monitor metrics and description of two techniques for generating smooth
block-structured grids. Numerical results related to the application of the
grid technology advocated in the book to some gas-dynamics and plasma
problems are also exhibited in this chapter.

The book ends with a list of references.
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1 Introductory Notions

This chapter gives an introduction to the subject of numerical grid technology.
It delineates the notion of grid cells, requirements imposed on grid properties,
and the most popular methods of a mapping approach.

1.1 Representation of Physical Geometries

The goal of advanced grid technology is the development of robust algorithms
and codes for generating grids in arbitrary spatial domains. A spatial domain

X}Pc R, X3={xeR® x=(a"2%2%},

is defined by a specification of a number of two-dimensional boundary patches
that bound it (Fig. 1.1). Let S*2 be some such patch that is a surface in R3.
There are two ways for describing points of the boundary surface S*2: 1)
implicit and 2) explicit. By the implicit way the points of the patch S*? are
found from some equation F(z!,z% 2%) = 0. In the explicit approach the
patch is specified by a nondegenerate parametrization

x(s): 87 = X7, s=(s,5%), x(s) =[a'(s),2%(s),2°(s)], (1.1

which is a one-to-one map between a two-dimensional domain S? C RZ2,
referred to as a parametric domain, and $%2.

In the same way there is specified a boundary curve S*! of a patch:
implicitly by two equations Fj(z!,z2,2%) = 0 and Fy(z!,2%,2%) = 0 or
explicitly through a nondegenerate parametrization

X(S) : [CL, b] - X? ) X(S) - [xl(s),x2(s),x3(s)] ’ (12)

between the parametric interval [a,b] and S*! (Fig. 1.1).

Analogous schemes (implicit and explicit) are applied to describing bound-
aries of two-dimensional domains.

Note the domain X? itself is readily represented in the form (1.1) and
(1.2), as

x(s): 8% = X? | s=(s'5%5%), (1.3)
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Fig. 1.1. Scheme for a representation of a domain as a curvilinear hexahedron

where S2 is X® while x(s) is the identical transformation x(s) = s. However
the domain may also have a general form of its representation (1.3) with the
parametric domain S® different from X3. The representations (1.1-1.3) give
the full set of the explicit specifications of the domain X3 and its boundary.

Of these two ways for describing physical geometries the modern grid
technology relies only on the explicit specifications in the forms (1.1-1.3).

Thus the first inevitable step in the process of grid generation in a domain
X3 c R? is concluded with preparing a working place for the application of
grid techniques, i.e. one must present an explicit representation of X2 and the
boundary of X3 by choosing a set of surface patches covering this boundary
and the parametrizations of these patches and their boundary curves.

If the domain X3 is diffeomorphic to a three-dimensional cube then one of
the typical approaches to the specification of X3 concludes with considering
X3 in the form of a hexahedron with curvelinear faces, i.e. as a deformed
cube (Fig. 1.1). Thus there are chosen 6 patches on the boundary of X3
which represent 6 faces of the hexahedron. The intersection of two contiguous
patches forms an edge of the hexahedron. As a result there are 12 edges. The
intersections of contiguous edges form 8 vertices. The domain X3, its faces,
and edges should by specified by corresponding parametrizations (1.1-1.3).

In another consideration a domain X? may be viewed as a curvilinear
tetrahedron, i.e. as a deformed three-dimensional simplex as in Fig. 1.2 (left).
Consequently, the boundary patches are triangular surfaces while their para-
metric domains may naturally be triangles. In the similar way the domain
X2 may be interpreted as one more solid, for example, as a curvilinear prism
(Fig. 1.2) (right). Analogously a two-dimensional domain X? or surface S%2
diffeomorphic to a square may be viewed as a curvilinear quadrilateral or
triangle.

If a physical domain is not diffeomorphic to an n-dimesional cube then, for
its representation, it is either divided into several subdomains called blocks,
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Fig. 1.2. Scheme for a representation of a globe as both a curvilinear tetrahedron
and prism

each of which is diffeomorphic to the cube, or imaginary faces are introduced.
Figure 1.3 demonstrates such representations of a two-dimensional ring.

Relying on the explicit representation of an arbitrary physical geometry
a physical domain, surface, or curve can be considered in a unified manner,
as a collection of geometric objects referred to as regular surfaces locally
parametrized as

x(s): 8" = R x=(z,...,2"F), s=(s',...,s"), n>1, (14)

where S™ is an n-dimensional parametric domain (an interval if n = 1), while
x(s) is a smooth vector-valued function of rank n at all points s € S™. We
shall designate by S®™ the regular surface parametrized by (1.4). Note, when
k =0 then S*" is a domain Y C R"™.

We assume further throughout this book that we deal with an arbitrary
geometry S*™ represented explicitly by the parametrization (1.4).

Using the specification (1.4) of the physical geometry S*™ allows one to
generate grid points first on the parametric domain and then transforming
them through the parametrization of S*™. With such consideration the pro-

Fig. 1.3. Representations of a two-dimensional ring as both two and one curvilinear
quadrilaterals
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cess of grid generation can be carried out uniformly both for the boundary of
a physical geometry and for its interior part. This scheme of grid generation
leads to the natural requirement for grid techniques that the grids generated
in the physical geometry for different parametrizations should be the same,
i.e. the grid algorithms should be invariant of parametrizations of S*.

1.2 General Concepts Related to Grids

By a grid in a physical geometry S*" there is understood an algorithmically
described collection of elemental standard n-dimensional volumes covering or
approximating the necessary area of the geometry. The standard volumes are
referred to as grid cells. The cells have boundaries that are divided into a
few segments which are (n — 1)-dimensional cells. Therefore the cells can be
formulated successively from one dimension to higher dimensions.

The boundary points of the one-dimensional cells are the cell vertices.
These vertices are called the grid nodes.

This section discusses some general concepts related to grid cells and
grids.

1.2.1 Grid Cells

In general the grid cells are small curvilinear volumes having simple standard
shapes (Fig. 1.4 below). These curvilinear volumes are obtained by deform-
ing reference cells. Such reference cells common in practical applications are
demonstrated in Fig. 1.4 up.

/\
AD & DEIE

Fig. 1.4. Typical reference (up) and corresponding standard (below) grid cells

Reference Cells

In one dimension the reference cell is a closed straight segment, whose bound-
ary is composed of two points referred to as the cell vertices.



1.2 General Concepts Related to Grids 9

A two-dimensional reference cell is a two-dimensional equilateral polygon
whose boundary segments are one-dimensional reference cells referred to as
the edges of the cell. Commonly, the two-dimensional reference cells are con-
sidered in the form of equilateral triangles or squares. The boundary of a
triangular cell is composed of three edges, while the boundary of a square
is represented by four edges. These edges are the one-dimensional reference
cells.

By a reference three-dimensional cell there is meant a three-dimensional
equilateral polyhedron whose boundary is partitioned into a finite number
of two-dimensional cells called its faces. In practical applications, three-
dimensional reference cells typically have the shape of either equilateral tetra-
hedrons or cubes. The boundary of a tetrahedral cell is composed of four
triangular cells, while a cube is bounded by six squares. Some applications
also use for three-dimensional reference cells the cells in the form of prisms
having triangular top and bottom faces. Such prism has two triangular and
three square faces, nine edges, and six vertices. Note bees also prefer cells in
the form of prisms however with hexagonal top and bottom faces.

Standard cells

The edges and the faces of the reference cells are linear. The standard grid
cells being deformed reference cells have, as a rule, nonequilateral edges and
besides this they may be curvilinear. Thus, in general, the standard cells
have the form of curves and curvilinear triangles, quadrilaterals, tetrahedrons,
hexahedrons, and prisms as shown in Fig. 1.4 below.

The selection of the shapes shown in Fig. 1.4 to represent the reference
and standard cells is justified, first, by their geometrical simplicity and, sec-
ond, because the existing approaches for the numerical simulation of physical
problems are largely based on approximations of partial differential equa-
tions using these elemental volumes. The choice of cell shape depends on the
geometry and physics of the specific problem and on the method of solu-
tion. In particular, tetrahedrons (triangles in two dimensions) are well suited
for finite-element methods, while hexahedrons are commonly used for finite-
difference techniques.

The major advantage of hexahedral cells (quadrilaterals in two dimen-
sions) is that their faces (or edges) may be aligned with the coordinate sur-
faces (or curves). In contrast, no coordinates can be aligned with tetrahedral
meshes. However, strictly hexahedral meshes may be ineffective near bound-
aries with sharp corners.

Prismatic cells are generally placed near boundary surfaces which have
previously been triangulated. The surface triangular cells serve as faces of
prisms, which are grown out from these triangles. Prismatic cells are efficient
for treating boundary layers, since they can be constructed with a high aspect
ratio in order to resolve the layers, but without small angles, as would be the
case for tetrahedral cells.
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Triangular cells are the simplest two-dimensional volumes and can be pro-
duced from quadrilateral cells by constructing interior edges. Analogously,
tetrahedral cells are the simplest three-dimensional volumes and can be
derived from hexahedrons and prisms by constructing interior faces. The
strength of triangular and tetrahedral cells is in their applicability to virtu-
ally any type of domain configuration. The drawback is that the integration
of the physical equations becomes a few times more expensive with these cells
in comparison with quadrilateral or hexahedral cells.

The vertices of the cells define grid points which approximate a physical
geometry. Alternatively, the grid points in the physical geometry may have
been generated previously by some other process. In this case the construction
of the grid cells requires special techniques.

1.2.2 Requirements Imposed on Cells and Grids

The grid should discretize a physical geometry by displacing the standard
cells in such a manner that the computation of the physical quantities on
the geometry is carried out as efficiently as desired. The accuracy, which is
one of the components of the efficiency of the computation, is influenced by
a number of grid factors, such as grid size, grid topology, cell shape and
size, and consistency of the grid with the geometry and with the solution. A
general consideration of these grid factors is reviewed in this subsection.

Grid Size and Cell Size

The grid size is indicated by the number of grid points, while the cell size
implies the maximum value of the lengths of the cell edges. Grid generation
requires techniques which possess the intrinsic ability to increase the number
of grid nodes. At the same time the edge lengths of the resulting cells should
be reduced in such a manner that they approach zero as the number of nodes
tends to infinity.

Small cells are necessary to obtain more accurate solutions and to resolve
physical quantities on small scales, such as transition layers and turbulence.
Also, the opportunity to increase the number of grid points and to reduce
the size of the cells enables one to study the convergence rate of a numerical
code and to improve the accuracy of the solution by multigrid approaches.

Cell and Grid Deformation

The cell deformation characteristics can be formulated as some measures of
the departure of the cell from a reference one. Cells with low deformity are
preferable from the point of view of simplicity and uniformity of the con-
struction of the algebraic equations approximating the differential equations.
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Fig. 1.5. Normal (1), singular (2,%), and badly deformed (4) quadrilateral cells

Typically, cell deformation is characterized through the aspect ratio, the
angles between the cell edges, and the volume (area in two dimensions) of
the cell.

The major requirement for the grid cells is that they must not be folded
or degenerate at any points or lines, as demonstrated in Fig 1.5 (2,3,4). Un-
folded cells are obtained from the reference cells by a one-to-one deformation.
Commonly, the value of any grid generation method is judged by its ability to
yield unfolded grids in regions with complex geometry. A tougher condition
imposed on grid techniques also requires the generation of linear and convex
cells only. The grid deformity is also characterized by the rate of the change
of the geometrical features of contiguous cells. Grids whose neighboring cells
do not change abruptly are referred to as smooth grids.

Grid Consistency

By a consistent grid or a consistent discretization there is meant a collection
of n-dimensional strongly convex cells satisfying the following condition: if
two different cells intersect, then the region of the intersection is a common
face for both cells. This definition does not admit the fragments of discretiza-
tions depicted in Fig. 1.6 (2,3,4). If the union of the cells of the consistent
discretization constitutes a simply connected n-dimensional geometry S*™,
i.e. a geometry which is homeomorphic to an n-dimensional cube, then, in
accordance with the Euler theorem,

S

! 2 3 4

Fig. 1.6. Admitted (1) and nonadmitted (2, 3, 4) intersections of neighboring
quadrilateral cells
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where N;, i > 0, is the number of i-dimensional boundary faces of the domain
discretization, while Ny is the number of boundary vertices. In particular,
N is the number of boundary edges. This relation can be used to verify the
consistency of a generated grid.

Grid Organization

There also is a requirement on grids to have some organization of their nodes,
faces, and cells, which is aimed at facilitating the procedures for formulating
and solving the algebraic equations substituted for the differential equations.
This organization should identify neighboring points and cells. The grid or-
ganization is especially important for that class of numerical methods whose
procedures for obtaining the algebraic equations consist of substituting dif-
ferences for derivatives. To a lesser degree, this organization is needed for
finite-volume methods because of their inherent compatibility with irregular
meshes.

Consistency with Geometry

The accuracy of the numerical solution of a partial differential equation and
of the interpolation of a discrete function is considerably influenced by the
degree of compatibility of the mesh with the shape of the physical geom-
etry. First of all, the grid nodes must adequately approximate the original
geometry, that is, the distance between any point of the physical geometry
and the nearest grid node must not be too large. Moreover, this distance
must approach zero when the grid size tends to infinity. This requirement
of adequate geometry approximation by the grid nodes is indispensable for
the accurate computation and interpolation of the solution over the whole
physical geometry.

The second requirement for consistency of the grid with the geometry
is concerned with the approximation of its boundary by the faces (edges in
two dimensions) of the boundary grid cells, i.e. there is to be a sufficient
number of nodes which can be considered as the boundary ones, so that a
set of edges (in two dimensions) and cell faces (in three dimensions) formed
by these nodes models efficiently the boundary. In this case, the boundary
conditions may be applied more easily and accurately. If these points lie on
the boundary of the geometry, then the grid is referred to as a boundary-
fitting or boundary-conforming grid.

Consistency with Solution

It is evident that distribution of the grid points and the form of the grid cells
should be dependent on the features of the physical solution. In particular,
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it is better to generate the cells in the shape of hexahedrons or prisms in
boundary layers. Often, the grid points are aligned with some preferred di-
rections, e.g. streamlines. Furthermore, a nonuniform variation of the solution
requires clustering of the grid point in regions of high gradients, so that these
areas of the physical geometry have finer resolution. Local grid clustering is
needed because the uniform refinement of the entire domain may be very
costly for multidimensional computations. It is especially true for problems
whose solutions have localized regions of very rapid variation (layers). With-
out grid clustering in the layers, some important features of the solution can
be missed, and the accuracy of the solution can be degraded. Problems with
boundary and interior layers occur in many areas of application, for exam-
ple in fluid dynamics, combustion, solidification, solid mechanics and wave
propagation. Typically the locations where the high resolution is needed are
not known beforehand but are found in the process of computation. Con-
sequently, a suitable mesh, tracking the necessary features of the physical
quantities, as the solution evolves, is required.

A local grid refinement is accomplished in two ways: (a) by moving a
fixed number of grid nodes, with clustering of them in zones where this is
necessary, and coarsening outside of these zones, and (b) by inserting new
points in the zones of the physical geometry where they are needed. Local
grid refinement in zones of large variation of the solution commonly results
in the following improvements:

(1) the solution at the grid points is obtained more accurately;

(2) the solution is interpolated over the whole region more precisely;

(3) oscillations of the solution are eliminated;

(4) larger time steps can be taken in the process of computing solutions of
time-dependent problems.

Independence of Parametrizations of Geometries

If a grid algorithm uses parametrizations of a physical geometry S*™ in the
process of grid generation then, inevitably, this algorithm should be inde-
pendent of the choice of a parametrization. To clarify this we consider one
popular equidistribution approach for generating grids on curves (Fig. 1.7).
Let a curve S*! in R™ be specified by two parametrizations

x1(s):[0,1] = R, x; = (x1,...,2}), (1.5)
and
x2(t) : [0,1] = R™, =xa2(t) =x1[s(t)], (1.6)

where
s(t) + [0,1] — [0, 1]

is a smooth one-to-one function connecting these parametrizations. The pop-
ular universal approach, based on the parametrization (1.5), for generating
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Fig. 1.7. Dlustration for independence of grid generation of the choice of
parametrizations

grid nodes on S*!, uses a solution of the following two-point boundary value
problem

d rds
3 Lag™
s(0)=0, s(1)=1,

(s)}:o, 0<é<1, W

where w(s) > 0 is some function called a weight function. If s(¢) is a solution
of this problem then the grid nodes x;, i = 0,1,..., N, on the curve S%!,
obtained by the method, are defined as follows:

x; =x1[s(¢h)], i=0,...,N, h=1/N.

Let now the parametrization xz(¢) specified by (1.6) be used in the prob-
lem (1.7) with some weight function ws(t) for the generation of the same grid
nodes on S%!. In this case the function t;(¢) for which

xa(t1(ih)) = x1[s(t1(ih))] = x; = x1(s(éh)) , i=0,1,... ,n,

must coincide with ¢[s(§)], where s(€) is the solution of (1.7), while ¢(s) is
the inverse of s(¢). Therefore the function ¢;(§) is a solution of the boundary
value problem

d%[%gwl[s(mﬂzo, 0<é<1,

t(0) =0, t;(1)=1.

Since the weight functions wi(s) and ws(t) for defining the same grid nodes
on S*! by the model (1.7) through the parametrizations (1.5) and (1.6), re-
spectively, are not independent but they should be connected by the following
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relation

ws(t) = wl[s(t)]% . (1.8)

If this relation is not satisfied, the grid nodes obtained with the help of the
solution of (1.7) may vary for different parametrizations of S**.

It appears that if we take for the weight functions related to the parametriza-
tion (1.5) and (1.6) the corresponding functions wi(s) = /g% and ws(t) =

\/g7 where

s dxp dxg ;  dxy dxo

P PR e Tl T

is the covariant metric tensor of S*! in the coordinate s and t, respectively,
then the equation (1.8) is held since there is valid the obvious equation

ds\ 2
t _ s =2
g =9 (dt) '

The consideration given for the curvilinear curve also is actual for surfaces.
As well as in the one-dimensional case, the application of the elements of the
metric tensors of n-dimensional surfaces allows one to formulate grid equa-
tions which produce the same grid nodes for different surface parametriza-
tions.

Compatibility with Numerical Methods

The locations of the zones of local refinement are also dependent on the
numerical approximation to the physical equations. In particular, the areas
of high solution error require more refined grid cells. However, the error is
estimated through the derivatives of the solution and the size of the grid cells.
Thus, ultimately, the grid point locations are to be defined in accordance with
the derivatives of the solution.

In general, numerical methods for solving partial differential equations
can be divided into two classes: methods based on direct approximations of
the derivatives in the differential equation and methods that approximate the
solution of the continuum differential equation by linear combinations of trial
functions. Finite-difference methods belong to the first class. This difference
in methods has a direct impact on the construction of the numerical grid.
For the finite-difference methods it is desirable to locate the grid points along
directions of constant coordinates in the physical region in order to provide
a natural approximation of the derivatives: on the other hand, the methods
in the second class that approximate the solution with trial functions do not
impose such a restriction on the grid, since the approximate derivatives are
obtained after substitution of the approximate solution.
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1.3 Grid Generation Models

There are two fundamental classes of grid popular in the numerical solution
of boundary value problems in multidimensional regions: structured and un-
structured. These classes differ in the way in which the mesh points are locally
organized. In the most general sense, this means that if the local organiza-
tion of the grid points and the form of the grid cells do not depend on their
position but are defined by a general rule, the mesh is considered as struc-
tured. When the connection of the neighboring grid nodes varies from point
to point, the mesh is called unstructured. As a result, in the structured case
the connectivity of the grid is implicitly taken into account, while the connec-
tivity of unstructured grids must be explicitly described by an appropriate
data structure procedure.

Detailed descriptions of the most popular structured methods and their
theoretical and logical justifications and numerical implementations were
given in the monographs by Thompson, Warsi, and Mastin (1985), Knupp
and Steinberg (1993), and Liseikin (1999, 2004). Particular issues concerned
with the generation of one-dimensional moving grids, the stretching technique
for the numerical solution of singularly perturbed equations, nonstationary
grid techniques, and equidistribution methods for wave propagation prob-
lems were considered in the books by Alalykin et al. (1970), Liseikin (2001a),
Zegeling (1993), and Khakimzyanov et al. (2001), respectively.

A considerable number of general structured grid generation methods
were reviewed in surveys by Thompson, Warsi, and Mastin (1982), Thomp-
son (1984a, 1996), Eiseman (1985), Liseikin (1991b), and Thompson and
Weatherill (1993).

Adaptive structured grid methods were first surveyed by Anderson (1983)
and Thompson (1984b, 1985). Then a series of surveys on general adaptive
methods was presented by Eiseman (1987), Hawken, Gottlieb, and Hansen
(1991), Liseikin (1996), and Baker (1997). Adaptive techniques for moving
grids were described by Hedstrom, Rodrigue (1982) and Zegeling (1993).

Methods for unstructured grids were reviewed by Thacker (1980), Ho-
Le (1988), Shephard et al. (1988), Baker (1995, 1997), Field (1995), Carey
(1997), George and Borouchaki (1998), and Krugljakova et al. (1998). An
exhaustive survey of both structured and unstructured techniques has been
given by Thompson and Weatherill (1993).

The two fundamental classes of mesh give rise to three additional subdi-
visions of grid types: block-structured, overset, and hybrid. These kinds of
mesh possess to some extent the features of both structured and unstructured
grids, thus occupying an intermediate position between the purely structured
and unstructured grids.

The multiblock strategy for generating grids around complicated shapes
was originally proposed by Lee et al. (1980); however, the idea of using dif-
ferent coordinates in different subregions of the domain can be traced back
to Thoman and Szewezyk (1969). Some of the first applications of block-
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structured grids to the numerical solution of three-dimensional fluid-flow
problems in realistic configurations were demonstrated by Rizk and Ben-
Shmuel (1985), Sorenson (1986), Atta, Birchelbaw, and Hall (1987), and Belk
and Whitfield (1987).

The overset grid approach was introduced by Atta and Vadyak (1982),
Berger and Oliger (1983), Benek, Steger, and Dougherty (1983), Miki and
Takagi (1984), and Benek, Buning, and Steger (1985). The concept of blocks
with a continuous alignment of grid lines across adjacent block bound-
aries was described by Weatherill and Forsey (1984) and Thompson (1987).
Thomas (1982) and Eriksson (1983) applied the concept of continuous line
slope, while a discontinuity in slope was discussed by Rubbert and Lee (1982).

A shape recognition technique based on an analysis of a physical domain
and an interactive construction of a computational domain with a similar
geometry was proposed by Takahashi and Shimizu (1991) and extended by
Chiba et al. (1998). The embedding technique was considered by Albone and
Joyce (1990) and Albone (1992).

1.3.1 Mapping Approach

The process of grid generation on the physical geometry S*™ locally repre-
sented by (1.4) is generally carried out by the mapping approach that con-
cludes with finding an intermediate transformation

s(§):E" = 8", €£=(&... &) (1.9)

from a suitable computational (logical) domain =™ to the parametric domain
S™. Consequently the mesh points on S*™ are generated as images through

x[s(&)]: E" — R™tE

of the nodes of a reference grid in =™ which can be either structured or
unstructured (see Figs. 1.8-1.10).

s(2)

(]

(1]

Fig. 1.8. Illustration for quadrilateral grid generation by the mapping approach
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Realization of Grid Requirements

The notion of using an intermediate transformation to generate a mesh is
very helpful. The idea is to choose a computational domain =™ with a sim-
pler geometry than that of the parametric domain S™ and then to find a
transformation s(&) between these domains which eliminates the need for a
complicated mesh when approximating the physical quantities. That is, if the
computational area and the transformation are well chosen, the transformed
physical boundary value problem can be accurately represented by a small
number of mesh points. Emphasis is placed on a small number of points,
because any transformed problem (provided only that the transformation is
nonsingular) may be accurately approximated with a sufficiently fine, simple
mesh. In practice, there will be a trade-off between the difficulty of finding
the transformation and the number of grid nodes required to find the solution
to a given accuracy.

The idea of using mappings to generate grids is extremely appropriate for
finding the conditions that the grid must satisfy for obtaining accurate solu-
tions of partial differential equations in the physical geometry S*™, because
these conditions can be readily defined in terms of the transformations. For
example, the grid requirements described in Sect. 1.3.2 are readily formulated
through the transformation concept.

Since a solution which is a linear function is computed accurately at the
grid points and is approximated accurately over the whole region, an attrac-
tive possible method for generating grids is to find a transformation s(§)
such that the solution is linear in =". Though in practice this requirement
for the transformation is not attained even theoretically (except in the case of
strongly monotonic univariate functions), it is useful in the sense of an ideal
that the developers of grid generation techniques should bear in mind. One
modification of this requirement which can be practically realized consists of
the requirement of a local linearity of the solution in =".

The requirements imposed on the grid and the cell size are realized by
the construction of a uniform grid in =™ and a smooth function s(£). The
grid cells are not folded if s(£) is a one-to-one mapping. Consistency with the
geometry is satisfied with a transformation x(£) that maps the boundary of
=" onto the boundary of S™. Grid concentration in zones of large variation of
a function u(x) is accomplished with a mapping x[s(&)] which provides nearly
uniform variations of the function u[x(€)] at all points of the domain =".

Coordinate Grids

Among grids, coordinate grids in which the nodes and cell faces are defined
by the intersection of lines and surfaces of a coordinate system in S*" are
very popular in finite-difference methods. The range of values of this system
defines a computation region =" in which the cells of the uniform grid are
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rectangular n-dimensional parallelepipeds, and the coordinate values define
the function z[s(&)]: E™ — S*™.

In the case S*" is a domain X" C R"™ the simplest of such grids are
the Cartesian grids obtained by the intersection of the Cartesian coordinates
in X™. The cells of these grids are rectangular parallelepipeds (rectangles
in two dimensions). The use of Cartesian coordinates avoids the need to
transform the physical equations. However, the nodes of the Cartesian grid
do not coincide with the curvilinear boundary, which leads to difficulties in
implementing the boundary conditions with second-order accuracy.

Boundary-Conforming Grids

An important subdivision of grids is the boundary-fitted or boundary-
conforming grids. These grids are obtained from one-to-one transformations
s(&) which map the boundary of the domain =™ onto the boundary of S™.

The most popular of these, for finite-difference methods, have become the
coordinate boundary-fitted grids whose points are formed by intersection of
the coordinate lines, while the boundary of S™ is composed of a finite number
of coordinate surfaces (lines in two dimensions) ¢° = ¢}. Consequently, in this
case the computation region =" is a rectangular domain, the boundaries of
which are determined by (n — 1)-dimensional coordinate planes in R", and
the uniform grid in =" is the Cartesian grid. Thus the physical geometry S*"
is represented as a deformation of a rectangular domain and the generated
grid as a deformed lattice. These grids give a good approximation to the
boundary of S*" and are therefore suitable for the numerical solution of
problems with boundary singularities, such as those with boundary layers in
which the solution depends very much on the accuracy of the approximation
of the boundary conditions.

The requirements imposed on boundary-conforming grids are naturally
satisfied with the intermediate coordinate transformations s(§).

The algorithm for the organization of the nodes of boundary-fitted co-
ordinate grids consists of the trivial identification of neighboring points by
incrementing the coordinate indices, while the cells are curvilinear hexahe-
drons. This kind of grid is very suitable for algorithms with parallelization.

Its design makes it easy to increase or change the number of nodes as
required for multigrid methods or in order to estimate the convergence rate
and error, and to improve the accuracy of numerical methods for solving
boundary value problems.

With boundary-conforming grids there is no necessity to interpolate the
boundary conditions of the problem, and the boundary values of the region
can be considered as input data to the algorithm, so automatic codes for grid
generation can be designed for a wide class of regions and problems.

In the case of unsteady problems the most direct way to set up a moving
grid is to do it via a coordinate transformation. These grids do not require
a complicated data structure, since they are obtained from uniform grids in
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Fig. 1.9. Illustration for triangular grid generation by the mapping approach

simple fixed domains such as rectangular ones, where the grid data structure
remains intact.

Shape of Computational Domains

The idea of the mapping approach is to transform a complex physical ge-
ometry S®" to a simpler domain =" with the help of the parametrization
x[s(€)]. The region =™ in (1.9), which is called the computational or logical
domain, can be either rectangular (Fig. 1.8) or of a different shape matching
qualitatively the shape of the physical geometry; in particular, it can be tri-
angular for n = 2 (Fig. 1.9) or tetrahedral for n = 3. Using such approach,
a numerical solution of a partial differential equation in a physical region of
arbitrary shape can be carried out in a standard computational domain, and
codes can be developed that require only changes in the input.

Shape of a Reference Grid

The cells of the reference grid in the computational domain =" can be rect-
angular or of a different shape. Schematic illustration of grid cells is presented
in Fig. 1.1. Note that regions in the form of curvilinear triangles, such as that
shown in Fig. 1.9, may be more suitable for gridding by triangular cells than
by quadrilateral ones.

The triangular grid such as in Fig. 1.9 can also be obtained by mapping a
rectangle 52 onto the triangular parametric domain S? provided the reference
grid in 52 is not a structured one but it is obtained from a uniform grid in the
triangle 7% which undergoes a deformation £(t) (Fig. 1.10). This deformation
is the inverse of the contraction (&) of the rectangle =2 along the horizontal
lines to transform it to the triangle 72.
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Analogous scheme with a nonstructured reference grid in the logical do-

main =2 having the shape of a three-dimensional rectangular parallelepiped
can be applied to the generation of tetrahedral grids.
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Fig. 1.10. Illustration for generating triangular cells by the mapping approach
with a nonstructured reference grid

1.3.2 Requirements Imposed on Mathematical Models

The chief practical difficulty facing methods for gridding general physical
geometries is that of formulating satisfactory techniques which can realize
the user’s requirements. Grid generation technology should develop methods
that can help in handling problems with multiple variables, each varying over
many orders of magnitude. These methods also should be capable of gener-
ating grids whose node displacement is independent of parametrizations of
a physical geometry. The methods should incorporate specific control tools,
with simple and clear relationships between these control tools and charac-
teristics of the grid such as mesh spacing, skewness, smoothness, and aspect
ratio, in order to provide a reliable way to influence the efficiency of the com-
putation. And finally, the methods should be computationally efficient and
easy to code. Thus with the mapping approach a mathematical model for
generating grids through intermediate transformations between the compu-
tational and parametric domains, which is claimed to be a foundation of a
robust comprehensive grid generator, should satisfy the following fundamen-
tal properties:
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1. well-posedness of the mathematical problem formulated by this model for
the grid generator;

2. independence of the grid construction of a parametrization of the geome-
try;

3. malleability to a numerical implementation into an automatic code;

existence of a straightforward means for efficient control of the grid quality;

5. ability to obtain in a unified manner the domain and surface grids required
in practice.

e

A number of techniques for generating intermediate transformation have
been developed. Every method has its strengths and its weaknesses. There-
fore, there is also the question of how to choose the most efficient method
for the solution of any specific problem, taking into account the geometrical
complexity, the computing cost for generating the grid, the grid structure,
and other factors.

The goal of the development of these methods is to provide effective and
acceptable grid generation systems.

The most efficient numerical grids are boundary-conforming grids. The
generation of these grids can be performed by a number of approaches and
techniques. Many of these methods are specifically oriented to the generation
of grids for the finite-difference method.

A boundary-fitted coordinate grid in the physical geometry S*™ is com-
monly generated first on the chosen edges of S*", then on its faces, and finally
in its interior. Thus at each step the intermediate transformation s(£) in the
mapping approach is known at the boundary of the corresponding logical do-
main and this boundary map is extended from the boundary to the domain
interior. This process is analogous to the interpolation of a function from a
boundary or to the solution of the Dirichlet boundary value problem. On
this basis there have been developed three basic groups of methods for find-
ing the intermediate transformation s(£) : ™ — S™ provided there exists a
boundary transformation

Os(€) : 05" — 9S™ .
These methods are

(1) algebraic methods, which use various forms of interpolation or special
functions;

(2) differential methods, based mainly on the solution of elliptic, parabolic,
and hyperbolic equations in a selected computational domain ="

(3) variational methods, based on optimization of grid quality properties.

)

1.3.3 Algebraic Methods

In the algebraic approach the intermediate transformation s(€) which extends
the boundary mapping 9s(§) : =™ — 9S™ found on the previous step is com-
monly computed through the formulas of transfinite interpolation. There are
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two types of transfinite interpolations popular with grid generation: Lagrange
and Hermite.

In particular the three-dimensional Lagrange intermediate transformation
5(&) between the interior of the unit cube 0 < ¢ < 1,4 = 1,2,3, and the
parametric domain S? is defined by the following recursive formula

F1(€) = ap(€)s(0,€2,6%) + a1(61)s(1,6%,€%)
F(€) = F1(§) + o3 (£)s(€",0,8%) + ai(£%)s(64,1,6%) (1.10)
s(€) = F2(&) + aj(€%)s(€,6%,0) + af (£%)s (¢, €%, 1),

where the univariate functions o (¢), i = 1,2,3, k = 0,1, referred to as
blending functions, are subject to the relations of consistency

ap(0)=1, af(1)=0,
al(0)=0, ai(l)=1.

Analogous formulas are held for the Hermite interpolation that matches at
the points of the boundary of =™ the values of both the function s(£) and its
first derivatives in the directions normal to the boundary segments. A detailed
review of the Lagrange and Hermit techniques for generating algebraic grids
is presented in the monograph of Liseikin (1999).

Algebraic methods are simple; they enable the grid to be generated rapidly
and the spacing and slope of the coordinate lines to be controlled by the tan-
gential derivatives at the boundary points and blending coefficients in the
transfinite interpolation formulas. However, in regions of complicated shape
the coordinate surfaces obtained by algebraic methods can become degener-
ate or the cells can overlap or cross the boundary. Moreover, they basically
preserve the features of the boundary surfaces, in particular, discontinuties.
Besides this the algebraic methods of transfinite interpolation do not guar-
antee the independence of grid nodes displacement on parametrizations of a
physical geometry.

Algebraic approaches are commonly used to generate grids in regions with
smooth boundaries that are not highly deformed, or as an initial approxima-
tion in order to start the iterative process of an elliptic grid solver.

The construction of intermediate transformations through the formulas of
transfinite interpolation was originally formulated by Gordon and Hall (1973)
and Gordon and Thiel (1982). The Hermite interpolation was presented by
Smith (1982).

The multisurface method which allows for the specification of the inter-
mediate transformation s(€) at the points of some interior sections of the
physical domain was described by Eiseman (1980). The blending functions
were implicitly derived from global and/or local interpolants which result
from an expression for the tangential derivative spanning between the exte-
rior boundary surfaces. A two-boundary technique was introduced by Smith
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(1981). It is based on the description of two opposite boundary surfaces,
tangential derivatives on the boundary surfaces which are used to compute
normal derivatives, and Hermite cubic blending functions.

The construction of some special blending functions aimed at grid clus-
tering at the boundaries of physical geometries was performed by Eriksson
(1982), Smith and Eriksson (1987), and Liseikin (1998a,b). A detailed de-
scription of various forms of blending functions was presented in monographs
by Thompson, Warsi, and Mastin (1985) and Liseikin (1999).

1.3.4 Differential Methods

For gridding geometries with arbitrary boundaries, differential methods based
on the solution of elliptic and parabolic equations are commonly used. Such
equations generate smooth grids, allow for full specification of grid nodes on
the boundary of a physical geometry, does not propagate boundary singular-
ities into its interior, have less danger of producing cell overlapping, and can
be solved efficiently using many well-developed codes. The use of parabolic
and elliptic systems enables orthogonal and clustering coordinate lines to be
constructed, while, in many cases, the maximum principle, which is typical
for these systems, ensures that the intermediate transformations are nonde-
generate. Elliptic equations are also used to smooth algebraic or unstructured
grids.

Elliptic Equations

Originally the most popular elliptic equations with differential grid ap-
proaches were the generalized Poisson equations formulated with respect to
the components £*(s) of the transformation

£(s): " — =" (1.11)

that is the inverse of the intermediate transformation (1.9). The equations
for generating grids of the physical geometry S*™ include coeflicients defined
by the elements

gfjszmsi'wsj, ,7=1,...,n,

of the covariant metric tensor of S*™ in the parametric coordinates s!,. .. , s™.

A general form of these generalized Poisson equations is as follows:
Apl¢l] = Pi(s), i=1,...,n. (1.12)

Here Ap is the operator of Beltrami defined at a function f(s) by the formula

1 &0 —~—~ 1 0f(s)
anlfl = 7 3 g (v Yo e (113)
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where g** = det(gf), while g% is the (jk)th element of the contravariant
metric tensor of S*" in the parametric coordinates s!,... ,s™. The elements
g i, =1,...,n, comprise a matrix that is the inverse of the matrix formed
by the elements g;’, i,j = 1,... ,n. The terms Pi(s) in (1.12) referred to as
source terms or control functions are introduced to control the grid behavior.

A particular form of (1.13) for generating grids in a domain S™ C R" is
given by the Poisson equations

"L 9% i .
. asjaSj:P(.s)7 i=1,...,n. (1.14)
j=1
The intermediate transformation s(€¢) = [s!(£),... ,s"(€)] for generating

grids on a physical geometry S*™ is found from the solution of the Dirichlet
boundary value problem for the transformed equations obtained from (1.12)
by changing mutually dependent and independent variables. These equations
are of the form

L %5k sk
U2 — AglsF] =Y PP =1,... 1.1
D G geige = Aslb -2 Plga s k=l (L1Y)

i,Jj= i=1

where ggr is the (¢j)th element of the contravariant metric tensor of S*" in
the grid coordinates &%, ..., £™.

A two-dimensional Laplace system which implied the parametric coordi-
nates to be solutions in the logical domain =2 was introduced by Godunov
and Prokopov (1967), Barfield (1970), and Amsden and Hirt (1973). A general
two-dimensional elliptic system for generating structured grids was consid-
ered by Chu (1971). A two-dimensional system (1.14) with Pi(s) = 0 using
the logical coordinates &* as dependent variables was proposed by Crowley
(1962) and Winslow (1967).

Godunov and Prokopov (1972) obtained a system of the Poisson type
(1.14) assuming that its solution is a composition of conformal and stretching
transformations. The general Poisson system (1.14) was justified by Thomp-
son, Thames, and Mastin (1974) and Tompson, Warsi, and Mastin (1985) in
their monograph.

The algorithm aimed at grid clustering at a boundary and forcing grid
lines to intersect the boundary in a nearly normal fashion through the source
terms of the Poisson system (1.14) was developed by Steger and Sorenson
(1979), Visbal and Knight (1982), and White (1990). Thomas and Middle-
coff (1980) described a procedure to control the local angle of intersection be-
tween transverse grid lines and the boundary through the specification of the
control functions. Control of grid spacing and orthogonality was performed
by Tamamidis and Assanis (1991) by introducing a distortion function (the
ratio of the diagonal metric elements) into the system of Poisson equations.
Warsi (1982) replaced the source terms P? in (1.14) by ¢*P? (i fixed) to im-
prove the numerical behavior of the grid generator. As a result the modified
system acquired the property of satisfying the maximum principle.
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The technique based on setting to zero the off-diagonal elements of the
elliptic system (1.15) was proposed by Lin and Shaw (1991) to generate nearly
orthogonal grids.

The use of generalized Laplace equations to generate surface grids was
proposed by Warsi (1981), in analogy with the widely utilized Laplace grid
generator of Crowley (1962) and Winslow (1967). Warsi (1990) has also jus-
tified these equations by using some fundamental results of differential geom-
etry.

A surface grid generation scheme that uses a quasi-two-dimensional el-
liptic system, obtained by projecting the inverted three-dimensional Laplace
system, to generate grids on smooth surfaces analytically specified by the
equation z = f(x,y) was proposed by Thomas (1982). The method was
extended and updated by Takagi et al. (1985) and Warsi (1986) for arbi-
trary curved surfaces using a parametric surface representation. An adaptive
surface grid technique based on control functions in (1.12) and parametric
specifications was also considered by Lee and Loellbach (1989).

Since 1991 a new elliptic approach for controlling grid properties is being
developed. By this approach the task of grid adaptation, instead of source
terms Pi(s) in (1.12), is put on monitor metrics in Beltrami equations.
Namely, as an elliptic model there are used the Beltrami equations

A€l =0, i=1,...,n, (1.16)

in a monitor metric, where the operator Ap is of the form (1.13), however the
contravariant metric elements are not obliged to be the elements of the phys-
ical geometry S*". The equations (1.16) are the Euler-Lagrange equations
for the functional of energy. The solutions of these equations are referred to
as harmonic transformations.

Liseikin (1991a, 1992) used the elliptic system (1.16) derived from a vari-
ational principle to produce n-dimensional harmonic coordinate transfor-
mations which generate both uniform and adaptive grids on surfaces. The
harmonic mapping approach was also used by Arina and Casella (1991) to
derive a surface elliptic system. The conformal mapping technique for gen-
erating surface grids was formulated by Khamayseh and Mastin (1996). In
the papers of Liseikin (2001b, 2002a,b, 2003, 2005) there have been designed
monitor metrics which provide the generation through the system (1.16) both
adaptive, field-aligned, and balanced numerical grids.

Hyperbolic Equations

The most known hyperbolic equations are the first order partial differential
equations of the Cauchy—Riemann type. In practice, two-dimensional hyper-
bolic equations with respect to the intermediate transformation s(€) have the
following form

ASél —+ Bng = f y (117)
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where A and B some matrices. These equations are simpler then nonlinear
elliptic equations (1.15) and enable marching methods to be used and an
orthogonal system of coordinates to be constructed, while grid adaptation can
be performed using the coefficients of the equations. However, methods based
on the solution of hyperbolic equations are not always mathematically correct
and they are not applicable to regions in which the complete boundary node
distribution is strictly specified. Therefore hyperbolic methods are mainly
used for simple regions which have several lateral faces for which no special
nodal distribution is required. The marching procedure for the solution of
hyperbolic equations allows one to decompose only the boundary geometry
in such a way that neighboring boundary grids overlap.

The first systematic analysis of the use of two-dimensional hyperbolic
equations to generate grids was made by Starius (1977) and Steger and
Chaussee (1980), although hyperbolic grid generation can be traced back to
McNally (1972). This system was generalized by Cordova and Barth (1988).
They developed a two-dimensional hyperbolic system with an angle-control
source term which allows one to constrain a grid with more than one bound-
ary. A combination of grids using the hyperbolic technique of Steger and
Chaussee (1980), which starts from each boundary segment was generated
by Jeng and Shu (1995). The extension to three dimensions was performed
by Steger and Rizk (1985), Chan and Steger (1992), and Tai, Chiang, and
Su (1996), who introduced grid smoothing as well.

The hyperbolic approach based on grid orthogonality was extended to
surfaces by Steger (1991). An analogous technique for generating overset
surface grids was presented by Chan and Buning (1995).

Parabolic Equations

The parabolic grid approach lies between the elliptic and hyperbolic ones.
The two-dimensional parabolic grid generation equation where the march-
ing direction is ¢2 may be written in the following form:

552 = A1551§1 — Bls + P y (118)

where A; and B; are matrix coefficients, and P is a source vector-valued
function that contains the information about the outer boundary configura-
tion. Analogously, the three-dimensional parabolic equations may be written
as follows:

2
s = > Aisgiei — Bis+ P (1.19)
i=1

The generation of grids based on a parabolic scheme approximating the
inverted Poisson equations was first proposed for two-dimensional grids by
Nakamura (1982). A variation of the method of Nakamura was developed
by Noack (1985) to use in space-marching solutions to the Euler equations.
Extensions of this parabolic technique to generate solution adaptive grids
were performed by Edwards (1985) and Noack and Anderson (1990).
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Hybrid Grid Generation Scheme

The combination of the hyperbolic and parabolic schemes into a single scheme
is attractive because it can use the advantages of both schemes. These ad-
vantages are; first, it is a noniterative scheme; second, the orthogonality of
the grid near the initial boundary is well controlled; and third, the outer
boundary can be prescribed.

A hybrid grid generation scheme in two dimensions for the particular
marching direction ¢2 can be derived by combining hyperbolic and parabolic
equations, in particular, as the sum of equations (1.17) multiplied by B~!
and (1.18) with weights o and 1 — «, respectively:

(X(B_IAS£1 + ng) + (1 — Oé)(S£2 — Als§151 + Bls)

=aB'f+(1-a)P. (1.20)

The parameter o can be changed as desired to control the proportions of the
two methods. If « approaches 1, the system (1.20) becomes the hyperbolic
grid system, while if o approaches zero it becomes the parabolic grid system.
In practical applications « is set to 1, when the grid generation starts from
the initial boundary curve £2 = 0, but it gradually decreases and approaches
zero when the grid reaches the outer boundary.

An analogous combination can be used to generate three-dimensional
grids through a hybrid of parabolic and hyperbolic equations.

A combination of hyperbolic and parabolic schemes that uses the ad-
vantages of the two but eliminates the drawbacks of each was proposed by
Nakamura and Suzuki (1987).

1.3.5 Variational Methods

Variational methods are widely used to generate grids which are required
to satisfy several critical properties, e. g., mesh concentration in areas need-
ing high resolution of the physical solution, mesh alignment to some pre-
scribed vector fields, mesh nondegeneracy, smoothness, uniformity, and near-
orthogonality that cannot be realized simultaneously with algebraic or dif-
ferential techniques. Variational methods take into account the conditions
imposed on the grid by constructing special functionals defined on a set of
smooth or discrete transformations. A compromise grid, with properties close
to those required, is obtained with the optimum transformation for a combi-
nation of these functionals.

The major task of the variational approach to grid generation is to de-
scribe all basic measures of the desired grid features in an appropriate func-
tional form and to formulate a combined functional that provides a well-posed
minimization problem. These functionals can provide mathematical feedback
in an automatic grid procedure.
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Commonly, in the calculus of variations, any functional over some admis-
sible set of functions f : D™ — R™ is defined by the integral

1= [ GHav, (1.21)
DTL
where D™ is a bounded n-dimensional domain, and G(f) is some operator
specifying, for each vector-valued function f : D™ — R™, a scalar function
G(f) : D™ — R. The admissible set is composed of those functions f which
satisfy a prescribed boundary condition

f lopn=¢

and for which the integral (1.21) is limited.

In the application of the calculus of variations to grid generation this set
of admissible functions is a set of sufficiently smooth invertible coordinate
transformations (1.11) between the parametric domain S™ and the compu-
tational domain =" or, vice versa, a set of sufficiently smooth invertible
intermediate transformations (1.9) from the computational domain =™ onto
the parametric region S™. The integral (1.21) is defined over the domain S™
or =™ respectively.

In grid generation applications the operator G is commonly chosen as a
combination of weighted local grid characteristics which are to be optimized.
The choice depends, of course, on what is expected from the grid. Some forms
of the weight functions and both local and integral grid characteristics were
formulated in a monograph of Liseikin (1999) through the transformations
(1.9) or (1.11) and their first and second derivatives. Therefore, for the pur-
pose of grid generation, it can be supposed that the most widely acceptable
formula for the operator G in (1.21) is one which is derived from some expres-
sions containing the first and second derivatives of the coordinate transfor-
mations. Thus it is generally assumed that the functional (1.21), depending
on the transformation £(s), is of the form

I[&] = /n G(Sagvé-si)ésisj)ds s

where G is a smooth function of its variables.
Analogously, the functional (1.21) formulated over a set of invertible in-
termediate transformations s(£) has the form

= [ G1(6,57S$i,S£i§j)d€ .

In one popular approach the functional formulated with respect to the
intermediate mapping s(£) has the following form

/ (Vgme Z 96,955 )d€ (1.22)

3,j=1
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where ggn, 1,7 = 1,... ,n, are the elements of the contravariant tensor in
the logical coordinates &%, ..., €™ of a monitor metric g;?g imposed on =",
gt = det(gzg), while gfj5 is the covariant Euclidean metric tensor of S™ in
the coordinates &£1,...,&™. This functional was proposed for n = 2 by Go-
dunov and Prokopov (1967) for generating conformal and quasi-conformal
grids in S2. In their consideration the elements g;;? 5, 1,7 = 1,2, of the monitor
metric should be dependent on £ and some, in general vector-valued parame-
ter r. Belinskii et al. (1975) and Godunov, Romenskii, and Chumakov (1990)
discussed the same two-dimensional functional of the form (1.22) with the
following monitor metric introduced in =2

e _ e2pr(é) eP&)+4(8) cos[a(€) — B(8)]

i P(©)+a(®) cosla(£) — B(€)] o2a(6) ’

where the functions p(€), ¢(§), a(€), and 3(€) are subject to the restrictions

p(&) —q(§) = ny/ 911/922 )
Mﬂ—ﬂﬁfzmww@ﬁ/gﬁﬁﬁ-

The grid approach based on the minimization of the functional (1.22)
for n = 2 was also used by Chumakov and Chumakov (1998) for generating
quasi-isometric grids by introducing in 52 a monitor metric borrowed from
the metric of a surface of a constant Gauss curvature.

Note the functional (1.22) is twice the energy functional of the function
s(€) : 2" — S™ where Z"” is endowed by the monitor metric g;?g’ while S™
has the Euclidean metric.

The twice energy functional of the function £(s) : S™ — =" between
S™ with an imposed monitor metric g;; and =" with the Euclidean metric
for generating adaptive grids was considered by Dvinsky (1991) and Liseikin
(1991a). This functional has the following form

= [ (v Y o )as. (123

i,5,k=1

where ¢° = det(gf’j), g¥,i,5=1,... ,n, are the elements of the contravariant
monitor metric tensor introduced in S™. The Euler-Lagrange equations for
the functional (1.23) are equivalent to the Beltrami equations (1.16).

The functionals are used to control and realize various grid properties.
This is carried out by combining these functionals with weights in the form

I=> NI, i=1,,k. (1.24)
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Here \;, i =1,--- , k, are specified parameters which determine the individual
contribution of each functional I; to I. The ranges of the parameters \;
controlling the relative contributions of the functionals can be defined readily
when the functionals I; are dimensionally homogeneous. However, if they are
dimensionally inhomogeneous, then the selection of a suitable value for \;
presents some difficulties. A common rule for selecting the parameters \;
involves making each component A;I; in (1.24) of a similar scale by using a
dimensional analysis.

The most common practice in forming the combination (1.24) uses both
the functionals of adaptation to the physical solution and the functionals
of grid regularization. The first reason for using such a strategy is connected
with the fact that the process of adaptation can excessively distort the form of
the grid cells. The distortion can be prevented by functionals which impede
cell deformation. These functionals are ones which control grid skewness,
smoothness, and conformality. The second reason for using the regularization
functionals is connected with the natural requirement for the well-posedness
of the grid generation process. This requirement is achieved by the utilization
of convex functionals in variational grid generators. The convex functionals
are represented by energy-type functionals (1.23) producing harmonic maps
and by the functionals of conformality.

The various functionals provide broad opportunities to control and realize
the required grid properties, though problems still remain; these require more
detailed studies of all properties of the functionals. The knowledge of these
properties will allow one to utilize the functionals as efficient tools to generate
high-quality grids.

Liseikin and Yanenko (1977), Danaev, Liseikin, and Yanenko (1978), Ghia,
Ghia, and Shin (1983), Brackbill and Saltzman (1982), Bell and Shubin
(1983), Huang, Ren, and Russell (1994), and Huang (2001) have each used
the variational principle for grid adaptation. The variational formulation of
grid properties was described by Warsi and Thompson (1990).

The functional measuring the alignment of the two-dimensional grid with
a specified vector field was formulated by Giannakopoulos and Engel (1988).
The extension of this approach to three dimensions was discussed by Brackbill
(1993). A variational method optimizing cell aspect ratios was presented and
analyzed by Mastin (1992). A dimensionally homogeneous functional of two-
dimensional grid skewness was proposed by Steinberg and Roache (1986).

The introduction of the volume-weighted functional was originally pro-
posed in two dimensions by Yanenko, Danaev, and Liseikin (1977).

The approach of determining functionals which depend on invariants of or-
thogonal transformations of the metric tensor g; f, to ensure that the problems
are well-posed and to obtain more compact formulas for the Euler-Lagrange
equations, was proposed by Jacquotte (1987). In his paper, the grids were
constructed through functionals obtained by modeling different elastic and
plastic properties of a deformed body.
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The possibility of using harmonic function theory to provide a general
framework for developing multidimensional mesh generators was discussed
by Dvinsky (1991) and Liao (1991). A survey of the theory of harmonic map-
pings was published by Eells and Lenaire (1988). The interpretation of the
functional of diffusion as a version of the energy functional was presented by
Brackbill (1993). A detailed description of the properties of the functional
(1.23) and the application of its Beltrami equations (1.16) to the grid devel-
opment was presented in the monograph of Liseikin (2004).

1.4 Comprehensive Codes

A comprehensive grid generation code is an effective system for generating
structured and unstructured grids, as well as hybrid and overset combina-
tions, in arbitrary physical geometries. The development of such codes is a
considerable problem in its own right. The present comprehensive grid gener-
ation codes developed for the solution of multidimensional problems have to
incorporate combinations of block-structured, hybrid, and overset grid meth-
ods and are still rather cumbersome, rely on interactive tools, and take too
many man-hours to generate a complicated grid. Efforts to increase the ef-
ficiency and productivity of these codes are mainly being conducted in two
interconnected research areas.

The first, the “array area”, is concerned with the automation of those
routine processes of grid generation which require interactive tools and a
great deal of human time and effort. Some of these are:

(1) the decomposition of a domain into a set of contiguous or overlapping
blocks consistent with the distinctive features of the domain geometry, the
singularities of the physical medium and the sought-for solution, and the
computer architecture;

(2) numbering the set of blocks, their faces, and their edges with a connectiv-
ity hierarchy and determining the order in which the grids are constructed
in the blocks and their boundaries;

(3) choosing the grid topology and the requirements placed on the qualitative
and quantitative characteristics of the internal and boundary grids and on
their communication between the blocks;

(4) selecting appropriate methods to satisfy the requirements put on the grid
in accordance with a particular geometry and solution;

(5) assessment and enhancement of grid quality.

The second, more traditional, “methods area” deals with developing new,
more reliable, and more elaborate methods for generating, adapting, and
smoothing grids in domains in a unified manner, irrespective of the geometry
of the domain or surface and of the qualitative and quantitative character-
istics the grids should possess, so that these methods, when incorporated in
the comprehensive codes, should ease the bottlenecks of the array area, in
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particular, by enabling a considerable reduction of the number of blocks re-
quired. The contents of the current monograph is aimed at advocating one
such method based on the use of the Beltramian operator with respect to
monitor metrics and the theory of multidimensional differential geometry.
This method is a natural extention of the approaches proposed by Crowley
(1962), Winslow (1967), Godunov and Prokopov (1967), Warsi (1981), Dvin-
ski (1991), and Liseikin (1991). Some recent results of the method have been
presented in the papers of Liseikin (2001b, 2002a, 2002b, 2003, 2005).

The overall purpose of the development of the comprehensive grid genera-
tion codes is to create a system which enables one to generate grids in a “black
box” mode without or with only a slight human interaction. Currently, how-
ever, the user has to take active role and be occupied in the grid generation
process. The user has to make conclusions about qualitative properties of the
grid and undertake corrective measures when necessary. The present codes
include significant measures to increase the productivity of such human ac-
tivity, namely, graphical interactive systems and user-friendly interfaces. Ef-
forts to eliminate the “human component” of the codes are directed towards
developing new techniques, in particular, new grid generation methods and
automated block decomposition techniques.

The first comprehensive grid codes were described by Holcomb (1987),
Thompson (1987), Thomas, Bache, and Blumenthal (1990), Widhopf et al.
(1990), and Steinbrenner, Chawner, and Fouts (1990). These codes have stim-
ulated the development of updated ones, reviewed by Thompson (1996). This
paper also describes the current domain decomposition techniques developed
by Shaw and Weatherill (1992), Stewart (1992), Dannenhoffer (1995), Wulf
and Akrag (1995), Schonfeld, Weinerfelt, and Jenssen (1995), and Kim and
Eberhardt (1995). The first attempts to overcome the problem of domain de-
composition were discussed by Andrews (1988), Georgala and Shaw (1989),
Allwright (1989), and Vogel (1990).






2 General Coordinate Systems in Domains

We consider here some notions and relations connected with smooth invert-
ible coordinate transformations of the physical region X™ C R™ from the
parametric domain =" C R™ :

X(g):Eng)Xn’ 5:(617"'3571)7 x:(xl’.”,xn).

If =™ is a standard logical domain then, in accordance with Chap. 1, such
coordinate transformations are used to generate grids in X"™. Here and later
R™ presents the Euclidean space with the Cartesian basis of an orthonormal
system of vectors ey, -+, e,, i.e.

e-e; =05, 4,j=1,...,n,
where (5;- is the Kronecker symbol:
o =0 if i#£j, &=11if i=j.

Thus the position of a point x in R™ is determined unequivocally by the
expansion
x=zle; +--- +a"e, .

The values z%, i = 1,---,n, are called the Cartesian coordinates of the
point x. Each coordinate transformation x(£) defines, in the domain X™,
new coordinates ¢!, - -+, €™ which are called the curvilinear coordinates.

2.1 Jacobi Matrix

The matrix

(). e

is referred to as the Jacobi matrix, and its Jacobian is designated by J:
oz’
o¢I

J:det< ) i i=1,,m.

The inverse transformation to the coordinate mapping x (&) is denoted by
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Ex): X" = E", £(x) = (£(x),...,€"(x)-

This transformation can be considered analogously as a mapping introducing
a curvilinear coordinate system z!,---,z" in the domain 2" C R™. It is
obvious that the inverse to the matrix j is

gt
—1 . . . .
] - (61/.])7 Z’J_]‘7 7n’
and consequently
gt 1 .
det(awj):j’ ih,j=1,---,n.

In the case of two-dimensional space the elements of the matrices (9x?/9¢7)
and (0¢'/dx7) are connected by

oe iy 0 —_—

O - (_1) 85371' / J, 1, = 1,2,

oz’ g O3 .

o6 = (1) ﬂ‘]ax?’—i , 4, =1,2. (2.1)

Similar relations between the elements of the corresponding three-dimensional
matrices have the form
o¢t 1 (6xj+1 OxiT2  OxIt! Ppit?

o J JEI+T Pgite - DEIT2 Pgitl

). =123,

ozt (3£j+1 a£j+2 a§j+1 5§j+2

ogi " \9qitl grit2 ~ gyit? 8xi+1> v g =123, (2.2)

where for each superscript or subscript index, say [, [ &+ 3 is equivalent to [.
With this condition the sequence of indices (1,14 1,1+ 2) is a cyclic permuta-
tion of (1,2, 3) and vice versa; the indices of a cyclic sequence (4, j, k) satisfy
the relation j =7+ 1, k =i+ 2.

2.2 Coordinate Lines, Tangential Vectors, and Grid
Cells

The value of the function x(¢) = [#!(£),... ,2"(€)] in the Cartesian basis
€1, , €y, 1.6

x(€) =z'(Eer+... +a"(€)en, E=(€',....€"), (2.3)

is a position vector for every & € Z". If one variable £’ varies and the others
&, j # i, are kept constant then the function (2.3) depends upon a single
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Fig. 2.1. Basic and
contracted parallel-
— ograms and corre-
sponding grid cell

parameter and therefore describes a curve. This curve is referred to as the &°
curvilinear coordinate line.

The vector-valued function x(£) generates the nodes, edges, faces, etc.
of the cells of the coordinate grid in the domain X". Each edge of the cell
corresponds to a coordinate line ¢° for some i and is defined by the vector

Aix =x(€+ hie;) —x(§) ,

where h; is the step size of the uniform grid in the £° direction in the logical
domain =". We have
Aix = hiX§i +t,

where

Xei = (ZZ: ,%—?) (2.4)

is the vector tangential to the coordinate curve £¢, and t is a residual vector
whose length does not exceed the following quantity:

(h)>, i=1,...,n.

1

5 max |Xgigi
So the cells in the domain X" whose edges are formed by the vectors
hiXgi, i = 1,--- ,n, are approximately the same as those obtained by map-
ping the uniform coordinate cells in the computational domain =" with the
transformation x(€). The tangential vectors x¢i, ¢ = 1,---,n, form a par-
allelepiped (parallelogram when n=2) referred to as a basic parallelepiped.
Thus the uniformly contracted basic parallelepiped spanned by the tangential
vectors Xgi, @ = 1,--- ,n, represents to a high order of accuracy with respect
to h; the cell of the coordinate grid at the corresponding point in X (see
Fig. 2.1 for n = 2). In particular, for the length I; of the ith grid edge we
have

The volume V}, (area in two dimensions) of the cell is expressed as follows:
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n n

thﬁhiV+O(HhiZhj),

i=1 i=1 j=1

where V' is the volume of the n-dimensional basic parallelepiped determined

by the tangential vectors x¢:, ¢ =1,--- ,n.
The tangential vectors x¢i, ¢ = 1,--- ,n, are called the base covariant
vectors since they comprise a vector basis. The sequence x¢1,--- ,X¢n of the

tangential vectors has a right-handed orientation if the Jacobian of the trans-
formation x(&) is positive. Otherwise, the base vectors x¢: have a left-handed
orientation.

The operation of the dot product on the tangential vectors produces ele-
ments of the covariant metric tensor. These elements generate the coefficients
that appear in the transformed grid equations. Besides this, the metric el-
ements play a primary role in studying and formulating various geometric
characteristics of the grid cells in domains.

2.3 Coordinate Surfaces and Normal Vectors

If one curvilinear coordinate, say ¢, is fixed (¢! = &}) then the position
function (2.3) describes an (n — 1)-dimensional surface which is called the
coordinate hypersurface. Thus the coordinate hypersurface is defined by the
equation &' = £; i.e. along the surface all of the coordinates &1, -+ | €™ except
& are allowed to vary.

The inverse transformation

£(x) = [¢(x), ..., " (x)]

to (2.3) yields for each fixed ¢ the base contravariant vector

¢! ot ) 7

oz’ Oxm

ve = ( (2.5)
which is the gradient of ¢(x) with respect to the Cartesian coordinates
zb, --- 2" The set of the vectors V&, i = 1,--- ,n, is called the set of
base contravariant vectors.

Similarly, as the tangential vectors relate to the coordinate curves, the
contravariant vectors V&%, i = 1,--- ,n, are connected with their respective
coordinate hypersurfaces (curves in two dimensions). Indeed for all of the
tangent vectors x¢; to the coordinate lines on the surface ¢ = ¢} we have
the obvious identity

XEj-VéiZO, Z#]7

and thus the vector V¢¢ is a normal to the coordinate hypersurface £ = &}.
Therefore the vectors V&', ¢ = 1,--- ,n, are also called the normal base
vectors.
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Since _

for each fixed i = 1,---,n, the vectors x¢: and V¢ intersect each other at
an angle 6 which is less than 7/2. Now, taking into account the orthogonality
of the vector V¢¢ to the hypersurface £ = &}, we find that these two vectors
x¢i and V¢ are directed to the same side of the coordinate hypersurface
(curve in two dimensions). An illustration of this fact in two dimensions is
given in Fig. 2.2. The length of any normal base vector V¢! is linked to the
distance d; between the corresponding opposite boundary segments (joined
by the vector x¢i) of the n-dimensional basic parallelepiped formed by the
base tangential vectors, namely,

d; =1/|VE|, |VE&|=y/VE-VE, i=1,...,n.

To prove this relation we recall that the vector V¢ is a normal to all of
the vectors x¢;, j # 7, and therefore to the boundary segments of the paral-
lelepiped formed by these n — 1 vectors. Hence, the unit normal vector n; to
these segments is expressed by

n, = V& |Vl
Now, taking into account that
d; = X¢i -1y,
we readily obtain
di = x¢i - VE/|VE| = 1/|VE] . O

Let [; denote the distance between a grid point on the coordinate hyper-
surface £ = ¢ and the nearest point on the neighboring coordinate hypersur-
face & = ¢+ h; then

l; = hd; + O(h?) = h/|VE + O(h?) .

Fig. 2.2. Base tan-
gential and normal
vectors in two dimen-
sions
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This equation shows that the inverse length of the normal vector V& mul-
tiplied by h represents with high accuracy the distance between the corre-
sponding faces of the coordinate cells in the domain X™.

Note that the volume of the parallelepiped spanned by the tangential vec-
tors equals J, so we find that the volume of the n-dimensional parallelepiped
defined by the normal vectors V&4, i =1,--- ,n, is equal to 1/J. Thus both
the base normal vectors V& and the base tangential vectors X¢i have the
same right-handed or left-handed orientation.

If the coordinate system &1, .- , €™ is orthogonal, i.e.

Xei - Xg = p(€)05, G, j=1,---,n, p&)#0

then for each fixed i = 1,--- ,n the vector V& is parallel to xgi.

2.4 Representation of Vectors Through the Base Vectors

If there are n independent vectors ay, - - - , a, of the Euclidean space R™ then
any vector b with components b',--- ,b" in the Cartesian basis ey, - , e, is
represented through the vectors a;, i =1,--- ,n, by

b=d"(b-a;)a;, i,j=1,-,n, (2.6)

where @/ are the elements of the matrix (a*/) which is the inverse of the
tensor (ai;),

aij:ai~aj, i,j:1,°",n, (27)

(Fig. 2.3).

It is assumed in (2.6) and later, unless otherwise noted, a popular geomet-
ric index convention that a summation is carried out over repeated indices in
a product or single term, namely, a sign > is understood whenever an index
is repeated in the aforesaid cases. The components of the vector b in the nat-
ural basis of the tangential vectors x¢:, i = 1,--- ,n, are called contravariant.

Let them be denoted by Ei, i=1,---,n. Thus

bzgl){gl ++BnX§n .

Assuming in (2.6) a; = X¢i, i =1,--- ,n, we obtain
Bi—amj(bka—ﬁ)a—ﬂ i kym=1,---,n (2.8)
- 85‘7 agm ) 7]? ) - ) ) ) .
where b',--- ,b" are the components of the vector b in the Cartesian basis

e, - ,e,. Since (2.7)

oxk dzF

8751'67@7 ivjakzlv"'7na

Ajj = Xgi * Xgj =
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we have ) )
o€ og?

iJ
atl — o
Oxk Oxk’

i)jak: ]-) y 1L
Therefore, from (2.8),

» i 9¢j m ogi
pi_ 06 08 e 06

T Oz oxk BT dx

i7j7k7m: 17 y 1y
or, using the dot product notation

b =b-VE, i=1,--,n. (2.9)

Thus, in this case (2.6) has the form

b=(b-V&)xes, i=1--,n. (2.10)
For example, the normal base vector V&° is expanded through the base
tangential vectors x¢;, j = 1,--- ,n, by the following formula:
; ; gt ogk .
i i k
VE = (VE - VE)xp = o2 oxen s ik =1, n. (2.11)
Analogously, a component b; of the vector b in the basis V&, i =1,--- ,n,
is expressed by the formula
_ - Oxd
l_bjazi b-Xe, hj=1,,n, (2.12)
and consequently
b=bVE = (b x:)VE, i=1,-,n. (2.13)

Fig. 2.3. Expansion of the
vector b in the vectors a;
and as
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These components b;, i = 1,--- ,n, of the vector b are called covariant.
In particular, the base tangential vector x¢: is expressed through the base
normal vectors V&, j=1,---  n, as follows:
- Ok OxF - .
X&L = (X£L . ng)ij = 651 aigjvg‘j y Z,],k = 1, e ,N. (214)

2.5 Metric Tensors

Many grid generation algorithms, in particular those based on the calculus of
variations, are typically formulated in terms of fundamental features of coor-
dinate transformations and the corresponding mesh cells. These features are
compactly described with the use of the metric notation, which is discussed
in this section.

2.5.1 Covariant Metric Tensor

The matrix

(gZ])7 i7j:17"'7n7
whose elements g;; are the dot products of the pairs of the basic tangential
vectors X¢i, ¢t = 1,... ,n,

oxk oxk .
gij:xﬁi'xij:aigi@’ z,j,k':l,-~-,n, (215)
is called a fundamental or covariant metric tensor of the domain X" in the
coordinates &%, .- €™,

Geometrically, each diagonal element g;; of the matrix (g;;) is the length
of the tangent vector x,: squared:

gii = |xei[*, i=1,---,n, ifixed.
Also,
9ij = Iin X{jICOSQZ \/_@@0089, i’j = la"' y Ty, i:j ﬁxed,

where 6 is the angle between the tangent vectors x¢: and X¢;. As a reminder,
the notification ”fixed” in these expressions for g;; and g;; means that the
subscripts i¢ and jj are fixed, i.e. here the summation over the repeated
indices is not carried out.
We designate by g the Jacobian of the covariant matrix (g;;). It is evident
that
(gij):jj‘r, iaj:]-w")n)

and hence



2.5 Metric Tensors 43

JP=g.

The covariant metric tensor is a symmetric matrix, ie. g;; = g;. If a
coordinate system at a point £ is orthogonal then the tensor (g;;) has a
simple diagonal form at this point. Note that these advantageous properties
are in general not possessed by the Jacobi matrix (9z°/0¢7) from which the
covariant metric tensor (g;;) is defined.

2.5.2 Line Element

Let P be the point of R" whose curvilinear coordinates are ¢!, ... ,£™ and let
Q be a neighboring point with the curvilinear coordinates &' +dé¢!, ... , " +
d¢™. Then the Cartesian coordinates of these points are

xl(&)?"'ﬂxn(£)7 62(617""§n)

and
' (& +dE),... 2" (E+dE), dE=(d¢,... ,d¢n),

respectively. The infinitesimal distance P(Q denoted by ds is called the el-
ement of length or the line element. In the Cartesian coordinates the line
element is the length of the diagonal of the elementary parallelepiped whose
edges are dz',... ,dz", where

amd§]+o(|d£|)7 iaj:]-a"'an7

da' = o'( +d¢) —2'(§) = 7

(see Fig. 2.4). Therefore

ds = /(dz!)2 4 ... 4 (dz")? = Vdx - dx ,
where
dx = x(€ +d¢) — x(§) = x:d€" +o(|d€]), i=1,...,n,

and we readily find that the expression for ds in the curvilinear coordinates
is as follows:

ds = \/x¢idg" - X3 AT + o(|dE]) = 1/ 9i;dE7AET + o(|dE]) , i, =1, ,n .
Thus the length s of the curve in X", prescribed by the parametrization
x[&(t)] : [a,b] = X,

is computed by the formula

b . .
d¢i dgi .
s:/a g"jaﬁdt’ L,j=1,...,n. (2.16)
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x g g+dg
p = | //
“‘--.i__‘ ds | _ iz
dx? et x(2) L

,J___ [ Tres o — 3 J'
Q dz Pl I

T dx //,/
“ da“

e dg'

Fig. 2.4. Illustration for the line element

2.5.3 Contravariant Metric Tensor

The contravariant metric tensor of the domain X™ in the coordinates ¢, - - , €™
is the matrix

(g’ij)’ iyjzlv"'ana

inverse to (g;;), i.e.

Therefore 1
det(¢")y ==, i,j=1,...,n.
g

It is easily shown that (2.17) is satisfied if and only if

_ 0 0g
T Qxk 9k’

where V¢!, 1 =1,...,n, is the base normal vector determined by (2.5). Thus,
each diagonal element g* (where i is fixed) of the matrix (g%) is the square
of the length of the vector V¢

gt = V&P, i=1,...,n, ifixed. (2.19)

Geometric Interpretation

Now we discuss the geometric meaning of a diagonal element g% with a fixed
index 4, say g'!, of the matrix (g%/). Let us consider a three-dimensional co-
ordinate transformation x(&) : % — X?3. Its tangential vectors Xet, Xg2, X¢s
at some point P form the basic parallelepiped whose edges are these vectors
(Fig. 2.5). For the distance d; between the opposite faces of the parallelepiped
which are defined by the vectors x¢2 and x¢s, we have

d1 :x51~n1,
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g P &

Fig. 2.5. Geometric meaning of the diagonal contravariant metric element g'*

where n; is the unit normal to the plane spanned by the vectors x¢> and x¢s.
It is clear, that
V{l‘ngZO, j:2,3,

and hence the unit normal n; is parallel to the normal base vector V¢:. Thus
we obtain
n; = V§1/|V£1‘ = Vgl/\/ gll .
d1 = Vgl . Vgl/\/gll = ]_/1/911 ,

gt =1/(d1)*.
Analogous relations are valid for g?? and ¢33, i.e. in three dimensions the
diagonal element g% for a fixed i means the inverse square of the distance d;
between those faces of the basic parallelepiped which are connected by the
vector Xgi. In two-dimensional space the element g (where i is fixed) is the
inverse square of the distance between the edges of the basic parallelogram
defined by the tangential vectors x¢: and x¢2.
The same interpretation of g** is valid for general multidimensional coor-
dinate transformations:

gt =1/(d)? i=1,---,n, (2.20)

Therefore

and consequently

where the index i is fixed, and d; is the distance between those (n — 1)-
dimensional faces of the n-dimensional parallelepiped which are linked by
the tangential vector xg:.

2.5.4 Relations Between Covariant and Contravariant Elements

Now, in analogy with (2.1) and (2.2), we write out very convenient formulas
for natural relations between the contravariant elements g*/ and the covariant
ones g;; in two and three dimensions.
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For n =2,

iy _
g7 = )

i+j93—i 3—j

(—1)i+i 9=
g

g9ij = (1) gg> "3 i j=1,2, (2.21)

where the indices 7, j on the right-hand side of the relations (2.21) are fixed,

i.e. summation over the repeated indices is not carried out here. For n = 3
we have

- 1
g7 = g(gi—&-l j+1 Gi+2 j+2 — Gi+1 j+2 Gi+2 j+1) s

gzj — g(gi+1 j+1 gi+2 j+2 _ gi"rl j+2 gi+2 j+1) , 'L,j — 172’3 , (222)

with the convention that any index, say [, is identified with [ + 3, so, for
instance, g45 = g12-

We also note that, in accordance with the expressions (2.15), (2.18) for
gi; and g", respectively, the relations (2.11) and (2.14) between the basic
vectors x¢i and V&’ can be written in the form

Xei = gin VEY
Ve = g%, i k=1, ,n. (2.23)

So the first derivatives dz'/0¢’ and d¢¥ /9™ of the transformations x (&)
and &(x), respectively, are connected through the metric elements:

or’ B _85"’

85‘7 - gm] 81:1 I

¢t - Ox7

o5 _ mi im=1-n. 2.24
8$J g agm 9 ,7,M 9 , T ( )

2.6 Cross Product

In addition to the dot product there is another important operation on three-
dimensional vectors. This is the cross product, x, which for any two vec-
tors a = (a!,a?,a®), b = (b*,b%,b%) expanded in the Cartesian vector basis
(e1, e, e3) of the Euclidean space R? is expressed as the determinant of a
matrix:

€1 €2 €3
axb=det|a'a®a® | . (2.25)
bt v? p?
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Thus
ax b= (a?b® — a®?, a3 —a'b?, a't? — '),
or, with the previously assumed convention in three dimensions of the iden-
tification of any index j with j + 3,
axb= (a2 - a2iTle,, i=1,2,3. (2.26)

We will now state some facts connected with the cross product operation.

2.6.1 Geometric Meaning

We can readily see that a x b = 0 if the vectors a and b are parallel. Also,
from (2.26) we find that a- (a x b) =0 and b- (a x b) = 0, i.e. the vector
a X b is orthogonal to each of the vectors a and b. Thus, if these vectors are
not parallel then

axb=oalaxbn, (2.27)

where @ = 1 or @ = —1 and n is a unit normal vector to the plane determined
by the vectors a and b.

Now we show that the length of the vector a x b equals the area of the
parallelogram formed by the vectors a and b, i.e.

la x b| = |a||b|sin6 , (2.28)

where 0 is the angle between the two vectors a and b. To prove (2.28) we
first note that

la|?|b|?sin? @ = |a|?|b|*(1 — cos? §) = |a?|b|* — (a- b)?.
We have, further,

3

o) () - (S o)

1 j=1

NE

al2[bf? — Ja-bf? = (

[(al)Q(bm>2 + (am)Z(bl)Q _ 2alblambm]

I
R

=

Sl
-

(albm _ ambl)Q ,
1

=
Il

where (k,l,m) are cyclic, i.e. I = k+ 1, m = k + 2 with the convention that
j + 3 is equivalent to j for any index j. According to (2.26) the quantity
alb™ — a™b' for the cyclic sequence (k,l,m) is the kth component of the
vector a X b, so we find that

|a||b|sin? @ = |a|?|b|> — |a-b[* = |a x b|?, (2.29)
what proves (2.28). O
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Thus we obtain the result that if the vectors a and b are not parallel
then the vector a x b is orthogonal to the parallelogram formed by these
vectors and its length equals the area of the parallelogram. Therefore the
three vectors a, b and a x b are independent in this case and represent a
base vector system in the three-dimensional space R3. Moreover, the vectors
a, b and a x b form a right-handed triad since a x b # 0, and consequently
the Jacobian of the matrix determined by a, b, and a x b is positive; it equals

(axb)-(axb)=(axb)?.

2.6.2 Relation to Volumes

Let ¢ = (¢!, c?,¢3) be one more vector. The volume V of the parallelepiped

whose edges are the vectors a, b and ¢ equals the area of the parallelogram
formed by the vectors a and b multiplied by the modulas of the dot product
of the vector ¢ and the unit normal n to the parallelogram. Thus

V=l|axb|n-c|
and from (2.27) we obtain
V=l|axb)-c|. (2.30)
Taking into account (2.26), we obtain
(axb)-c=cl(a??® —a®b?) + 2 (a®b! — a't?) + 3 (a'd? — a?b') .

The right-hand side of this equation is the Jacobian of the matrix whose rows
are formed by the vectors a, b, and c, i.e.

at a® a®

(axb)-c=det | b b? b3 | . (2.31)

ct ¢

From this equation we readily obtain
(axb)-c=a-(bxc)=(cxa)-b.

Thus the volume of the parallelepiped determined by the vectors a, b, and ¢
equals the Jacobian of the matrix formed by the components of these vectors.
In particular, we obtain that the Jacobian of a three-dimensional coordinate
transformation x(&) is expressed as follows:

J = X§1 . (X£2 X Xga) . (2.32)
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2.6.3 Relation to Base Vectors

Applying the operation of the cross product to two base tangential vectors
x¢t and xgm, we find that the vector xg X x¢m is a normal to the coordinate
surface & = & with (i,l,m) cyclic. The base normal vector V¢! is also
orthogonal to the surface and therefore it is a scalar multiple of xz X X¢m,
ie.

VE = c(xg X Xgm)

Multiplying this equation for a fixed 7 by x¢:, using the operation of the dot
product, we obtain, using (2.32),

l=cJ,
and therefore

Vﬂ:%@x&ﬂ. (2.33)

Thus the elements of the three-dimensional contravariant metric tensor (g*)
which are computed by the dot product of the normal base vectors (formula
(2.18)) can also be found through the tangential vectors x,: by the formula

y . |
g” = sz . ng = *(Xgi#»l X X£i+2) . (X£j+1 X X5j+2) s i,j = 1, 2,3 .
g
Analogously, every base vector x¢i, i = 1,2,3, is expressed by the tensor
product of the normal base vectors V&7, j = 1,2, 3:
xgi = J(VE x VEr), i=1,2,3, (2.34)

where [ =i+ 1, k = i+ 2, and m is equivalent to m + 3 for any index m.
Accordingly we have, taking into account (2.15),

gi; = g(VET x VET?) (VET x vET2) | 4,5 =1,2,3.

Using the relations (2.33) and (2.34) in (2.30), we also obtain

% = Ve Ve x VR, (2.35)

Thus the volume of the parallelepiped formed by the base normal vectors
Ve, VE2, and VE2 is the modulus of the inverse of the Jacobian J of the
transformation x(&).

2.7 Relations Concerning Second Derivatives

The elements of the covariant and contravariant metric tensors are defined
by the dot products of the base tangential and normal vectors, respectively.
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These elements are suitable for describing the internal features of the cells
such as the lengths of the edges, the areas of the faces, their volumes, and
the angles between the edges and the faces. However, as they are derived
from the first derivatives of the coordinate transformation x(&), the direct
use of the metric elements is not sufficient for the description of the dynamic
features of the grid (e.g. curvature), which reflect changes between adjacent
cells. This is because the formulation of these grid features relies not only
on the first derivatives but also on the second derivatives of x(&). Therefore
there is a need to study relations connected with the second derivatives of
the coordinate parametrizations.

This section presents some notations and formulas which are concerned
with the second derivatives of the components of the coordinate transforma-
tions. These notations and relations will be used to describe the curvatures
of the coordinate lines and surfaces.

2.7.1 Christoffel Symbols of Domains

The edge of a grid cell in the & direction can be represented with high
accuracy by the base vector X¢i contracted by the factor h;, which represents
the step size of a uniform grid in =" in the £* direction. Therefore the local
change of the edge in the ¢’ direction is characterized by the derivative of
X¢: with respect to & ie. by Xgigi -

Since the second derivatives may be used to formulate quantitative mea-
sures of the grid, we describe these vectors x,i¢; through the base tangential
and normal vectors using certain three-index quantities known as Christoffel
symbols. The Christoffel symbols are commonly used in formulating mea-
sures of the mutual interaction of the cells and in formulas for differential

equations.
Let us denote by FZ; the kth contravariant component of the vector Xgig;
in the base tangential vectors x¢x, k = 1,---,n. The superscript k in this

designation relates to the base vector x¢+ and the subscript ¢j corresponds
to the mixed derivative with respect to £ and &7. Thus

XEifj :EI; X&’“ ) Za])kzla , (236)
and consequently

0%xP oxP
- =" ] =1, . 2.
8@85’“ kj aé.m ’ Js k) m,p ) y T ( 37)

Multiplying these equations by 9¢!/0zP gives

. 0% 8¢
ki 9ekogT dar

i,5,k,p=1,---,n, (2.38)

or in vector form,
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I} = Xergs - VE . (2.39)

The quantities I} ; are called the space Christoffel symbols of the second
kind and the expression (2.36) is a form of the Gauss relation representing the
second derivatives of the position vector x(&) through the tangential vectors
Xgi.

¢ Analogously, the components of the second derivatives of the position vec-
tor x(¢&) expanded in the base normal vectors V&?, i = 1,--- ,n, are referred
to as the space Christoffel symbols of the first kind. The mth component of
the vector Xgre; in the base vectors V&', i =1,--- n, is denoted by [kj, m)].
Thus, according to (2.12),

) 0%zl oz )
[k.],m]:XEkgj 'Xém :Wafim s j,k,l,m=1,--~ ,n, (240)
and consequently
So, in analogy with (2.37), we obtain
%! . oLoem
6£j8£k :[k]am} ozt ) Z?]ak7m:17”' y 1. (242)

Multiplying (2.40) by ¢‘™ and summing over m we find that the space
Christoffel symbols of the first and second kind are connected by the fol-
lowing relation:

I, =g"kjim), ijkm=1--,n. (2.43)
Conversely, from (2.38) and (2.40),
[kj7m]:gmll_‘lf:ja jak7lam:1a"' ;T (244)

The space Christoffel symbols of the first kind [kj,m] can be expressed
through the first derivatives of the covariant elements g;; of the metric tensor
(9i;) by the following readily verified formula:

[kj,m] =

1 ngm AGrm (')gkj L.

= — — kkm=1,---,n. 2.45
2( aé—k 66] 8§m) ) Z?]? 7m b ’n ( )
Thus, taking into account (2.43), we see that the space Christoffel symbols
of the second kind I} ; can be written in terms of metric elements and their
first derivatives. In particular, in the case of an orthogonal coordinate system
£, we obtain from (2.43, 2.45)

kj — = -

g- \ogk og og

Here the index 7 is fixed, i.e. the summation over ¢ is not carried out.

i 1 n‘(agii 0gii agkj) k=1, n
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2.7.2 Differentiation of the Jacobian

Of critical importance in establishing relations between geometric charac-
teristics is the formula for differentiation of the Jacobian of a coordinate
transformation x(&)

o5 _, o' om0 oy, ox
Ok — T agkpE™ dxt T T dxt \oER) T Togk
ihkm=1,--,n. (2.46)

In accordance with (2.38), this identity can also be expressed through the
space Christoffel symbols of the second kind I} ; by

%:Jilky i,k:1,~~,n,
with the summation convention over the repeated index 1.

In order to prove the identity (2.46) we note that in the case of an arbitrary
matrix (a;;) the first derivative of its Jacobian is obtained by the process of
differentiating the first row (the others are left unchanged), then performing
the same operation on the second row, and so on with all of the rows of the
matrix. The summation of the Jacobians of the matrices derived in such a
manner gives the first derivative with respect to ¢* of the Jacobian of the
original matrix (a;;). Thus

G™, i, km=1,---,n, (2.47)

where G is the cofactor of the element a;,,,. For the Jacobi matrix (9z°/9¢?)
of the coordinate transformation x(&) we have

ocm
=J =

Ozt ’
Therefore, applying (2.47) to the Jacobi matrix, we obtain (2.46). O

Gim

t,j=1,---,n.

2.7.3 Basic Identity

The identity (2.46) implies the extremely important relation

o (08N
@(Jami)zo’ =1, 1, (2.48)

which leads to specific forms of new dependent variables for conservation-law
equations. To prove (2.48) we first note that
ve or ol o oe
Oxkdxi OEp — QEPOE™ dxk Oxd
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Multiplying this equation by 9¢*/ dz! and summing over /, we obtain a for-
mula representing the second derivative 92¢'/0xF9z™ of the functions &' (x)
through the second derivatives §%z™ /9E'9€P of the functions z™(€), m =
1, ,m

g2 9Par gl Dgl og
k m l i Gk m
OzFox o0& 8§Jl or 48:10 oxP (2.49)
Coe ag -
__IjljamimWa Z7.77k7lam7p_17"'7n'

Now, using this relation and the formula (2.46) for differentiation of the
Jacobian in the identity

2 (j08) 208, ¢ out

o0& \" oxt)  0&I Ozt Oxioxk 0LI

we obtain
i( 8@) _J 0%zk oer og 0%zP O™ Ot 9¢ Ox*
0&1 \" Ozt

T T 0erogi Ozk dxt © OELOE™ Dzt xk P DEI

e ooy 0w oo
T 0eroET Oxk Ozt oLLoE™ OzP Ozt

iajkavm,p: 17 y 1y

i.e. (2.48) has been proved. O
The identity (2.48) is obvious when n = 1 or n = 2. For example, for
n = 2 we have from (2.1)

ax:}fi

¢l
Jr = Ser T

ot (=1)

iaj:1327

with fixed indices 7 and j, and therefore

j 4 3—i 3—i
i((]af'):(_l)”_l(iax _i@x ):0, i,j=1,2.
0&I \" Ox? o¢t 0¢? 0¢2 9¢t

An inference of (2.48) for n = 3 also follows from the differentiation of
the cross product of the base tangential vectors rgi, ¢ = 1,2,3. Taking into
account (2.26), we readily obtain the following formula for the differentiation
of the cross product of two three-dimensional vector-valued functions a and
b:
0 0 0
8§i(a><b) = 85ia><b+a>< a—gib, 1=1,2,3.

With this formula we obtain
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3 3 3

0
E Bifi(x@. X ng) = E Xeigi X Xek + E Xei X Xehgi (2.50)
i=1 i=1 i=1

where the indices (¢, j, k) are cyclic, i.e. j =i+ 1, k =i+ 2, m is equivalent
to m + 3. For the last summation of the above formula, we obtain

3 3
ZX@' X kaéi = Zka X Xgigj .
i=1 =1

Therefore, from (2.50),

3
0
;8fi(x£j Xng):O,

since
ng X ng&k = —nggk X ng

and (2.33) implies (2.48) for n = 3.



3 Geometry of Curves

3.1 Curves in Multidimensional Space

3.1.1 Definition

Commonly, a curve in the n-dimensional Euclidean space R™ is the locus
of points of R™ whose positions are represented by a vector-valued position
function r of a single parameter, say ¢,

P(SO) : [a? b] — R", r(<P) = [xl(go)? e 7‘rn(90)] ) (3'1)

(see Fig. 3.1). The position function r(yp) is referred to as a parametrization
of the curve. Note each curve can be given parametric representation in an
infinity of ways, namely, as

T[Sﬁ(w)] : [alabl] - [aﬂb] )

where
P 1 [a,b1] — [a,b]

is an arbitrary univariate one-to-one monotone function.

It is assumed that the parametrization (3.1) is p > 1 times continuously
differentiable with respect to ¢ and r, # 0 for all ¢ € [a,b]. In our consider-
ations we will use the designation S™! for the curve with the parametrization
r(¢). In this chapter we discuss the important measures of the local curve
quality known as curvature and torsion. These measures are derived by some
manipulations of basic curve vectors using the operations of the dot and cross
products.

3.1.2 Basic Curve Vectors
Tangent Vector
The first derivative of the parametrization r(yp) is a tangential vector

o= ()
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Ty

Fig. 3.1. Scheme of
a curve representation

0 a h [ in R3
to the curve S™' (Fig. 3.1). The quantity
; de da® |
g“":rg,-rsp:@d(p, i=1,...,n, (3.2)

is the metric tensor of the curve and its square root is the length of the
tangent vector r,. Accordingly the length [ of the curve S™' is computed
from the integral

b
1= [ V.

The most important notions related to curves are connected with the arc
length parameter s defined by the equation

s(p) = /@ Vgrede . (3.3)

The vector dr[p(s)]/ds, where ¢(s) is the inverse of s(¢), is a tangent vector
designated by t. Using (3.3) we obtain
d _de 1

6= grlel)] = Fore = o (3.4)

Therefore t is the unit tangent vector.

Principal Normal Vector

Any nonzero vector, which is orthogonal to the tangent vector, is called a
normal vector to the curve. Thus a vector v is normal to S™' if v-t = 0.
Since (3.4) t is a unit vector, i.e.

t-t=1,
and if we take the derivative with respect to s of this equation, we obtain
ts-t=0.

This means that if t, # 0 then this vector is normal to the curve S"'. The
vector t, is called the principal normal of S"!. Let n be a unit vector that is
co-directional with t,. Then
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n reQ;
x3

t

X2 Fig. 3.2. Base curve
vectors

1
n=t,, k=(t t,)/2 . (3.5)
The magnitude k is called the curvature at the point in question, while
the quantity p = 1/k is called the radius of curvature of the curve.
Using the identity r, = /¢g"?t obtained from (3.4) we find by virtue of
(3.2) and (3.3),

1
Top = WO‘WP ’ rip)t + gﬂpts
1 (3.6)
T
The identity (3.6) is an analog of the Gauss relations (2.36). This identity
shows that the vector r,, lies in the t — n plane.

3.2 Curves in Three-Dimensional Space

3.2.1 Basic Vectors

In three dimensions we can apply the operation of the cross product to the
basic tangential and normal vectors of a curve. The vector b =t X n is a unit
vector which is orthogonal to both t and n. It is called the binormal vector.
From (3.6) we find that b is orthogonal to r.,.

The three vectors (t, n, b) form a right-handed triad (Fig. 3.2). Note
that if the curve lies in a plane, then the vectors t and n lie in the plane as
well and b is a constant unit vector normal to the plane. The vectors t, n,
and b are connected by the Serret—Frenet equations

dt

=k

ds o

dn

— = —kt b

P kt +7b,

ﬁ:—Tn, (3.7
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where the coefficient 7 is called the second curvature or torsion of the curve.
The first equation of the system (3.7) is taken from (3.5). The second and
third equations are readily obtained from the formula (2.6) by replacing the
b in (2.6) by the vectors on the left-hand side of (3.7), while the vectors t, n,
and b substitute for e;, ey, and es, respectively. The vectors t, n, and b
constitute an orthonormal basis, i.e.

aij:aij :5;‘,, i,7=1,2,3,

where, in accordance with Sect. 2.4 a;; = e; - €;, and (a*) is the inverse of
the tensor (a;;). Now, using (2.6) we obtain

dn dn dn dn dn

o —-t)t (—. ) (—~b)b:—kt (—~b)b,
ds (ds + ds oo ds + ds

since ng -t = —n - t;, ng - n = 0. Thus we obtain the second equation of

(3.7) with 7 = n, - b. Analogously we obtain the last equation of (3.7) by

expanding the vector by through t, n, and b using the relation (2.6):

%:(%.t)t+(%.n>n+(%-b)b:—(%-b)nz—7n7

asb;-t=-b-t;=0, by-b=0.0
Note the formula (3.7) also has the following form

d 0 k£ O

1Y

—=|-k0

ds TP,
0 —70

where p = (t,n,b)”. We also find from this expression

dr

ds

) 1 00

% =10 k0O P,
g —k2 K kr
ar

ds

where ’ is the first derivative with respect to s.

3.2.2 Curvature

A very important characteristic of a curve which is related to grid generation
is the curvature k. This quantity is used as a measure of coordinate line
bending.

One way to compute the curvature is to multiply (3.5) by n using the dot
product operation. As from (3.3-3.5),
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dt 1 d 1 1 1
kn === 7W@(7Wrw> = greter T W(rw "Tpp)Ty

the result is

1
k = gT@rLP(P ‘n. (38)
The vector n is independent of the curve parametrization, and therefore we
find from (3.6) and (3.8) that k is an invariant of parametrizations of the
curve.

In two dimensions,

1
n= \/griap(_xi’x}@) ’
therefore in this case we obtain from (3.8),
k2 — (TeYop — YpTpp)” (3.9)

()2 + (y)?]?
with the convention z = 2!, y = 2. In particular, when the curve in R?
is defined by a function v = u(x), we obtain from (3.9), assuming r(yp) =

[@7’“'(90)]7 Y=,

1

E? = (ugpe)?/[1+ (ug)?]? . (3.10)

In the case of three-dimensional space the curvature k can also be com-
puted from the relation obtained by multiplying (3.6) by r, with the cross
product operation:

Ty X Typ = g 7k(ry x m) = (¢"%)**kb .
Thus we obtain
X Ty
g2 = Te X ool 3.11
() (340
and, consequently, from (2.26)

(@pTop — Tolpp)” + (WoTgp — Tolpy)” + (WoTey — Tylp,)”

M= [(@L)? + (22)2 + («2)7°

3.2.3 Torsion

Another important quality measure of curves in three-dimensional space is
the torsion 7. This quantity is suitable for measuring the rate of twisting of
the lines of coordinate grids.

In order to figure out the value of 7 for a curve in R® we use the last
relation in (3.7), which yields

_db
ds
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As b =t x n, we obtain

%—%x thxd—nftxd—n
s ds 0 ds ds ’
since dt/ds = kn. Thus

= (—t X j—;’) ‘n. (3.13)

From (3.3-3.5) we have the following obvious relations for the basic vectors
t and n in terms of the parametrization r(y) and its derivatives:

1
= 7\/97_7@1‘(/; 5
zlﬁfl(l Ty rsasor>
kds k\gre #¢  (gre)2 %)
dn _ 1(;r _oTe Tep
ds — k\(gre)3/2 777 7 (gre)2 TFF
d /r, -rw) 1dk )
- - —— . 3.14
d<p( G2 )* T ks (3:.14)
Thus
£ x dn 1 Ty Typ 1 dk

E = Wr@ X er(p _2]{;(97'90)5/2[‘90 X rwp — W@I‘y Xn.

As (axb)-a= (axb)-b =0 for arbitrary vectors a and b, we obtain from
(3.13, 3.14)

1 1
T = —W(r@ X Tppp) " Tpp = W(rw X Tpp) Topp - (3.15)

And, using (2.31), we also find

dp de de
1 2,.1 2.2 2,..3

. dot d*z’ d*z*® d*z (3.16)
k?(gme)? de? dp? dy?

A3zt d3z? 4323
dp? de3 dp3




4 Multidimensional Geometry

The notion of a curve in R™ is readily extended to a notion of an n-
dimensional surface in R"t¢, 1 > 0.

A regular n-dimensional surface of class C"(m > 1) is the point set in
real (n + [)-dimensional space R™*! locally represented by some parametric
n-dimensional domain S™ and a parametrization

r(s): 8" = R"™ | r(s) = [rl(s),..., " (s)], s =(s',...,s"), (4.1)

such that all partial derivatives of r(s) of order m are continuous in S™ and
the rank of the matrix (0r?/9s’),i=1,... ,n+1,j=1,... ,n, equals n at
each point of S™. The vector equation (4.1) is called a parametric equation
of the n-dimensional surface while the variables s?, i = 1,... ,n, are referred
to as curvilinear coordinates on the surface. We shall use the designation S™"
for the surface represented by (4.1). In accordance with the definition a curve
is meant as a one-dimensional surface.

In grid generation methods regular n-dimensional surfaces are typical ob-
jects as boundaries of the domains under consideration, coordinate hyper-
surfaces, and monitor surfaces specified to generate adaptive meshes. The
advanced grid technology also requires the application of the theories of
more sophisticated geometries, namely, Riemannian manifolds which general-
ize regular surfaces. These geometries have real potential to provide efficient
means to control the qualitative properties of grids and develop advanced
grid technologies.

This chapter gives an introduction to the theory of multidimensional sur-
faces and Riemannian manifolds.

4.1 Tangent and Normal Vectors and Tangent Plane

Let s(t) : [a,b] — S™ be a representation of a curve in S™. Then the
parametrization

r[s(t)] : [a,b] — R (4.2)

represents a curve in the n-dimensional surface S™ specified by (4.1). The
tangent vector to this curve forms a tangent vector to the surface S™™. The
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r(s)

?'1

Fig. 4.1. Base tangent and normal vectors to coordinate lines

set of all tangent vectors at a point on the surface S™™ forms the tangent
n-dimensional plane to the surface at this point.

Analogously to the definition of the coordinate line in space (section 2.2)
there is defined the s'th coordinate line in the surface S™ as a curve repre-
sented by the following vector-valued function dependent upon a variable ¢
in the capacity of s’

r[s’(¢)] : [a,b] — R™,
. , (4.3)
S () = (8by--. , 80 0, sbTh L sp), i fixed
here r(s) is the function from (4.1), s’(¢) € S™, ¢ € [a,b], the constants s},
j # i are fixed.
Each s’th coordinate line defines one basic tangent vector along this curve

_ Or A
rsi—g, 1=1...,n,
assuming in (4.3) ¢ = s’. The transformation r(s) is of rank n hence the
basic tangent vectors ryi, ¢ = 1,... ,n, at a point P are independent and

therefore form the tangent plane at this point (Fig. 4.1 for n = 2).

Similarly to the coordinate hypersurface in space (section 2.3) we define a
coordinate hypersurface in S as an (n— 1)-dimensional surface lying in S™
along which all of the coordinates s',...,s™ except one, say s', are varied.

Thus the s’th coordinate hypersurface is specified by the parametrization

rls;(st, ..., s st L s7) s ST o R
o o (4.4)
si(st, .o st st s = (st st s st L s
where s fixed, while r(s) is the function from (4.1). We personify this coor-
dinate hypersurface with the equation s* = s. Equation (4.4) readily yields
that the basic tangent vectors to the hypersurface s* = s are the vectors r;,

j#.
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A vector lying in the tangent plane to S and orthogonal to the coordi-
nate hypersurface s = s} in S™ (consequently to its basic tangent vectors
rg, j # 1) is called a vector orthogonal or a normal vector to this hyper-
surface in S"™. Let us introduce, analogously to the normal vectors in space,
as a basic normal vector to the coordinate hypersurface s* = s in S™ the
vector designated by V! for which

,j=1,...,n, i fixed, (4.5)

(Fig. 4.1).

The basic normal vectors to the coordinate hypersurface in S™ are de-
scribed inambiguously in the following section through the basic tangent
vectors and elements of the metric tensors of S"".

4.2 First Groundform

All the properties of an n-dimensional surface S™ which can be described
without referring to the surrounding space are called intrinsic properties of
the surface and their description constitutes the intrinsic geometry of the
surface. Any characteristic of the intrinsic geometry is defined by the surface
metric tensor whose elements are specified through the operation of the dot
product on the basic tangent vectors.

4.2.1 Covariant Metric Tensor
Definition

The covariant metric tensor of any regular n-dimensional surface S™ rep-
resented in the coordinates s',...,s™ by (4.1) is the matrix (g;7), i,j =

1,...,n, where
giTjS:rs"'rsJ' o Ly=1...,n. (4.6)

In particular, when the surface is a monitor surface i.e. it is identified with
the graph of the values of some vector-valued function u(s) over a domain
S™ then this surface is parametrized by the equation r(s) = [s,r(s)] and
consequently

Ou OJu
dsi 0si

giy =6 +

Quadratic Form

The differential quadratic form

TS 1% 3] s
gi;ds'ds’ , i,j=1,...,n,
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relating to the line elements in space, is called the first groundform or funda-
mental form of the surface. It represents the value of the square of the length
of an elementary displacement dr (see Fig. 2.4) on the surface. Therefore the
length of the curve (4.2) in the surface S™ is computed by the formula

b N .

dst dsJ
I = G, di=1,...n,
/a SKARTRT ) "

which is similar to (2.16).

Let the Jacobian of (g;;) be designated by g"*. Then, analogously to the
length of the line (4.2), the n-dimensional area of the surface S™ is computed
from the formula

S = Vgréds .

Sn

Basic Parallelepiped

The basic parallelepiped in S™ with respect to the coordinates s!,... ,s"
is an n-dimensional parallelepiped whose edges are the basic tangent vectors
rg, i =1,...,n.So the quantity \/ngf for a fixed index ¢ has the geometrical
meaning of the length of the ith edge of the basic parallelepiped (see Fig.
4.2 in the case n = 2). Note the uniformly contracted basic parallelepiped
represents to a high order of accuracy the cell of the coordinate grid in S™
in the case when the parametric domain S™ is a logical domain (see also
Sect. 2.2).

r2

Fig. 4.2. Geometric meaning of the metric elements
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4.2.2 Contravariant Metric Tensor

Definition
The contravariant metric tensor of the surface S™ in the coordinates s!,. .. , s"
is the matrix (g.), 4,5 = 1,... ,n, inverse to (g;7), i.e. the following relations
are held
9 gli =6, i k=1,...,n. (4.7)
Thus analogously to (2.21) we obtain, in the case n = 2,
gijr = (_1)i+j9§ii 3—j/9m )
gzr; = (_1)7,+Jgrsgis3;z 8 ; Z7.7 =12, (48)
with fixed indices ¢ and j. Similarly to (2.22) we find, in the case n = 3,
gijr = g?(gzrjd j+1 gir—f-2 j+2 9511 j+2 gz‘ri2 j+1) )
g = grs(gitl IHL giA2 2 gitl 42 gid2 41y (4.9)

i,j=1,2,3, 1i,jfixed,

with the convention that any index, say [, is identified with [ + 3.

Computation of Basic Normal Vectors

Using the elements of the contravariant metric tensor we can readily find the
expression for the basic normal vector Vs® to the coordinate hypersurface
s" = s}, satisfying (4.5), through the basic tangent vectors ry;, j =1,... ,n.
Namely

Vs =giry, i,j=1,...,n. (4.10)
Indeed, the condition (4.5) is observed since

i g _ ij o rs _ i Co
Vs rge =gars Yo =9ga.9ip =0, 4,5,k=1,...,n,

i.e. the vector Vs’ is orthogonal to the coordinate hypersurface s* = const in
ST at the point of consideration. As Vs’ -r, = 1, i fixed, we conclude that
the both basic vectors Vs’ and r,: have the same direction with respect to
the hypersurface s* = const in S™".

From (4.10) we readily find that

Vs Vsl =g ij=1,...,n. (4.11)
Note also that for the length of Vs’ we obtain the following expression

|Vs'| = VVsi-Vsi=/git | i=1,...,n, ifixed.
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Since the normal vector Vs’ is orthogonal to the vectors ry;, j # 4, we found
that the distance d; between the ith (n — 1)-dimensional faces of the basic
parallelepiped formed by the tangent vectors rg;, j = 1,... ,n, is computed
as follows:

Vs? 1
Vst \/gii

Thus with respect to the basic parallelepiped the quantity /gl (i fixed) is

the length of its ith edge, while the quantity 1/4/¢g% (i fixed) is the distance
between the parallel (n — 1)-dimensional faces of the parallelepiped, which
are formed by the vectors ry;, j # i (see Fig. 4.2 for n = 2).

di =rg 1=1,...,n, ifixed.

Normal Vector to a Hypersurface

Formula (4.10) is readily extended to the case of the hypersurface in S™
defined by an equation ¢(s) = 0. Namely, a normal n to this hypersurface in
S™™ is specified by the following formula

n=og*r,, ik=1,...,n, (4.12)

that is a generalization of (4.10) obtained for the equation ((s) = s* — const.
The validity of (4.12) will be proved if we show that

n-t=0,

where t is an arbitrary tangent vector to the hypersurface ¢(s) = 0. Without
loss of generality we can assume that pgn # 0 at a point s € S™ under
consideration. Then the equation ¢(s) = 0 is resolved with respect to s”, i.e.
there exists a function s™(s!,... ,s"71), (s!,...,s"71) € §"~! such that

elst, ... 8" s (st s =0, (st v e st

Therefore, using (4.1), we can locally specify the hypersurface ¢(s) = 0 in
the coordinates s',...,s” ! by the following parametrization

rf(sh,. s ) = st s s (s, L s ST — R
Consequently the basic tangent vectors to this hypersurface with respect to
the coordinates s!,...,s” ! are computed by

n

Pgi
Y, =ry+ ——Tg =ru— >
s 837‘ Pgn

ren, t=1,...,n—1,

since 8s"/ds' = —pgi [psn, i =1,... ,n— 1. Using these relations and (4.12)
gives
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(. mk ) Psi
n-rf = pmgl r (rsl - rn

Psn
Pgi
= gt (g5 — 2 gp)
Psn
— g = PP g i1, n—1.
Psn
As an arbitrary tangent vector t to the hypersurface is expanded by rfi,
i=1,...,n—1, we obtain that n-t = 0, i.e. formula (4.12) gives a real

expression for the vector n normal to the hypersurface ¢(s) = 0. O
We have, by virtue of (4.12), the following formula for the length of n

In| = vnn = /(pgghre) - (pemgiirg)
=V psipsmgikgilgrs (4.13)

:Vgpsmsoslg;?l7 ivkalvmzla"'yn'

4.3 Generalization to Riemannian Manifolds

4.3.1 Definition of the Manifolds

Formula (4.6) readily yields the result that the elements of the covariant
metric tensor (g;7) and (g;}') of the regular surface S" in arbitrary coordi-

nates s',...,s"™ and v!,... ,v™, respectively, are connected by the following
relations
ok ot o
g{f:gﬁ’wg, L, kl=1,... ,n. (4.14)
Indeed,
s o ov* o™
Gij = Tsi " Tgi = I‘yk@ : I‘vmw
ok gvm Ok ov™

=T,k - Iym i, 5,kkm=1,...,n,

dsi Bsi  ImPsi §si
i.e. equations (4.14) are held.

Analogously, the elements of the contravariant metric tensor (¢%.) and
(g¥.) of the regular surface S™ in the coordinates s!,...,s™ and v,... 0",

respectively, are connected by

P
i Kl ov' o’
vr ISt fgk sl

gk l=1,...,n. (4.15)

For showing that the components g are subject to (4.15), it is sufficient to
demonstrate that the matrix
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Fig. 4.3. Illustration for Riemannian manifold maps

vt oI
ki . B
(gsrask@), l,j,k,l—l,...,n,
coincides with (g#), i.e. it is the inverse of (9i;) provided the matrix ( i) is
the inverse of (gfjs) Since (4.14)

ro it OV OV g B8 OSP O OV oy
ijgs’“aslc sl = 9mp vt i askgsrasl =0, LLRELMPpL=1...,7,

i.e. equations (4.15) are valid.

The relations (4.14) and (4.15) valid for the metrics of arbitrary regular
n-dimensional surfaces give rise to the definition of the geometrical objects
called Riemannian manifolds which generalize the regular surfaces.

Namely, a point set M™ of R™* [ > 1 is called a C™-differential Rie-
mannian manifold (Fig. 4.3) of dimension n if there is a collection (atlas) &
of local parametrizations of M (local maps)

ro(p):S; M, pe®, peSy,

1 n 1 n-+l (4.16)
e=(ph. 0", rp=(rg... i),

where 57 C R" is an n-dimensional parametric domain, and the same col-
lection of local variable matrices (local covariant metric tensors)

7'50 . . n
(gij (‘P))v ZaJ_lv"'7n7 SOGSSO’ (pE@, (417>
such that

1) Ugeary(Sy) = M™ , where r,(S7) is the image of S in M™ built by ry,

2) for each ¢ € &, r,(S7) is an open space of M™ and
r, S, = r,(S), ¢eP,

is a one-to-one continuous mapping,
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3) for each ¢, € & with By, # (), where
By =1, (57) Ny (Sy)

the map
(@) : SN, (Byy) = R",

whete () = r51[r, ()], is a C™ — map,
4) for each ¢ € &, ¢ € S} the matrix (g;/(¢)) is positive, symmetric, and
nondegenerate and the functions

9if (@) : Sy = R, 4,j=1,...,n,

are C"-functions,
5) for each ¢, € @, B,y # 0,

OpF
ot

!
(qp)ai(w)v ivj,kvl:]-v'” , 1y, (418)

g () = g Lo ()] 553

where
peSENT (Byy), weSEnr; (Byy),

@' (), i =1,... ,n,is the ith component of the function ¢(tp) = r*(ry),
6) € is maximal relative to (2-5) that is if there is one more local parametriza-
tion

rg(0): Sy =X, Sy CR', 0¢€Sy,
and a nondegenerate, positive, symmetric C"™ — matrix function
(¢i7(0)), 6€5y,

and their inclusion into local parametrizations and local matrices, respec-
tively, does not violate the requirements (2-5) — they are in the corre-
sponding collections of &.

Here m may be 1,2,... ,00. C™ for m finite means all partial derivatives
of order less than or equal to m exist and are continuous.
The variables ¢!, ..., " of the parametric domain S5, ie.

p=(p...,0" eS8, peo?,
together with the corresponding transformation
ro(p): S; — M"

are called a local coordinate system or local coordinates of M™.
Each local covariant metric tensor (g;;(¢)) derives the local contravariant
metric tensor (9% (¢)) as the inverse matrix of (95 (), i-e.
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gg’r(¢) = Gf]/det(g:]¢(¢)) ) i’j = 17 AR 7n )
where G is the (ij)th cofactor of (g; (¢)). Analogously to (4.15) it is readily
verified that the equations (4.18) yield
oy 0w
Ok Dt

95, ) = i le(w)] biki=1oon, o (419)

where ¥*(¢), k = 1,... ,n, is the kth component of the function (p) =
-1
Ty [Ty ()]
The need of multiple charts is essential for geometries that are not diffeo-
morphic to an n-dimensional cube. Such geometries appear in various appli-
cations, the most complicated and difficult for gridding of them are human

organs.

4.3.2 Example of a Riemannian Manifold

In the grid generation theory the Riemannian manifolds appear as tools
to control the grids derived by the generalized Laplace equations. Typi-
cally these manifolds are formulated as a generalization of monitor surfaces.
Namely, let S*™ be a regular n-dimensional surface lying in R”** and repre-
sented locally by a mapping

x(s): 8" = R"F s =(s',... "), x=(z, ... 2"F),
with a covariant metric tensor (g7;’) in the coordinates st s?
9if =Xgi X, G,j=1...,n. (4.20)

By a monitor surface over S*" there is meant a regular surface whose

points are
[x,f(x)] € RMHHE

where x € S%", while
f(x): S =R, f=(f'...,fY,

is some vector-valued function called a monitor function. The monitor sur-
face is represented in the coordinates s!,...,s™ by the following local
parametrization

r(s): S" — RMERAL r(s) = {x(s),f[x(s)]} .

An extension of the monitor surface over S*" is produced, for example,
by two scalar-valued weight functions z(s) > 0 and v(s) > 0 and one vector-
valued smooth function f(s) = [f!(s),..., f'(s)] which form a Riemannian
manifold M™ whose points and parametrizations are the same as of S*”, while
the elements of the covariant metric tensor in the coordinates s',... ,s”

designated as g;;, are defined as follows:

)
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of of .
aSi(s)-a—sj(s), ,j=1,...,n. (4.21)

gij = 2(s)gij’ + v(s)

We shall call the Riemannian manifold with the metric (4.21) imposed by
the functions z(s), v(s), and f(s) as a monitor manifold. The function f(s)
will be referred to as a monitor function, while z(s) and v(s) will be called
weight functions.

4.3.3 Christoffel Symbols of Manifolds
Definition of the Symbols

Any covariant metric tensor of a Riemannian manifold M™, designated by
(gfj) in the local coordinates s*, i = 1,...,n, derives the quantities called
the Christoffel symbols of the first and second kinds, which are also referred
to as the three-index symbols. The symbols of the first kind, designated in
the coordinates s*, i = 1,... ,n, by [ij, k|*, are defined as follows:

(i, k]* =

1(8gas‘k g% 995

5 - ) i k=1,....n. (4.22)

Os? Osi  Osk
Equations (4.22) easily yield the following relations for the first derivatives
of the elements of the covariant metric tensor

g5
Yk (i, k]* + [kj,i]*, i,jk=1,...,n. (4.23)
The Christoffel symbols of the second kind, designated in the coordinates

s, i=1,...,n, by STilj, are defined by the equations
YL =gl™ig,m)®, i4lm=1,...,n. (4.24)

It is seen at once from (4.22) and (4.24) that the Christoffel symbols are
symmetrical in ¢, j.

Further, when a coordinate system in a formula is fixed we, for simplicity,
shall omit the superscript personifying a coordinate system in the Christoffel
symbols of the first and second kinds thus designating them merely by [i7, k]
and Tilj, respectively.

Analogously to (4.23) we find an expression for the first derivatives of the
elements of the contravariant metric tensor through the Christoffel symbols
of the second kind

dg¥ _ lj.s dgi™ 1 im O9mi
Osk = 95 9mi dsk U8 7s gk
= —gligi™ (Imk. 1) + [lk,m]) = —gi™ Y}, — g9, | (4.25)

5, k,lm=1... ,n.
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The Christoffel symbols of the second kind also have some relation to the
formula of the differentiation of the Jacobian g of the metric tensor (g;).
Indeed the rule of the differentiation of the Jacobian ¢g° gives

895 _ .8 jmagjm
8Si _g gs 681 I

i,jym=1...,n,

and the application of (4.23) to this formula yields

895 s _jm([,;; .. s j m srJ T
00 = gt (i m) i, ) = [0+ U] = 2%4°Th, g =1 m.

Remind repeated indices in a single term mean a summation over them so
we imply in the above equations

9g° s SN~pi
8Tizgg =20 "1}, ij=1,...,n. (4.26)
j=1

Symbols for Regular Surfaces

In the case of the regular surface S™ represented by (4.1) whose intrinsic
metric is expressed as

gij =Tsi"Tei, 4,J=1,...,m,
it is readily found, from (4.22), that
[ij, k] =rgig-Teo, G,5,k=1...,n. (4.27)

Using (4.27), (4.24), and (4.10) yields the following formula for the Christoffel
symbols of the second kind of the regular surface S™ in the coordinates
Sh...,8™

Tilj = g (g Tem) =Tag - Vs Q5 Lm=1,...,n, (4.28)

where V! is the basic normal vector to the coordinate hypersurface s' = cg

in S™ (see (4.10)).

Transformation of the Christoffel Symbols

Now we shall establish how the Christoffel symbols of two coordinate systems
are related. Let us designate by g7; and g} the elements of the covariant
metric tensor of a manifold M™ in the coordinates s',... ,s™ and v',... ,v",

respectively. Then, according to (4.18), we have

. OsF 0s!

95 = I gyi gpi 0 Ll kI=1...n.
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Differentiating these equations with respect to vP gives

997 Og5, 9s™ Os” Os' . 0%k 95

= 7-‘— A A ',.,k,l, B :1,..., B
ovpP  9s™ QuvP Ovt OvI L OvtOvP OvI “J m.p n

and consequently, applying (4.23),

09 . v v
5o = by d]" + [ip, ]

ds™ 9sk 9st o8 0?%sk 9s!t
OvP Ovt Ovi Ik Gyigur dod
5,k lmp=1... n.

= ([km, 1] + [im, k]®)

Therefore, after computing by these formulas the following expression

O35 995 gy,
ovP  OvI ovt

we readily obtain, using first (4.22) and then (4.24),

i’j’p:17""n’

[ij,p]¥ = [km l]sislaikasm + gt %" 0s'

JoPl = " our ot 0vi T M i v

vyp _ STmaikai P 9Pk v (4.29)
i TR Gyl Gud §s™m | Guvidwd dsk

L5k lmp=1... n.

Geometric Meanings of the Symbols

Let us consider the Christoffel symbols of a regular n-dimensional surface
S™ represented by (4.1) and whose covariant metric tensor is defined by
(4.6). We know that the first partial derivatives of the parametrization r(s)
are the tangent vectors forming the tangent plane to the surface and the
elements of the covariant metric tensor (gfjs) It appears that the second
partial derivatives of r(s) are connected with the Christoffel symbols.

Let us designate by P the operator which projects the vectors from R"™t!
on the tangent plane to the regular surface S™ C R™* at a point P. Now
considering the vector-valued function

0%r

DsmOsP m,p=1,...,n,

rgmgp =
we can expand the vector P[rsmgr] (lying in the tangent n-dimensional plane)
in both the base tangential ry i, i = 1,... ;n, and normal Vs*, ¢ =1,... ,n,
vectors. Applying the formula (2.6) in the case of the tangential vectors, i.e.
assuming in (2.6) a; =rg,i=1,... ,n, we find
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Plromg] = a”? (Plrome] ro)re , 4,j,mp=1,...,n, (4.30)
where a'/ are the elements of the matrix which is inverse to the matrix (a;;)
;j =Tg Ty, 1,j=1,...,n.

Since ryi-ry = gi7,4,j = 1,... ,n, the functions a' in (4.30) are the elements
of the contravariant metric tensor (¢%), i.e.

g ] S
a’ =g, 4,5=1,...,n.

Further, as the operator P projects the vector rgmg on the plane formed by
the tangent vectors ryi, ¢ = 1,... ,n, we conclude that

Plrgmgr]| vy =tgme vy, jmp=1...,n.
Therefore equation (4.30) has the following form
Plrsmor] = g9 (vomer -vi)rsi, d,5,m,p=1,... ,n. (4.31)
Now, applying (4.28) to this equation, we find
Plrong] =2, s imp=1,...,n. (4.32)

Thus the Christoffel symbol 77, of the second kind is the ith component
of the vector P[rgm 4| expanded in the base tangent vectors r,: (see Fig. 4.4
where the vector rymg» is identified with r,,;).

Similarly we obtain

Plryme| = [mp,i]Vs', imp=1,...,n. (4.33)

This formula can also be inferred from (4.32). Indeed multiplying (4.10) by
gii gives ‘
rg =g, Vs, i,k=1,...,n,
and substituting this equation for ry: in (4.32), we readily come to (4.33).
So the Christoffel symbols of the first kind represent the components of

the vector Pryms] expanded in the base normal vectors to the coordinate
hypersurfaces in S™ (see Fig. 4.4 for n = 2).

4.4 Tensors

The theory of multidimensional geometry operates largely with the quantities
called tensors. This section gives an introduction to such geometric objects.
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Fig. 4.4. Expension of the vector rsmsp in the base vectors

4.4.1 Definition

Let M™ be some n-dimensional Riemannian manifold, in particular, a regular
surface S™. A tensor of rank k£ > 0 at a point P of M" is a set of values
defined for each local coordinate system s!,...,s™ around this point and
indices i = (i1,...,ix) € R*, i; = 1,...,n, j = 1,...,k, such that the
values obey certain transformation laws when the coordinates are changed.
The number k is called a tensor order or its rank, while the values with the
indices are referred to as tensor components.

The tensors are also distinguished by their types. There are two basic
tapes for the tensors of order k£ > 0: covariant and contravariant and the
third mixed type having the features of the basic types.

Tensors of Order Zero

A quantity which has the same fixed value at the point P in an arbitrary
coordinate system is called a scalar, or an invariant, or a tensor of order zero.

Covariant Tensors

In the pure covariant case the components of a tensor f of order k, whose des-

ignation is distinguished by indices being subscripts, for example, by f? .

for the indices 41, ... ,4; and coordinates s!,...,s", are subject to the fol-
lowing relations with respect to arbitrary coordinate systems s',...,s” and
1 n.
v, o™
J J
s oy OO0 vl

i, gi=1,...,n, l=1,...,k. (4.34)

i1..0k — JJ1Jk Hsir o Osir ’
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Thus it is sufficient to know the values of the tensor components for some one
fixed coordinate system since its values for other systems can be computed
by (4.34).

Contravariant Tensors

The components of the pure contravariant tensor f of rank k£ > 0, desig-

nated with the help of indices being superscripts: by fii-i in the coordi-
1

nates s*,... ,s", obey the following law with respect to arbitrary coordinate
systems s',...,s" and v',... o™

i . 0st Qs'k

110 J1---Jk . . . — —

< =fl ooy W 1,...,n, 1=1,..., k. (4.35)

Mixed Tensors

The notion of the pure covariant and contravariant tensors gives rise to the
concept of a mixed tensor if it is covariant in some indices and contravariant
in the rest of them. Consequently there are used in designations superscripts
for contravariant indices and subscripts for covariant indices. Namely, a mixed
tensor f k times covariant and [ times contravariant is a set of values f7* 7! (s)

i1
dependent on the coordinate system s',...,s™ at the point of consideration
such that for an arbitrary another coordinate system v',... ,v"
1.t (S) _ pmyemy (V) OvP1 o OvPk HgIt . OsJt
R P1--Pk st stk Qym Ovm ' (4.36)

tayPasJosmp=1,...,.n, a=1,...,k, b=1,...,1.

4.4.2 Examples of Tensors
Covariant Tensors

A typical covariant tensor of the first order is the vector gradp where ¢ is a
tensor of order zero. The components of this vector designated as (gradey)$

in the coordinates s!,... ,s™ are computed as
Op(s
(grady); = g(l) =pg, 1=1,...,n. (4.37)
s

It is obvious that the relations (4.34), for k = 1, are held for these values.
Note the second derivatives of ¢, i.e. the set

W?j:gosisj(s), ,j=1,...,n,

do not form a tensor of the second rank since
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ol Ov™ 0?0t

Pgigi (S) - QOUZ'U’"@ sl + 2% 9510 5 27]7lam - la e, N, (438)

and the second term in the right-hand part of these equations impedes sat-
isfaction of (4.34) for k = 2. However using the Christoffel symbols of the
second kind which are not tensors as well, since (4.29), produces the fol-
lowing covariant tensor V;;(¢) of the second kind whose (ij)th component
designated in the coordinates s',... ,s" as V() is computed as follows:

V5i(0) = psisi — 0y, i k=1,...,n. (4.39)

Formulas (4.29) and (4.38) readily yield that these components satisfy the
condition (4.34) for k = 2. Indeed

V;z (<P) = Puivi — @vvai]}

B 5‘75’“85’" N 0%sk
TP Gt Bod P uided
anm 08P Ost Ok 0%sP vk Ost (4.40)
0o (T3 G0t 07 9 + Tuided 9s7) B
sk Hs™ sk 9s™

== kgm — SPSTP T N . — 7 N A
(pars L4 km)@v’ OvI (%) vt OvJ

i7jak7l7m7pat:1,... , T,

i.e. the quantities V%, (¢) form a covariant tensor of the second kind. This
tensor is called a tensor of mixed covariant derivatives of the invariant .
Analogous construction over an arbitrary covariant vector f = (ff) de-
fines a covariant tensor of the second kind called a covariant derivative of
this vector. Its (ij)th component, designated by (Vf)$; in the coordinates

s' ..., s", is computed by the following formula
s 0 s sk .
(Vf)z] = @fz - ka;J 5 1,7, k = 1, cee N (441)
Tensor relations (4.34), for n = 2, are verified for these components similarly
as in (4.40).

It is obvious, comparing (4.39) and (4.41), that
Vii(p) = (Vgradp)i; , i,j=1,...,n.

In the case of a regular surface S™ C R"*! represented by (4.1) another
example of a covariant vector is formed through an arbitrary fixed vector
P € R"*! by the following formula for its components in the coordinates

st s™

fF=P-ry, i=1,...,n, (4.42)

where rg: is the ith basic tangent vector of S™ in the coordinates s',... ,s™.
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If P € R™*! is a vector orthogonal to S™ at a point P then the quantities
b,bs-j:rsisj'P, i,j:l,...,n, (443)

form a covariant tensor of the second order. Indeed

v sk Hs™ 9% sk
bl] = Tyigyi * P= (8’1}1 8 ; Tokgm + Wrsk) -P
8sk os™ sk Hs™ .
= 0 Dl ssm-P—bkmavzaj7 i, 5, kkm=1,...,n

Since (4.14) or (4.18), a typical example of a symmetric covariant tensor
of the second order also gives the metric tensor of any regular m-dimensional
surface S™ defined by (4.1) or a manifold M™.

There is an evident rule for forming a new covariant tensor from two
original ones. Namely, let f and v be two covariant tensors of the rank k& and
[, respectively. Then the new tensor f ® v is the covariant tensor of the rank

k + 1 whose components in the coordinates s, ... ,s” are computed as
s __rs s s
(f® V)il...ik_H = Jiyo iy Viggyoip 0 W T ... n. (4.44)

In particular, two smooth functions f and ¢ specified in the vicinity of a
point P € S™ produce a covariant tensor of the second rank, through the
covariant vectors formulated by (4.37):

(f®9)i=Ffsipss , 4,5=1,...,n. (4.45)

Note, generally, this tensor is not symmetric.

Contravariant Tensors

Since (4.15) and (4.19), an example of the contravariant tensor of the sec-
ond rank is represented by the contravariant metric tensor of S™ and M™,
respectively.

By virtue of (4.15) we can readily conclude that for a fixed vector P €
R™! a set of values defined in the coordinates s!,... , s™ as

P.-Vs', i=1,...,n, (4.46)

where Vs’ is the ith normal vector to the ith coordinate hypersurface in a
regular surface S™, is a contravariant tensor of the first rank. Indeed, by
(4.10) and (4.15)

ov' o’
rvlg) = gv,r. (P I'vm>as

st Os? (
=9 Aok Gum

d
k&w,i@hhm:L”wn
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Similarly to the case of the covariant tensors considered above two con-
travariant tensors f and v of rank k and [, respectively, form a contravariant
tensor f @V of the order k+1, whose components in the coordinates s!, ... ,s®
are computed by

(F @ v)e ™t = flrikglittetdt g (4.47)

Mixed Tensors

Examples of the mixed tensors are readily constructed by the product of two
tensors one of which is covariant and the order is contravariant. For instance,
two tensors of the covariant and contravariant types formed by (4.42) and
(4.46), respectively, produce, through a vector P € R"*!, the following mixed
tensor

Pl(s) = PsinS = (P . Vsl)(P . rsj) = g.il (P . rs’)(P ' rsf)

J T

(4.48)
i l=1,....,n.

There also is an operation of covariant differentiation of a contravariant
vector f = (f2) which results in a mixed tensor by the following formula for
its components designated by (V f)(s) in the coordinates st s™

, o . o
(Vf);(s):@f;wf ey Gak=1,...,n. (4.49)

Using the relations (4.29), and (4.35) we easily find that the quantities
(Vf)i(s) comprise a mixed tensor.

4.4.3 Tensor Operations

The operations over tensors defined at the same point of M"™ are addition,
multiplication and contraction.

Operation of Addition

The addition operation is carried out over temsors of the same order and
type merely by adding the values of their components. A particular case of
addition is the operation of subtraction.

Operation of Multiplication

The operation of multiplication is carried out over tensors of arbitrary or-
der and type by multiplying each component of one tensor, say f; by every
component of another tensor, say fs, in particular, as in (4.44) and (4.47).
As a result the order of the product equals the sum of the orders of the two
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original tensors f; and f;. The same rule of summation is valid for the type
of the product, namely, it is k1 + ko times covariant and [y + I3 times con-
travariant if the original tensor f;, i = 1,2, is k; times covariant and [; times
contravariant.

The operations of multiplication and addition allow one to formulate a
monitor manifold over a physical geometry S*™ presented by a parametriza-
tion

x(s) : S™ — R"TF

with the use of covariant vectors B',...  B!. The covariant metric elements
g;; of the manifold are computed by the following formula

g;; = €(8)gii + B"B}", d,j=1,...,n, m=1,...,1, (4.50)

where €(s) > 0 is an arbitrary function. Analogously a set of contravariant
vectors Dq,...,D; determines the contravariant metric elements g% of a
corresponding monitor manifold over S*™:

géjze(s)g;jm—’_D:nDin? i7j:1""7n’ m:]‘?"'?l'

These very metrics prove to be crucial tools in controlling numerical grid
properties.

Operation of Contraction

The operation of contraction is carried out over mixed tensors only. Let us
take a mixed tensor, say one time covariant and two times contravariant
whose components in the coordinates s!,...,s" are designated, correspon-
dently, as f;”(s). Assume the indices j and k the same then summation over
them gives quantities designated by f;j (s) which are dependent on one index
1 only. It is readily shown that these quantities form a contravariant tensor
of order 1. Indeed
. ovk 9si dst Os®
f;‘y(s): ]lcm(v)@wavim: llm(V)W, i,kJ,m:l,...,n,

i.e. the system b = fJ” (s) is a contravariant vector.

Analogously, the operation of contraction is defined for arbitrary mixed
tensors by identifying some upper and lower indices in the components and
producing summation over them. In particular, if f is a tensor k times co-
variant and k times contravariant then the operation of contraction over all
indices produces an invariant (tensor of order zero).

For example the operation of contraction over the tensor (4.48) produces
the following invariant
P'l(s):gg“(P'rsi)(P'rsj)7 iajzla"‘an'

K2
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With the operation of contraction one can define an invariant for arbi-
trary two tensors of the same order k provided one of them is covariant and
another contravariant. This invariant is obtained by the composition of two
operations: the first is multiplication of the tensors and the second is contrac-
tion of the obtained mixed tensor with respect to all indices. For example,
the covariant and contravariant metric tensors yield the invariant

géjgf]:n’ iajzlw"ana

which equals n at all points of M™.

4.5 Basic Invariants

This section reviews the most important invariants indispensable in the anal-
ysis of grid properties. They are formed by the operation of contraction over
the contravariant metric tensor and some covariant tensors of order 2.

4.5.1 Beltrami’s Differential Parameters
Mixed Differential Parameters

The successive operations of multiplication and contraction over the covari-
ant tensor (4.45) and the contravariant metric tensor g% of a manifold M™
produce the invariant

V(f, @)= fepugd, i,j=1,...,n, (4.51)
called Beltrami’s mixed differential parameter of f and ¢. In accordance with
this designation formula (4.12) is also read as

n=gg¢ry =Vigr), i,j=1...,n. (4.52)
By putting in (4.51) f equal to ¢ the following invariant is formulated:

v(f):v(f’f):fsifsjgéj7 ,j=1,...,n, (453)

which is referred to as Beltrami’s first differential parameter of f. Thus for-
mula (4.13) with this parameter is read as

[nfl = vV(e) (4.54)

i.e. the length of the normal n defined by (4.12) is an invariant.

Let 1 = const and 5 = const be two hypersurfaces in a regular surface
S™. The angle 6 between these hypersurfaces is defined as the angle between
the corresponding normals n; and njy to them. In accordance with (4.52) and
(4.54) the cosine of this angle is computed through the Beltrami’s differential
parameters:

Vipur) -Vipa,r)  Vipnp2)
VV(e)VV(p2)  V/V(p1)y/V(e2)

cosf = (4.55)
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Second Differential Parameter

Another important Beltrami’s differential parameter of a scalar ¢ is obtained
by contracting the mixed tensor formed through the multiplication operation
of the tensor of mixed derivatives (4.39) and the contravariant metric ten-
sor. This invariant, designated by Apg[y], is referred to as Beltrami’s second
differential parameter of ¢. Namely

Aglel = g¥Vi(p) s ij=1,...,n. (4.56)

There exists one more important form of the invariant Ag[p] helpful for
its computing. To deduce it we note that, from (4.25) and (4.26),

1 0 bl im j el
a*(fgj)—g T — 9T, — 9l T =

_géjtrllj’ ivj,k7l7m:]-,"'ana

(4.57)

and consequently, taking advantage of these relations and (4.39) in (4.56),
we obtain the following expression for Ag[p]

Aple] = g pgisi — goskg”Tl’;

= g7 psisi + = \ﬁasj (Wg ") (4.58)

fasj(V gS @S)? i’j’k:]‘""7n
This very expression is used in Chap. 5 for formulating comprehensive grid
generation equations.

4.5.2 Measure of Relative Spacing

In grid technology there is often a need in estimating grid spacing near some
hypersurface in S™". Typically the hypersurface is specified by the equation
©(s) = 0. This equation describes one more hypersurface in the parametric
domain S™ as well. The parametric mapping r(s) : S™ — S™ transforms
a band of the thickness h around the hypersurface in S™ to a band in S™
whose thickness [ is computed by the following formula

I = (88‘”1 ng)h +0(h?), (4.59)

where n; is a unit normal to the hypersurface in S™ while n, is a unit normal
to the hypersurface in S (Fig. 4.5 for n = 2). Since (4.52) and (4.54)
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Fig. 4.5. Illustration for the measure of relative spacing

n; = (@51,-.. a‘Ps")/\/ VE(SO) ’ (4 60)
ny = pagir. /\/V(e), i,k=1,...,n,

where
VE(QO) = (psi(psj(s;: = (9081)2 et (SOS")Q ) Za] =1,...,n,

is Beltrami’s first differential parameter of ¢(s) in the Euclidean metric 0% of
S™. Substituting (4.60) and the relation

or 1

a. —F=—PsiTsi j:]-a"')n)
oy \/VE(p)

in (4.59) yields

_— Kip |
I = Psilgi (‘pskgsrrs )h + O(h2>
VE()/V(p)

VE(p)
V(p)

h+O(h?), i,5,k=1,...,n.

So the invariant

s(p) =/ VE(@)/VV(e) (4.61)

defined through Beltrami’s first differential parameters of ¢ can be considered
as a measure of relative spacing produced by the parametric transformation
r(s) near the hypersurface ¢(s) =0 in S™.

When a logical domain =" introduced for generating grids is considered as
one more parametric domain then the quantity (4.61) with the identification
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s N NS
Fig. 4.6. Illustration for the measure of relative clustering

Sm = E" (Le. VE(@) = (pe1)? + -+ + (pen)?) is referred to as a measure
of relative grid spacing near the hypersurface ¢(s) = 0 in S™. In particular,
let the hypersurface ¢(s) = 0 be the grid hypersurface £'(s) — ¢ = 0. As
VE(E") =1, V(§') = gii. for i fixed, hence (4.61) has the following form

s(€) =1/\/gd, i fixed. (4.62)

4.5.3 Measure of Relative Clustering

The rate of change of relative spacing in the direction n, normal to the
hypersurface ¢(s) = 0 in S™ is called a measure of relative clustering near
this hypersurface (see Fig. 4.6). Designating this measure by v we find, since
(4.60) and (4.61),

d 1 9
v(p) = ——8(¢) = —==¥siGor 75 5()
dn21 Vie) o (4.63)
= Vip,s , L k=1...,n.
Y0 (¢, s(¢)) J 1

i.e. it is defined through the Beltrami’s first and mixed differential parameters.
In particular, if p(s) = £%(s) — ¢, where £ is the ith grid coordinate, using
(4.62) and (4.63) yields

, 1 |
(51) = 7v gla )
! i ( \/g)

It will be shown in Chap. 6 that the measure (4.64) can also be expressed
through Beltrami’s second differential parameters and the so called mean
curvature of the grid hypersurface &' = const.

i fixed . (4.64)
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4.5.4 Mean Curvature

One more invariant of a regular surface S™, important in grid technology, is
obtained from the covariant tensor (4.43) and contravariant metric tensor of
ST”L

o=gYruy P, i,j=1,...,n. (4.65)

When the surface S lies in a surface S™("+1) and the vector P being orthog-
onal to S belongs also to the tangent plane to S™("*t1) then the invariant
o from (4.65), scaled by the factor 1/(n||P||) and designated as K,,, i.e.

1 .
Kp=——9%ruu P, 4,j=1,...,n, (4.66)
n|P||

is called the mean curvature of S™ in S"("*1) with the respect to the normal
P.

In particular for n =1 (S™! is a curve) the invariant K,, is referred to as
the geodesic curvature of the curve S™ in the surface S™2.

In the following section a formula for this invariant will be established for
an arbitrary hypersurface lying in some regular surface. If this hypersurface
is found from the equation ¢(s) = 0 then the mean curvature is defined by
Beltrami’s first and second differential parameters of .

An amusing role played by the mean curvature in grid technology is
demonstrated in Chap. 6.

4.6 Geometry of Hypersurfaces

We consider in this section the geometric characteristics which appear when
a regular n-dimensional hypersurface S*" represented by a set of local
parametrizations

x(s): S" — R™*' | S"c R,

is a subset of an (n 4 1)-dimensional surface S™("*1) gspecified by local
parametrizations

r(s): S™H — grtl | gntl c prtl

This situation occurs in the grid technology when a scalar-valued monitor
function is considered or grid hypersurfaces are analyzed.

4.6.1 Normal Vector to a Hypersurface

A unit vector n at a point x € S*™ which lies in the tangent plane to S7(**+1)
at this point and orthogonal to the tangent plane to S*” at the same point
is called the unit normal vector to the surface S*™ in S™.
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General Case

A normal vector is readily computed by the formula analogous to (2.25).
Namely, let P be a point of the surface S* and let vectors x1,... ,x, and
ri,...,rpy1 be the basic tangent vectors at this point of S*” and S™ re-
spectively. Now we form, analogously to (2.25), the following (n+1) x (n+1)
matrix

ry . p+1
X1°Tr1 ... X1 Tyt
A= , (4.67)
Xp T] ... Xp - Tpid
which derives the vector
b = det(A) . (4.68)

The rank of the n X (n + 1) matrix obtained from A by eliminating its top
row equals n hence b # 0. As

Xi Iy ... X Tpyl
X1y ... X1 Tpt1
b- X; = =0 ;
Xn Tl ... Xp Ty
The vector b is orthogonal to xi,...,X, and consequently to the surface

S*™ at the point of consideration. Thus for the unit normal vector n to the
surface S*™ in S™("+1) we find

n=>b/b|. (4.69)
In a one-dimensional case, i.e. when n = 1, we find from (4.67) and (4.68)
b = (x; -ro)r; — (x1 -11)r2
(Fig. 4.7), while for n = 2 we obtain, similar to (2.26),
b = [(x1 - Tey1)(x2 - Trgo) = (X1 Tppo) (X2 - Toyr)lre, £=1,2,3,

where any index, say [, is identified with [ 4+ 3. Thus the vector b obtained
by the formula (4.68) can be considered as the tensor product of the vectors
Xiyeoo 3 Xp.

When the surface S*" lies in R"*! and is determined by the equation
£(xt, ... ,2"") = c then there also is the well-known formula for the unit
normal n:

n = gradé/|gradé| = (&1, .. Egni1)/V/ (Ea)2 + oo+ (Egnin)2 . (4.70)
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r(s)

Fig. 4.7. Normal vector to the curve on the surface

s?

(&

w

Note if the surface S*" is a coordinate hypersurface of S™("*1) in some

coordinates s!,...,s"*1, for example, it is defined by the equation s* = s}
then S*" is represented in the coordinates s2,...,s"t! by
x(s%,... ") =r(s), 8%, ... 8"
Therefore
X; = Tai(80,8%, ... ,8" ™) i=2... . n+1,

and consequently (4.67) and (4.68) result in

g ... Tgni1

921 -0 Yot

A= ,
Inii11 -+ Inorintl
b!=GY%,, i=1,...,n+1,

where G' is the (14)th cofactor of the matrix (g;7), i,j = 1,... ,n+ 1. Since

G =g gy, i=1,...,n+1,

we obtain that ‘
bl =g glir,, i=1,...,n+1,

and comparing this expression with (4.10) gives, in this case,

b! = g™ Vst .

Analogously one readily shows that the vector b? expressed as follows:
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S...
52
s!
Fig. 4.8. Base vectors of the two-dimensional surface in R?
b’ =g giry, i,j=1,...,n+1, (4.71)
or using (4.10)
bl =¢"Vs', i=1,...,n+1, (4.72)

is orthogonal to the coordinate hypersurface s® = si.

Note by the vectors x1,... ,X, and ry,... ,r,q1 in (4.67) for defining the
unit normal vector n to S in S"("*1) by (4.69) one can use arbitrary sets
of vectors if only they are independent and lie in the corresponding tangent
planes.

Hypersurface in a Domain

Let S7("*1) = D+l ¢ R™*! be an (n + 1)-dimensional domain containing
the n-dimensional surface S*" represented by

x(s): 8" — R,

Since a unit normal vector n to S*™ in D"*! is orthogonal to the tangential
vectors X, ¢ = 1,... ,n, the vectors

Xglyeoo yXgn, 11,

constitute the basis of R™*1. These vectors are called the base vectors of S*™
in R"*! (Fig. 4.8 for n = 2). The vector Xsme, m,p = 1,... ,n, at a point
P € §*™ is expanded in these vectors as

Xsmgp = P[Xgmgp] + (Xgmep -0)0, m,p=1,... ,n, (4.73)

Where P is the operator which projects vectors in R"*! on the tangent plane
to S*™. Taking advantage of (4.32) yields
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Xgmep = Lo Xgi + (Xgmep -m)0,  im,p=1,...,n, (4.74)
(see Fig 4.4 for n = 2 with the identification X =r, Xgmg» = I'ypp, Xgmsp - N =
bip). Similarly, using (4.33) in (4.73),
Xgmgp = [mp,i|Vs' + (Xgmgp -0)0, 4,m,p=1,...,0n, (4.75)
where 4 N
Vs'=g¥x,, i,j=1,...,n.
For example, let S*™ be a monitor surface over S™ C R"™ with a scalar-

valued monitor function f(s), i.e. S*™ is represented in the parametric coor-
dinates s',... ,s" by

x(s): S" — R x(s) = [s, f(s)],

It is readily verified that for the elements of the covariant and contravariant
metric tensors of S in the coordinates s, ... ,s™ we have

TS __ ) st L
gij *Xs"XsJ*(sj"’_fsiij? 27‘7*1)"'777”

ij L of of o (4.76)
gs]a:: i a. > ; :1,...,7’l,
7 g% 0s; Os;
where
9" = det(gf) =1+ (fa)? + ...+ (fn)? =1+ VF(f).
Since
xgi = (0,...,0,1,0,...,0, fs:), i=1,...,n,
—_——
i—1 n—i

it is obvious that one unit normal vector n to S*” in D™*! can be computed

as follows:

1

n=——(fs,...,fsn,—1). 4.77
/gws( s ) ( )

Therefore in this case the expansion (4.74) has the form
1

7](‘87”5 n, i,m,p:L... ,n. (478)

Xgmgp = Tfnpxsi —
Since (4.76)
gmpfsl = (6l - g?fsifsl>fsl = ﬁfs1 y Llmp=1,...,n,

therefore from (4.24) and (4.27) we find
) . . 1
T’;an = g.lszw[mp7 l] = gi;fsmspfsl = gﬁfsmspfsi ) iyl7map = 17 cee T
So (4.78) results in

1 ,
Xgmgp = ngsmsp(fsixsi —Vg%n), imp=1,...,n.
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4.6.2 Second Fundamental Form
Assuming in the coordinates s!,... ,s", similarly to (4.43),
bij =Xgig-mn, 4,j=1,...,n, (4.79)

where n is the unit normal to the surface S*" in S"("+1) (Figs. 4.7 and 4.8
for n = 2) we define the so called second fundamental form of the surface
ST in Sr(n+1) by

bl-jdsidsj , L,j=1,...,n.

The covariant tensor (b;;) reflects the local warping of the surface S*" in
grin+l1)

4.6.3 Surface Curvatures
Multidimensional Case

The covariant tensor (b;;) and the contravariant tensor (g%2) of the surface
S*m in S"("+1) define the mixed tensor (K!), where

Ki=g¥by, i kj=1...,n. (4.80)
An nth part of the trace of (K}), namely, the quantity

K, = Etr(KJ’) = ﬁg?””bij , L,j=1,...,m, (4.81)

is called the mean curvature of the surface S*" in S™("*1). From (4.79 - 4.81)
we readily conclude that the quantity K, is invariant of parametrizations of
S*n and ST(ntD),

Two-Dimensional Case
When n = 2 then the determinant of (KJ’:), ie.
Ko =det(K}), i,j=1,2,
is called the Gaussian curvature of S*2 in S"3. It is obvious that

g 1
Kg = det(bi;)det(g,) = g@det(sz) ; (4.82)

where g** = det(g{) = det(x,: - X5 ).
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4.6.4 Formulas of the Mean Curvature

Formula for the Mean Curvature of a Monitor Surface over a
Domain

Let S*™ be the monitor surface over the domain S™ parametrized by
x(s): 8™ — R" | x(s) =[s, f(s)] -

Then, taking into account (4.77), we find

bij = Xgigi -1l = —

1 .
\/?fsisjy Zvjzlv"'vn'

where ¢° = det(x,: - x,). Using (4.76), (4.77), and (4.81) gives

1

K, =
NG

[aotow =), =T (489)

Formula for the Mean Curvature of the Hypersurface Specified by
the Equation ¢(s) =0

Multidimensional Case

Let the surface S™("t1) be represented by a parametrization

r(s): §"*t1 — R" . s= (st,...,s"), 1>1,
while the n-dimensional surface S*™ in S™(*1) is the image through r(s)
of the n-dimensional surface in S"*! defined from the equation ¢(s) = 0,
i.e. the hypersurface S®" consists of the points r(s), s € S™*1, such that
©(s) = 0. In this paragraph we will find a formula for the mean curvature of
this hypersurface $*" in S7("+1),

Let the equation ¢(s) = 0 be locally resolved with respect to s"*1, i.e.
there is a function s"*1(s!,...  s") such that

olst, .. s s" (st sM)] =0, (sh...,s")eSm,

for some n-dimensional domain S™. This is possible if @1 # 0 at some
point s € S"1. To make things definite we assume that ¢ n+1 < 0. Then the
hypersurface S*" is represented locally by the coordinates s!,...,s" from
the domain S™ as

x(sh,...,s"): S — R (4.84)

where
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Since
88n+1 - Pgi 1
95 __80 o i=1,...,n,
S
the basic tangent vectors to S*" in the coordinates s!,... ,s™ are subject to
the equations
Osnt! 1
Xgi = Tgi + Wrsf”rl = M(Sﬁsﬂ“ﬂrsi - Sasirs"Jrl) 5 (485)
1=1,...,n,
therefore the values for the elements g7*, 4,j = 1,...,n, of the covariant
metric tensor of S*" in the coordinates s!,...,s” can be computed by the
following formula
Gip = Xgi - Xgi
1
= W[(%nﬂ)zgff — Pnt1(PsiGni1i + PsiGny1j) (4.86)
on

+(105“105jg:ﬁ|-1n+1] 5 Za] = 17 ey

where the quantities g}, k,l = 1,... ,n+1, are the elements of the covariant
metric tensor of S™(®*1 in the coordinates s',...,s"*! computed by the
formula

gip =Tgk g, kl=1... n+1.

For the unit normal vector n to S*" in S™(™*1) we have from (4.12)
n=>b/|b|, (4.87)
where

b:(psl'g.lslf'rskv l,kzl,...,n—Fl’

b| = \/¢apegi = /V(g) , jl=1,...,n+1.

Since our assumption that ¢ +1 < 0, equations (4.87) and (4.88) result in

(4.88)

1
n-Tent1 = 7goszgi’f,rsk “Tgnt1 = ——=pPgn+1 <0,

Vo Vo

i.e. the vectors n and r,.+1 have opposite directions with respect to the

tangent plane to S*" in §7(*+1),
Now we compute the elements g2/, of the contravariant metric tensor of
the hypersurface S in the coordinates s!,... ,s".

First note that the following n + 1 vectors

X1;X2,. -, Xp, 0,
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where n is defined by (4.87), comprise a basis of R"*!. As n is orthogonal
to x;, i = 1,...,n, so, in accordance with (2.6), any vector v € R"T! is
represented through the vectors of this basis by

v=gY (v -x)x;+(v-n)n, i,j=1,...,n. (4.89)

Note every basic normal vector Vs?, i = 1,... ,n, to the coordinate sur-
face s' = ¢ in S"("*1) defined, in accordance with (4.10), by

Vs’ =glry, 1=1,...,n+1, (4.90)

is orthogonal to xi, k =1,... ,n, and k # 4. Indeed, from (4.85) and (4.89),

Xk - V.Si = Dant (gosn+1rsk — gDskI‘SnJrl) ~gélrsz
_ (5;6 __Psk 5in+1 =0, (4.91)
Pgnt1

l=1,....,n+1, i,k=1,....n, i#£k.
Therefore, from (4.87 — 4.91), we obtain
Vst = g4 (Vs x,)x, + (Vs'-n)n
y 1 »
= g;jxxsj + 7@51!];,«1’1 ) (492)
V(p)
l=1,...,n+1, 45=1,... ,n, ifixed.

Thus by expanding the basic tangent vectors ryu, [ = 1,...,n, through

X1,... ,Xpn, and n and availing us of this expansion in (4.90) we can com-
pute the contravariant elements g7, ¢,7 = 1,... ,n, of S*” in the coordinates
st s"

yee., 8™

In order to find this expansion we first note that, in accordance with
(4.85),

1

Pgnt1

((psn+1xsk + gDSk-I‘anrl) , k=1,....,n. (493)

rgx =

Multiplying this equation by

<p5lg,lsl’)€"/vv(@)’ l:]'?""n—’_l? k:]'?""n’
and using (4.87) and (4.88) we find

_paghtt gty . V(@) — pupenniggtt

Tgnit1 = sk Tgnt1 ,
V(o) * V(%) VY@
l=1,...,n+1, k=1,...,n.
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Therefore

Ik
n+1 1
()OS (n _ (708 gs'r x

Tgnt+1 = s y
V(p) Vip) (4.94)
Il=1...,n+1, k=1,... ,n,
and using this equation in (4.93) gives
1 p Lk
s =+ (pum - PRI
V(p) V(g) (4.95)
l=1,...,.n+1, 4 k=1,...,n.
Substituting (4.94) and (4.95) in (4.90) we obtain
i ij in+1 ij 1 ji
Vs' = gs‘?rrsj + 9sr Fgnt1 = gs"]r‘xsj + 7@33.9';7“1/1
Vip)
Py aig g R+ — gt in
Vip) V(p)
1 lk _in+1
— =7 N Psnt1PsiGgrGgy Xk
Vip)
= (g” oy zgi”glj)x e pugin
ST V((p) S SrJsr v((p) S ST
L,jh,k=1...,n, lLp=1,...,n+1.
Comparing this expansion with (4.92) we find
o = gl — o ewpaglal
V() (4.96)

Lwi=1...,n, lLp=1,...,n+1.

This very matrix is the contravariant metric tensor of the subsurface S*™
in the coordinates s',...,s". In order to check this statement we note first
that for arbitrary symmetric matrices (ay;) and (b*'), k,l =1,... ,n+1, the
following relations are held:

b ajy, =blag — b an 1y,
; o _—
b7 pgirnt1 = b Qg apnt1 — 0" T pgnirapntr (4.97)
, o - )
b pgkantt; = b @ant — 0" M ograntintt

i,j,]{i:l,...,n, l:17’n+1

Availing us of these relations we obtain
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. . 1 L
9% 95k = (93 - W%pwglﬁgéi)

1
R LA AT R e

SOSj Sosk T8
n+ln+1

. . 1 ‘ '
= 9ur 9l — 95 Sk — ﬁgrﬁlk(gglr%l — gt )
sn
_ Psk
Pgn+1
Pk rs il intl
+Wgn+ln+l(gsr@sl — o T pgnt1)
s
PspPsgm I )
N g [gmtais - gm g

1

Pgn+1
Psk ml rs mn+1 _rs
_(p o (gsr gln+1 — Ysr gn+1n+1)
g

Pk s m mn
7(90 il)an—i-ln-‘rl)(gsrlsasl — Ysr +1905”+1 ):|
sn

51 Pst il _rs PskPsl i1 rs
- 6k - i1 gsrgkn+1 + (90 +1)2 gsrgn+1n+1
s™ s™

Psp ip TS PspPsk ip TS )
Pgnti1 Gsr9kn+1 — (90 +1)2 Isrn+1n+1 = 5k ’
S’n SW/

Lwihk=1....,n, milp=1,...,n+1,

il rs n+1 _rs
(gsrgln+1 — Gsr gn+1n+1)

1 +1
Grmi1(Ger @5t — g™ gni1)

+

i.e. the matrix (¢%), i,j = 1,... ,n, whose elements are defined by (4.96) is

the inverse to the covariant metric tensor (gfjs), i,7 =1,...,n, of S ex-
pressed by (4.86). Consequently the elements g%, specified by (4.96) comprise
the contravariant metric tensor of S*™ in the coordinates s',... , s".

Now we proceed to the computation of the quantity x4 -n. From (4.85)
we find

1 1
= Lift] - ——Lifgltanss . i j=1,....n, (4.98
XS s (@sn+l)2 J[r] (‘psn+1)3 j[go}r . ! j " ( )
where L;; is the operator defined at a function v(s!,...,s"*!) as

Lij [’U] = (‘ps"+1)2vsisj — Pgnti (Sosjvsis"+1 + (psivsjs"Jrl)
(4.99)
+QgiPgiVgntigntt , 1,7 =1,...,n.

Therefore, using (4.87) and (4.88),
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1
Lii|r] - n= Qeni1)2pagFrgig
1][ ] A V((P) [( s ) stIsrtstst s
—Pgn+1 (pszgsr(gpsj Fgigntl Tk + Pgilgjgnt1 - I‘Sk)
+PgiPgi gaslg?;ﬂrsn+1sn+1 -I‘Sk] (4100)
Pst

V((p) [(¢S’L+1)2Tz‘lj — Psntl (‘Psf Tz‘ln-i-l + ‘psiT;n-i-l)

+0si 0 Vhyingal, Hi=1,...,n, Lk=1,...,n+1.

where Tilj, k,l,p=1,... ,n+ 1, are the Christoffel symbols of the second
kind of S”("*1) in the coordinates s',...,s"t!. Analogously
Lijlotens n= 222 Lolgl, ij=1,...,n. (4.101)

V(p)

Thus for the mean curvature of the hypersurface S in S"("*1) we have,
from (4.81) and (4.96),

1 .
Ky = —gdXgigi -1
n
1 i
= > (gs]r
2(psnt1)?y/ V(p)
X{(Sos"+1)2(<pslTilj - ‘psisj) — Psn+1Pgi (9051 z‘ln+1 - (psis’”rl)

1 in i
- W@s? @slgsgggi)

—Psn+1Pgi ((;Dsl ]l'n+1 - (;Osjs"+1) (4102>

FPsiPgi (‘pslTVlL+1n+1 - @s""’ls"‘*l)}
1 < . 1 in Al
== 9o — = = PsrPstgendy )di' ;
n(pni1)2y/ V) V7 V(p) ey

wij=1,...,n, Lp=1,...,n+1,

where
it = (Psn1)?Vii(p) = Pant190 Vit 11(p) — Pant19g Vii1r ()
+ose @t Vitint1(e) , kl,=1n+1,
while
Vii(p) = psrg —opThy, ki l,=1n+1,

is the mixed covariant derivative of ¢ with respect to s* and s in the metric
of §7(n+1),

In order to compute (4.102) we use an analog of the formulas (4.97) which
states that the following combinations of the same matrices (ax;) and (b*),
as in (4.97), are subject to the relations
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bida;; = bag — 26F" M ag, g + 0" a0

bijéﬁsiajnﬂ = b7y = aln+1(bkl<ﬁsk - b"+1l<Psn+1)
(4.103)

bln—i—l(psl _ bn—i—ln-&-l()p

_an+1n+1( sn+1) ,

wij=1,...,n, kl=1,...,n+1.
Therefore
1 SOSiSOSj )

bij(aij - @(‘psian-‘rlj + @si an-‘rli) - W%ﬂnﬂ

gkl En+tl In+1
= bMag — 206K M ag, 0 + 0" a0

[a‘ln+1 (bklgosk - bn+1[905"+1)

Pgn+1

bintly, —pntintley )] (4.104)

_an+1n+1( 2

An+1n+1

_ 2bkn+1
(psn+1)?

bn+1n+1

+ (B parpq ParPgnit + Pan+1Pgnti)

Kl An41n+1 ki
b PskQln+1 + 1)2b PskPsl

Psntt ((psn+
ivj:17~-~7n, k,lzl,,n—l—l

— bklak[ _

Assuming now

1
=gil— W%wsfgé’ffg” :

akl:Vkl(Sﬁ), k7lapat:17"'7n+17

bk:l

we obtain from (4.102) and (4.104)

1 ..
i 2, A
K, = Egs?rxslsj ‘n

1 ki 1 pk _tl
=95 — T3 Ps»Pst 95 9 )Viilp
N [( V(o) s )Vki()
2 kl 1 pk lt)
T/ o\ PsP¥skTsr t \Y% n
Qgnt1 (gsrsosk V(QO)SD PPskJsr Pstgd l +1(SD)
1

1
_ W (gfi%k Pl — w%p @skggfgosz Sf’stglt) Voiims1(0)

1
= ()R P e g = V(@) Vi)

+

(4.105)

wij=1,...,n, klpt=1...,n+1.

It is obvious that the same formula for K, is obtained if ¢ (s) # 0 for some
i,1<i<mn,andse S"t. O
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Hypersurface in a Domain

In the case S™(™Y) is an (n + 1)-dimensional domain with the Euclidean
metric g7 = JF the equation (4.105) results in

1
Ky, = 7[@5’“9051905’%1 - |grad 90|2805P5P] 5
njgrad ¢? (4.106)

kil,p=1,... ,n+1.
In particular, let S*™ be an n-dimensional sphere of a radius p, i.e.

n+1

p(s)=p* =) (s

i=1
Then, at the points of the sphere,
|gradp|? = 4p?
Yergk = =2(n+1), k=1,...,n+1,
Ok Qsipshg = —8p% kIl =1,... ,n+1.
Thus, from (4.106),

1 1
m=——=[-80" +8 Dp? =~
Snpg[ p”+8(n+1)p] 5

If S*™ is a monitor surface over a domain S™ defined by the values of a
scalar-valued function f(s), then this surface in R"*! is also specified by the

equation
(st .., s"T = f(sh,... ") ="M =0,

Consequently
lgrade] = g = VIF Fofors i=1,0m,
0, k=n+lorl=n+1,
Psksl =
ferst yk#n+landl#n+1,
therefore, from (4.106), we have the following formula for K,

1

Km:W(fsifsjfsisf_g fsisi)a 2217“-’”’

which coincides with (4.83).
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Ezpression Through Beltrami‘s Differential Parameters

Note that similarly to the formula (4.25)

8kgg":7‘g;TT7Jnk géJrTlea Zvj,lam:177n+1

Taking advantage of these relations yields

B B -
8SZV(<’0) = ﬁ(wsk@s‘gz‘) = 2931“(703 ((psksi’ - (pSmTki)

(4.107)
=200 Vii(p), i,klm=1,...,n+1,
and consequently
1 0
Por st 951 95 Vir(9) = 50sr 08y 55V (¢)
, (4.108)
:iv(sp7v<<p)>7 k7l7p’t:17"'7n+1'
Further, in accordance with (4.56),
" Viul(e) = Agly], kil=1,...,n+1. (4.109)

Therefore (4.105) is transformed, with the help of (4.108) and (4.109), to

Koy = f%[ Aé[(gj) +9(, vl(w))} . (4.110)

This formula does not require the knowledge of a normal to the hypersurface
o(s) = 0in S™ so it is used for determining the mean curvature of such a
hypersurface in an arbitrary Riemannian manifold.

Another Form

One more formula for the mean curvature is found from the following relation

Aglel + VY@V (¢,

1
V(Q0)> \/W(?sﬁ (\/7957“9051)

0 1 V(e) 0 T
1] ) — ) i
+\/V(¢)gsrwsz—a§j 0] o 8sj( v(gp)gsrws),

wj=1,... ,n+1.

Hence equation (4.110) also becomes

1 0 grs
K, —— ( ij ) i=1,....n+1. (4111
g 057 \\| D) % i, ] n+ ( )
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In particular, for the n-dimensional coordinate hypersurface ¢ = s* —cg = 0,
we have -
V(cp) = g;i« ;4 fixed )

therefore, in accordance with (4.111), the mean curvature of the coordinate
hypersurface s* = cj is expressed as follows:

K, ———1 8( 9" i

/g 051\ gl

One-Dimensional Case

), i,j=1,...,n+1, ifixed. (4.112)

When n = 1, i.e. S*" is a curve, while S”"("*t1) is a two-dimensional surface

then (g;7) is a 2 X 2 matrix and its elements satisfy the relations

giF = (-1)"gregd Bt i =12,

where g"* = det(g;;). Substituting these relations in (4.86) for n = 1 we find
the following expression for the metric element g% of the curve S*! in S"2
represented by the equation ¢(s) = 0, s = (s!, s?),

s

1 I 1
91 = 759 PsPskgsy = aV(e), kil=1,2.
T (pe)? (922

Therefore the contravariant metric element of S*! is expressed as
9 = (9:2)? /197 V()] -
Further note that the formula (4.99) with n = 1 has the following form
Lu[v] = |grade|*vag — parpavers , k,1=1,2,
hence equation (4.105) for n = 1 is transformed to

1

= W[\gradsof(wszfék — Pghak)
—Psk @sp(%lyzép - @sksp)]
1 (4.113)

= W[%wslvkz(@) — lgrady|*Vir (¢)]

_(_1)k+l 3/2 (,053719(,053—le[((,0) ’ kalap =12,

1
97 (V(p))
where o = K, is the geodesic curvature of S*! in S™2.

The geodesic curvature of the coordinate line s' = ¢ is also computed
from (4.112) by the formula
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.. 1 0 1
oi = ~(-)" it |
V08T L\ /g5 45

i,j=1,2, ifixed,

(4.114)

i.e.

o= () - ()]

1 0 1 0 1 .
02 = ——F— [72( 911) _71(7912>:| )
VI LOs? N\ /g3 Ist \\/gi}
where o;, i = 1,2, is the geodesic curvature of the coordinate curve s* = cj.
Computation of the Mean Curvature in the Case of a Parametric
Representation
Multidimensional Case

Let the coordinates s',...,s""! of the points of the n-dimensional surface
S§o7 in §7("*+1) be represented locally by the following transformation

s(t): 7" — S™H | t=(t ... ,t"), (4.115)

where T™ C R" is some n-dimensional domain of R™. Then S*" is parametrized
in the coordinates t!,... ,t" by

x(t) = r[s(t)] : T" — R™ | (4.116)

where
r(s): 8"t - R 1>1,

is the parametrization of S"("*1). So the basic tangent vectors x;, i =

1,...,n, to the hypersurface S*" in S"("*1) are expressed as follows:
d k
xi:rsk%, i=1,...,n, k=1,...,n+1. (4.117)

For finding a normal to S*" in S™("*1) we use formulas (4.68) and (4.69)
which require the computation of the determinant of the matrix (4.67) which
has, in accordance with (4.117), the following form

Ig1 e Tgnt1
s dsl s dsl
910 7.7 7 In+1l
dt! dt!
A= , I=1,... ,n+1. (4.118)
rs dst dst

g1 din grﬁudtﬁ
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We readily see that the matrix A is composed as the product of the covariant
metric tensor and the following matrix B

glitrg - gty
ds! dsntl
B - L =1,....n+1, (4.119)
dst dsntl
atn T dm
namely,
A =B(g;})

Therefore, analogously to formula (4.68), a normal vector b to S*™ in S7(*+1)
is also computed by
b=detB.

In accordance with the rule of the computation of the determinant of a matrix
we find from (4.119)

b=—(-1)¢g/i(detDy)ry , i,j=1,...,n+1, (4.120)

where D; is the n X n matrix obtained by deleting the ith column of the
n x (n+ 1) matrix (ds’/dt?), i =1,... ,n+1,j=1,...,n,ie.

dfsl dsi—l d8i+1 d8n+1

dtt dtt  dt! dtt
D; =

disl dSi—l dSH_l dSn—H

dtn dt™  dtm dtn

Hence

b?=b-b=(-1)""grFdetD;detDy, i,k=1,...,n+1. (4121

As for o
x(t .
xtitj:atiiatj)y Zv.]zlv"'vn7
we have from (4.116)
ds™ dst d?sm

Xyigi = Lgmgl L,j=1,...,n,Ilm=1,... n+1,

dt ati T a0

therefore
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b
b” = Xypigi N0 = Xyigj * H
1 ds™ ds d2s™
=—(-1 dtD(—,—,Sms-S sm-s)
(=17 Iblg" g gt gt
s™ dst d?sP
S |b| ¢ mt dtl a * avd

wij=1,...,n, klmp=1,... ,n+1,
and consequently
1

Km = igz;bij 2|b| det C i,j = 1, ey, (4122)

where g% is the (ij)th element of the contravariant metric tensor of $*" in
the coordinates t!,... ,t", while

ij (Tl 9sm os' | 0%st ) i (Tnﬂasm 95! a2sn+1)

B ot | ovon w\"mi B g0 aron
Os! Osntl
C— otr o ol
Os! Osnt!
atn atn
Now we establish a relation between the elements of the contravariant
metric tensor (g,2), i,7 = 1,... ,n, of S*™ in the coordinates t!,... ,#" and
the metric elements of S"(®*1) in the coordinates s', ..., s"*!. For this pur-

pose we notice that the vectors
X1y-eo 3 Xn, 0,

where n = b/|b|, constitute a basis for the tangent plane to S™("*1). The
vectors rgv, K = 1,... ,n + 1, are expanded in these basis by the formula
(2.6), namely,

.k :gg(rskxi)~xj+(rsk -n)n, 4,j=1,...,n, k=1,...,n+1,
therefore, using (4.117) and (4.120),
QZ}S =Tgk - Tg = [gg(rs’“ : Xi)xj + (rsk : n)n} : [gff(rsl : xp)xk + (rsl : n)n]

k
= gz;Qthz;( sk * Xi)(rsl ’ XP) + (rsk : n)(rsl ’ n)

’ 1
= gz;(rsk . Xi)<rsl . X]) + W(I‘Sk . b)(rsl . b)

i s 0™ . 08P (g")?
= 9k 50 9 57 T (- 1)k+ 3 e det Dy det D ,

iwj=1,...,n, kil=1,...,n+1, k,lfixed.
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r(s) s?

Fig. 4.9. Illustration for a curve on the surface

Multiplying these relations by g!* yields

o Os™ Osh (97%)?

5k — gl grs _ 27 4 (—1)kH det Dy, det D;g'"

h = 9ixdim G gy T (FUT g det Didet Dugs,. (4.123)
i,j=1,...,n, klLh=1...,n+1, k, fixed.

Further multiplication of (4.123) by g*P gives

. OsP Hsh (grs)Q
w2 20 4 (—1)ymH L ghlgmp et D, det D
tx oti oti +( ) |b|2 GsrYsr € € L (4124)

i,j=1,....,n, hlmp=1...,n+1.

hp _
gs’r‘ -

Therefore
ijpp 0™ 05!
izt mi ottt oti

where

=gmr? —d™d'Y?, i j=1,...,n, Lmp=1,...,n+1,

T8
d" = (_1)m|gf|g;rf,kdetDm, kkm=1,... , n+1.

One-Dimensional Subsurface

In the case n = 1 (Fig. 4.8), when the surface S%! is a curvilinear line in S"2,
the twice mean curvature is called the geodesic curvature of the curve S*! in
S72. Typically the geodesic curvature is designated by o. It is obvious that
in this case K = 0. Besides this it is evident that the geodesic curvature of
5@l in ST is its curvature determined by (3.8) if S"? is a two-dimensional
domain.

The geodesic curvature of S*! in S™ can be computed through the el-
ements of the first groundforms of S*! and S™2. In order to prove this we
assume that the coordinates s and s? of S*! are specified by the function
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s(t) : [a,b] — S?,
i.e. S is parametrized as
r[s(t)] : [a,b] — R'T2,

where
r(s): 8% = R** . 1>0

is the parametrization of S™2. The geodesic curvature of S*! in S"? is defined
through the scalar product of

d?r[s(t)] ds® ds’ d?s
Iy dt2 Tgigi dt dt + T dt2 ’ [2%) » &

and a normal to this curve in S™2. Namely,

1

Uzﬁrtt-n,

where

rt _ dr[s(t)] . dr[s(t)] . dSZ g
g dt . %uar dt
while the normal n may be computed by (4.69). This formula yields

h,j =12,

n =b/|b|
where
b = (ds T )r (dSir r )r
2 1 — e i 1 2
dt S S dt S S S
d i d 3—1
= (g;isr51 glz I‘Sz) dst = ( 1)Zgrsg;¢ fit ree, 4,k=12.
From this equation we readily find
§3—1 ds3—7
b2 b-b= z+] ik rs jl
| | ( ) (g ) 9sr9kl 9sr dt dt
i+j (T8 7 dsg 1d83 J rS T . .
= ()G =9 ikl =1,2,
and consequently
. T8 . d 3—1i
n=—(-1)/L_gt= ik=1,2.

g’"t Gsr dt Tgk

Thus using the above formulas gives the following expression for the geodesic
curvature of S*! in ™2
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N ds® ds’ d?s’ ds3—F
o=-(-1) Tsis gy ar T e )\ g T

1k /grs d83—k(d28k k%di]) o B
( 1) dt2 + (%) dt dt 9 Z,],k,l—1,27

or using the matrix notation

gTS

where o o
d?st L dstds? d?s? 5 ds* ds’
+ 71— + 15—
A de? Ydt dt de? Yode dt
dt dt

Note formula (4.125) is determined through the elements of the first
groundform only, therefore it is used to formulated the geodesic curvature
of curves in arbitrary two-dimensional Riemannian manifolds too.

4.7 Relations to the Principal Curvatures of
Two-Dimensional Surfaces

4.7.1 Second Fundamental Form
The coefficients of the second fundamental form
bijds'ds’ , i,j=1,2,
of the surface S*2 in R? represented by
x(s): S - R, x=(2',2%,2%), s=(s}s%), (4.126)

are defined by the dot products of the second derivatives of the vector func-
tion x(s) and the unit normal vector n to the surface at the point s under
consideration:

bij:XSiSJ"n, i,jil,?.

Thus, from (2.26) we obtain for b;j, i,j = 1,2,

bij =

1 0%zt 0Lt 92!t 022 9t
N [881'851' ( sl 9s2  Osl  0s?
with the identification convention for the superscripts that k is equivalent to

k+3. Correspondingly, for the monitor surface with the scalar-valued monitor
function f(s), we obtain

)} 1=1,2,3, (4.127)
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1
bij = 2 2
\/1 + (fsl) + (fsz)
The tensor (b;;) reflects the local warping of the surface, namely its devi-

ation from the tangent plane at the point under consideration. In particular,
if (b;;) = 0 at all points of S? then the surface is a plane.

fsisj ) 27.7 = 172 . (4128)

4.7.2 Principal Curvatures

Let a curve on the surface S*2 C R? be defined by the intersection of a
plane containing the normal n with the surface. Taking into account (3.8),
we obtain for the curvature of this curve

3
:w, ,j=1,2. (4.129)
g;7ds*ds’
Here (ds!, ds?) is the direction of the curve, i.e. ds' = c(ds®/dyp), where s(¢)
is a curve parametrization. The two extreme quantities K7 and Kjj of the
values of k are called the principal curvatures of the surface at the point under
consideration. In order to compute the principal curvatures, we consider the
following relation for the value of the curvature:

(bij — kg$)ds'ds? =0, i,j=1,2, (4.130)

which follows from (4.129). In order to find the maximum and minimum
values of k, the usual method of equating to zero the derivative with respect
to ds® is applied. Thus the components of the (ds!, ds?) direction giving an
extreme value of k are subject to the restriction

(bij kgrs)ds] =0, 4,57=12,

which, in fact, is the eigenvalue problem for curvature. One finds the eigen-
values k by setting the determinant of this equation equal to zero, obtaining
thereby the secular equation for k:

det(bij — kg;r‘js) = 0 5 ’L,j = 1,2 .
This equation, written out in full, is a quadratic equation
k* = gabijk + [b11baz — (b12)%]/g™ = 0

with two roots, which are the maximum and minimum values K1 and K7y of
the curvature k:

1 1 1
Kyyp = gsrblj + \/ (gs7bij)? — P — [b11baz — (b12)?] . (4.131)
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Mean Curvature

One half of the sum of the principal curvatures is, in fact, the mean surface
curvature:
1, 1 .
Km = §gs]rbij = §(KI + KH) , 1,7=1,2. (4.132)

In the case of the monitor surface represented by the scalar-valued function
f(st,s%), we obtain using (4.128)

_ f5151 [1 + (fs2)2] + f8282 [1 + (f51)2] — 2f51f52f8182
2[1 + (fsl)2 + (fs2)2]3/2 .

A surface whose mean curvature is zero, i.e. KT = —Kj, possesses the
following unique property. Namely, if a surface bounded by a specified contour
has a minimum area then its mean curvature is zero. Conversely, of all the
surfaces bounded by a curve whose length is sufficiently small, the minimum
area is possessed by the surface whose mean curvature is zero. So the surface
whose mean curvature is equal zero at all its points is referred to as a minimal
surface.

Km

Gaussian Curvature

Taking into account (4.82), we readily see that the Gaussian curvature is the
product of the two principal curvatures K7 and Kfyp, i.e.

1
Kg =K1K = E[bub22 — (b12)%] . (4.133)
In terms of the derivatives of a scalar-valued function f(s) representing the
monitor surface S we have, from (4.128) and (4.133),

Kg = Lreles = (fsrs2)* (4.134)

[1 + (f51)2 + (f52)2]2
Formula Dependent on Christoffel Symbols

In the case of a general two-dimensional surface represented by (4.126) an
expression for the quantity b11ba2 — (b12)? can be obtained through deriva-
tives of the elements of the metric tensor and the coefficients of the second
fundamental form of the surface. This is accomplished by using the expansion
(4.74) which yields the following relation:

Xglgl + X252 — Xglg2 * Xglg2 = g:]s(TlllTQJQ - Tf2T172) + bi1bag — (b12)2 )
iji=1,2. (4.135)
The left-hand part of (4.135) equals
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0 0

Xglgl " Xg252 — Xglg2 " Xglg2 = @(stsz 'Xsl) - @(ngz . Xsl) . (4.136)

Since Bar 5
g g”’S
Xgrg2 - Xg = [22,1] = (2 8512 - a;f) ,
1 8 s
Xy X = [12,1] = 2 893121 ,

we obtain from (4.136)

2 rs 2 rs 2 rs
%915 9%gii 9%g35
Xglgl = Xg252 — X162 * Xglg2 — § — —

0s10s2  0s20s?  Js'Os!
Therefore (4.133) results in

Kg = . [%(2 O i3 - O gii - anSS) (THTQQ T12T12)}7

grs 0s10s2  0s520s2  0slos!
ij=1,2.
Applying (4.8) transforms this equation to
111 062 -
Kn = [ s gl iYL, — 1LY } ,
G 2 D505 (97°9%) + 9i; (1173, 12712) (4.137)
ij = 1,2 O

This equation depends on the elements of the first surface groundform
only. Therefore it can be applied to compute the Gauss curvature of two-
dimensional Riemannian manifolds with arbitrary metric tensors.

Since (4.24)

gzg (Tlejp) = g;jr[khz} [mp,]] ) iaj) ka l,m7p = ]-7 2 )
therefore (4.137) has also the following form
1 {1 0?

’I”S

Kg=-—

(9792 + gif (11, ][22, 5]
2 35 BSJ J (4138)

—[12,1][12,3'])} L ii=1,2.
In particular, in the case of the spherical metric
g =v(s)8, i,j=1,2,
we readily find from (4.138)

1 1 2 1 . .
Ka=eEl2Y [v] + U(S)([n i)[22,4] — [12,11[12,11)}
1 2 L 2 v.2)2
- _W{v o] = gy (o) + (o) 1} (4.139)
1

_ 2 L
= 2U(S)V[lnv], i=1,2.
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Formula Dependent on Metric Elements

Now we establish one more important expression for K. For this purpose
we compute the quantity
d=det A

where
S

T s T8
911 Y912 922

9917 9915 0935

A= 0sl 9sl 0st
dgii 9915 0933
0s? 0s?2 0s?

Using (4.22 — 4.24) gives

d— TS(GQIS 9935 0913 8955) B rs(agﬁ 9935 0911 3955)
H 9st 9s2 0s2 Osl 120 951 9s2 0s?2 Osl
n rs<3gﬁ 9915 Ogii 89’{5)
2\ 9sl 9s2 0s? 0sl
= 2g71{([11,2] + [21,1])[22, 2] — ([12,2] + [22,1])[21, 2]}

—4¢12([11,1][22, 2] — [12,1][21, 2])

+2¢55{[11,1]([12, 2] + [22,1]) — [12,1]([11, 2] + [21,1])}

= 293[(7‘1,61925 + Tz’%gﬁ)TéggZ"f - (T{EgZ% + TfQQﬁ)Télgf;]

—4973 (lelgﬁrzlzgﬁs - T{CZQIZL;TQllg;QS)

(4.140)
+2g53(111 955 (V12975 + Vaagi?) — Vo055 (1915 + T51977))]
=213, — YY) (91397591 — 2913971915 + 953933917
+2(g1i TH T30 + 9531 112) (9k3 955 — 917 933)

= 2g"[g15 (V11 T3 — Vo) + 955 (Y15, — TH5710)
+2915 (111 Top — T1oTis) + 915 (T 155 — 151 735)
+955 (Y T, — THT1,)]

= 29" [g5; (V1 XY, — Yo o) + g3 (YA T3, — THTR)

+915 (V) Y55 — Y5, 15y) + 955 (VL T — T3 T)], kl=1,2.
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On the other hand

6 rs _1j 7 6 TS 8 TS
Tlfi@(g ger) = (1) HTI@(@gzs—i - @913—1')

=T ((21,2] - [22,1) + Tip((12,1) - [11,2))

= Tlicl (Télgf; - T21291Tf) + TI?Z(TIIngf - T1l19f25)

= gis (Vi T3y — VLT + 917 (T, — T T3,)

= 915151 (Vi + 151) — T (T + 735)]

+95i (Y5 (T +13,) — 15,(T1 + 13))]

=2915(Y1 15 — YHh3) + 9535 (Vi + 031) — YR (Vo + 73,)]

+gi3 [T (Tl + 13) — Voo (1) + 15)]

(4.141)

=9i; (Vi Xy — YhTh) + g5 (VT3 — THLYE)
+g55 (Y31 — TR T) + 9is (VR T0, — 1L T5) .
Availing us of (4.140) and (4.141) we find
s 0 rs _ij rs _rs(yi j % j ..
d—2g Tlfi@(g 9ar) = 497917 (V11035 — YioTH,) 6,5 =1,2. (4.142)

Since (4.25)

T’ifi:_ﬁaasi(%)’ k=12,

therefore, using (4.137), the equation (4.142) becomes

171 82 g
— — rs 1)
Ko =3 5maw 0 + 1
g™ 0 1 0 y
‘ (9" 95 4.143
+ 2 asz (\/F) 33J (g gs’r):| ( )
d 1 a7 1 8 g
= - o (979 ,j=12.0
4(grs)2 2\/9W Jsi L/F@sﬂ (g gsr)} 2 s

In particular, when the coordinate system s',s? is orthogonal, then d = 0,

g2 =0 and (4.143) yields in this case

Ko = _wlﬁ [8881(\/%;95; + :ﬁ(%;ﬁgﬁ)] L (a144)

Classification of Points of Two-Dimensional Surfaces

A surface point is called elliptic if K > 0, i.e. both K1 and K7 are both neg-
ative or both positive at the point of consideration. A saddle or hyperbolic
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point has principal curvatures of opposite sign, and therefore has negative
Gaussian curvature. A parabolic point has one principal curvature vanish-
ing and, consequently, a vanishing Gaussian curvature. This classification of
points is prompted by the form of the curve which is obtained by the in-
tersection of the surface with a slightly offset tangent plane. For an elliptic
point the curve is an ellipse; for a saddle point it is a hyperbola. It is a pair
of lines (degenerate conic) at a parabolic point, and it vanishes at a planar
point, where both principal curvatures are zero.















5 Comprehensive Grid Models

This chapter formulates differential and variational models for generating
grids in domains and on surfaces of arbitrary dimensions. The formulations
are based on the operators of Beltrami and diffusion with respect to monitor
metrics.

x¥ A
x.}‘
oy 5 () e \xB® g?
s(&)
&(s)_
.‘:S; :gr

Fig. 5.1. Scheme of the Mapping Approach for Grid Generation

For the purpose of unification of the formulation of grid models for gener-
ating meshes in arbitrary physical geometries a physical domain, surface, or
curve is considered in a unified manner as a single geometric object, referred
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to as an n-dimensional regular surface, locally represented by a parametriza-
tion

x(s): 8" = R"F x=(z!,... 2"F), s=(s',... "), n>1, (5.1)

where S™ is an n-dimensional parametric domain (an interval if n = 1), while
x(s) is a smooth vector-valued function of rank n at all points s € S™. We
shall designate by S*™ the regular surface parametrized by (5.1). Note, when
k = 0 then S is a domain X™ C R" which itself can naturally be considered
as a parametric domain S™ for X" with x(s) being the identical, i.e., x(s) = s
(Fig. 5.2), or another parametrization.

Our further findings are related to the mapping approach of grid gener-
ation (see Sect. 1.3.1). By this approach the process of numerical grid gen-
eration on S*" is turned to finding an intermediate smooth nondegenerate
transformation

s(§): 5" = 5", £=(¢...,€N) (5.2)

between S™ and a suitable computational (logical) domain =" and conse-
quently the mesh points on S*™ are the images through

x[s(¢)]: " — R

of the nodes of a reference grid in =™ (see Figs. 5.1 and 5.2).

The computational domain =" and the cells of the reference mesh can be
either rectangular (Fig. 5.1) or of a different shape (for example the logical
domain may be a trapezoid while its cells may be triangles as in Fig. 5.2)
depending on the shape of the physical geometry and/or the numerical al-
gorithm (finite differences, finite volumes, finite elements, spectral elements,
etc.) applied to solve a particular physical problem.

- SO,
g, LR
%"’QQ §*“'§§v§ &) OO0000000C00000
“ 0 “ﬁﬂﬁ&*ﬁ gﬁ% s(&) ;.ﬁ#ﬁé¢‘.¢9¢‘¢¢¢¢¢¢_§§_¢‘§é§¢
U DR

Fig. 5.2. Scheme for Generating Triangular Grids

The coordinates £!,...,€&" of the surface S*" specified by composition
of the parametrizations (5.1) and (5.2) are called logical or grid coordinates,
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while the coordinates s',...,s™ in (5.1) are referred to as parametric coor-
dinates. We assume further that the parametric coordinates s',... ,s™ in 8"
are the Cartesian coordinates.

For the purpose of providing efficient control of grid generation in the
geometry S*" we introduce a notion of a monitor manifold M™ over S*™.
The points of M™ are the points of S*™ while its metric may differ from the
metric of S*", in particular, in the coordinates s!,...,s" it can be defined
in the form (4.21) or (4.50).

5.1 Formulation of Differential Grid Generators

This section reviews mathematical models for robust grid generators based
on the differential operators of Beltrami and diffusion.

5.1.1 Beltramian Operator

The operator is formulated on a set of twice differentiable functions v(x)
defined on an arbitrary Riemannian manifold M™ with a covariant metric

tensor (g:;) in local coordinates z*, i = 1,...,n, as the following elliptic
operator
1 0 5 OV (%)
_ . X 7k N _
Aplv](x) = % 007 (\/g I~k ) , hk=1,...,n, (5.3)
where x = (z1,... 2"), (¢¢¥), j,k = 1,... ,n, is the contravariant metric
tensor of the manifold in the coordinates 2, i = 1,... ,n, and ¢* = det(gz‘j).

As it was mentioned we observe a convention that the summation is car-
ried out over repeated indices unless otherwise noted thus (5.3), in fact, is

1 0 "L ov(x
a0 = = 3 (VP )

Notice the matrix (g¥) is the inverse of the matrix (935) and vice versa,
hence the elements of the covariant and contravariant metric tensors are
connected by the relations

Gl = g0k =060, g k=1....n,

where 68 = 0,1if k #4, k = i.

It was shown in Sect. 4.5.1 (see equations (4.56) and (4.58)) that the
formula (5.3) is an invariant of parametrizations of the manifold M™. We
present here one more inference of this fact by virtue of the identity (2.48).
Let s', i = 1,...,n, be another local coordinate system in M"™ and (gfj)
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and (g¥), i,j = 1,... ,n, be the covariant and contravariant metric tensors,
respectively, of M™ in these coordinates. Using the metric relations

ij klaxiaij
gx _gs 83’“ 3sl )

I =95, g*=g5J)*,

ijkl=1,...,n,

where

ds’
oxJ
and the fundamental identity

%(JZZZ) =0, ij=1,...,n,

J = dt( ) g° =det(gs;), ij=1,...,n,

(see 2.48) gives

Aplv)(x(s)) = 8i( g 020 92 ()] 957
T (st )
T (v 2 05
— o (v P — Aniveolts)

i, 5,kkmp=1,... ,n.0

So the value of the Beltramian operator at a function v(s) is an invariant of
the choice of a parametrization of the manifold M™. This invariant is called
Beltrami’s second differential parameter of the function v(s).

5.1.2 Boundary Value Problem for Grid Equations

The Beltramian operator allows one to formulate a mathematical model for
generating grids in arbitrary smooth Riemannian manifolds. Though for the
practical purpose it is sufficient to consider the manifolds as the monitor
manifolds over a physical geometry S*".

Let M" be an n-dimensional manifold with the metric tensor (g5;) in the
local coordinates s, i = 1, ... ,n, whose values lie in some parametric domain
S™ C R™. Thus there is a local map x(s) : S® — M™. Analogously to the
case of the physical geometry S*”, a local grid in M™ is found by mapping a
reference grid in a standard logical domain =™ into M™ by the composition
of x(s) and some one-to-one intermediate smooth transformation
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s(§):E" = 8", t=(e...,&"), s=(s'...,8"),

ie. by x(s(§)) : E™ — M™ (see Fig. 5.3).

Note the parametrization x(s) also generates a grid in M™ by mapping
some grid in S™. However, this grid may be unsatisfactory and as a rule it
is not independent of parametrizations. Besides this, if the geometry of S™
is complex, the grid generation in S™ may require serious efforts. The role
of the intermediate transformation s(€) is to make the grid on M™ satisfy
the necessary properties, in particular, the property of independence of the
choice of a parametrization. While the role of the logical domain =" is to
replace the parametrization domain S™ with a standard parametric domain
(n-dimensional cube, simplex, prism, etc) having a simpler shape.

Fig. 5.3. Illustration for Grid Generation

The logical domain =™, its reference grid, and the parametrization x(s)
are chosen by the user. Therefore the local grid on M™ with the required prop-
erties is defined when a suitable intermediate transformation s(&) is found.
One of the ways to find this transformation is to use the operator of Beltrami
in the metric of M™. Namely, s(§¢) may be determined as the inverse of the
transformation

£(s): 8" = =", £(s)=[€'(s),...,€"(5)]

which is a solution of the following Dirichlet boundary value problem

1 0 e O .
\/gfsasj(\/g?ggkasi):oa J7k:17"'7n7

I'[g](s) =&losr = p(s): 05" = 0", @(s) =[0'(s),--.,¢"(s)]

Ap€l(s) =

or in an equivalent form for the components £%(s) (since g* > 0)
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9
0sJ

(\/gisg;kagk>:07 i’j7k:17""n7
s (5.4)

§i\35n:g0i(s)7 z'=17...7n7

where gZ* are the (jk)th element of the contravariant metric tensor of M™ in
the parametric coordinates s!,...,s", g% = det(g5;), 0S™ and O=™ are the
boundaries of S™ and =™, respectively, while ¢(s) is a one-to-one continuous
map between the boundaries of S™ and =". So we see that the transforma-
tion &(s), satisfying (5.4) is the function whose Beltrami’s second differential
parameter is equal to the zero vector 0. In the theory of Riemannian mani-
folds the equations (5.4) are called generalized Laplace equations or Beltrami
equations of the second order. We shall call them further as Beltrami equa-
tions.

The functions &1,..., &M satisfying (5.4) form a curvilinear coordinate
system in S™, S*", and M". These curvilinear coordinates are further referred
to as grid coordinates.

Since the value of the operator Ap[€] is independent of parametrizations
of M™ we obtain by the solution of (5.4) the same grid in M™ regardless of
the original coordinate system in M™ provided the boundary conditions in
(5.4) for different coordinates are consistent. Assuming s = ¢, i =1,... ,n,
in (5.4) we also find that this system is equivalent to the following system

8 ji -

@(\/gﬁgg)zo, ,j=1,...,n, (5.5)
where (géi), 1,7 =1,...,n, is the contravariant metric tensor of M™ in the
grid coordinates £, ... &7,

0s’ o€t
£ =% J:dt(—,):ldt( )
g g ) € 85] / € aS]

Note, in order to find grid nodes through the intermediate transformation
s(&) the inverse of which is a solution of the problem (5.4) there is no necessity
to compute the transformation s(£) at all points & € Z™. It is sufficient to
solve numerically an equivalent inverted boundary value problem obtained
by interchanging in (5.4) dependent and independent variables, i.e. assuming
that variables £!,... ,£™ are independent while the quantities s',...  s" are
dependent . The transformed problem with respect to the components s¢(€),
i =1,...,n, of the intermediate transformation s(£) should be solved on the
reference grid in =". The values of this very numerical solution

at the points of the reference grid determine grid nodes in S™ and conse-
quently on M™ by mapping them through x(s).
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The linear elliptic system in (5.4) is of divergence form hence its solu-
tion is subject to the maximum principle. Therefore the grid nodes produced
through (5.4) will be inside of S* if the target domain =™ is convex. More-
over, for n = 2 there is valid a general theorem of Rado from which a partic-
ular corollary follows that the transformation £(s) obtained by the solution
of the Dirichlet boundary value problem (5.4) with an arbitrary metric is
nondegenerate if =2 is convex and the boundary mapping determined by the
Dirichlet condition is a one-to-one continuous map between the boundaries
of $%2 and =2. Note, in the case n > 2, this property may be breached (see
Farrel and Jones (1996)).

Fig. 5.4. Quadrilateral (a) and triangular (b) grids in concave domains generated
by the solution of equations (5.6) (left-hand) and by the solution of equations (5.4)
(right-hand); both with respect to the Euclidean metric

Another formulation of a grid model through the generalized Laplace
equations with respect to the intermediate transformation s(§):

0 . 08" .
T&(ﬁgﬂcagk,):oa Z,],k':l,...,n, (56)

where ¢’* are contravariant metric components of a monitor manifold over
En, g = det(gjx) = 1/det(¢’"), was proposed by Godunov and Prokopov
(1967), and Ryskin and Leal (1983). These equations seem to be more natu-
ral than the equations in (5.4) for the implementation into numerical codes
as they are linear and of divergent form with respect to the intermediate
transformation s(&). However such divergent model, owing to the maximum
principle, does not guarantee that all grid points will be inside of the physical
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geometry S*" when the parametric domain S™ is not convex (Fig. 5.4, left),
let alone the grid cells may be folded. Providing grid nondegeneracy through
the solution of equations (5.6) depends on devising a suitable monitor metric
in =™, what hasn’t been made so far in a general form.

The considerations mentioned are the major reasons why the formulation
of grid systems through the Beltrami operator is reasonable to make with
respect to the function £(s) : S™ — =" that is the inverse of the intermediate
transformation s(§) : ™ — S™.

5.1.3 Interpretation as a Multidimensional Equidistribution
Principle

In a one-dimensional case the equation in (5.4) is equivalent to:

L) = L)

since g* = g5; = 1/g!!. This equation presents the well known differential
formulation of the equidistribution principle with the weight function w(s) =
\/E defined through the monitor metric g7;. The multidimensional equation
in (5.4) may also be interpreted as a formulation of the multidimensional
equidistribution principle with the matrix-valued weight function

w(s) = {Vg'gl"}, jk=1...,n,

in the coordinates s?, i = 1,...,n, defined through the metric G 1J =
1,--- ,n. By this interpretation the problem of the grid generation through
the solution of (5.4) is naturally resolved by the choice of the matrix-valued
weight function or, what is the same, with a specification of the metric, called
a monitor metric, in M™.

Relation to Beltramian Equations of the First Order

The Beltramian system of the first order for generating quasiconformal map-
pings £(s) : S™ — =™ between the parametric domain S™ of a Riemannian
manifold M™ with the metric gf; and =™ with the Euclidean metric has the
following form

\/gzas =V (ED):, i=1,...,n, (5.7)

¢t
here ) )
V(&) = (gim o nm O ), i,m=1 n
S 887” b b S asm ) b b 9 b
o0¢  0¢
&s LS
g% = det(5 o)



5.1 Formulation of Differential Grid Generators 125
Note if n =2, g§; = 6}, then (5.7) is the Caouchy-Riemann system

ogt o¢? ot &>

dst 052’ 052 0sl’
ie. £(s), in this case, is a conformal mapping. So the relations (5.7) are
generally considered as a condition of conformality of the mapping £(s) :
S™ — E™ with respect to the Riemannian metric gj; introduced in S™.
From the identity (2.48) we have

div(\/gfsas)— 0 <\/gfsasj>50, ,j=1,...,mn,

¢t ~ dsi oci

therefore applying the operator div to the system (5.7) yields the system of
the second order presented in (5.4) and equivalent to the Beltrami equations.

Note that the contrary assertion is not valid, i. e. the system in (5.4) does
not lead, in general, to the system (5.7).

5.1.4 Realization of Specified Grids
Grids in Domains

Let S*™ be an n-dimensional domain X" C R™ which has a local grid ob-
tained with the aid of a nondegenerate smooth transformation

x(€): 2" 5 X", x=(a\....a"), £=(... ), (58)

i.e. the local grid in X™ is the image of a reference grid in =" through
the coordinate transformation x(£). Note the reference grid in =™ can be
indiscriminately structured or unstructured.

Let S™ be the image of the domain =" in X™ through x(§). Then S™
can be formally considered as a local parametric domain for X™ with the
coordinates s = 2%, i =1,... ,n. Let

r(s):S" = R", r=(rt,....r"), s=(s'...,s")
be the mapping defined by
r(s)=&(s), sesS”,

where £(s) is the inverse of x(€) : £ — S™. Now imposing in X™ a local
metric in the coordinates s, i = 1,... ,n, in the form (4.50), as

s _ pmpm . _
ng_BZ Bj7 Za.]am_la“' s 1y

where

e
B = Ost’

,m=1,...,n,
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we get

, _ogogt og o0&
9 = 5 5eT = Bl Bal i,jl=1...,n. (5.9)

For the contravariant metric elements we readily find the following formula

. 0s' 087
g”:777 i7j7l:1a"'7n7
s e BEL
f ¢ 2 (5.10)
s _ - _ s' .o
g =72 deet<6£j>, ,7=1,...,n.

Applying the equations in (5.4) with metric (5.9) to the components of the
function &(s), which is the inverse of (5.8) with s = x, and taking into account
(5.10) and (2.48), we obtain

0 (\/Egjkagi) 0 ( _0s? Os" 88)

Bsi s 9sk) ~ 95 \VY ¢l Bl ask
0 10s .
_@<38§l)_07 Z,j7k,l—17...,n.

As a solution of the Dirichlet problem (5.4) with the boundary condition spec-
ified by the given mapping £(s) is unique, we obtain that this solution is the
transformation that is the inverse of the original intermediate transformation

x()-

Grids on Surfaces

Let now S*2 be a surface lying in R? and locally represented by a parametriza-
tion

x(s): 8 = R, x=(a',2%2%), s= (s 5%,
where S? is a two-dimensional parametric domain with the Cartesian coor-
dinates s', s, while x(s) is a smooth nondegenerate vector-valued function.
Note the transformation x(s) engenders in S*? a natural metric tensor in the
coordinates s!, s

0t 0t
Ost 9si
If a grid on the surface $%2 is constructed with the aid of a transformation

x1(&): 5% = R?,

i,j=1,2, k=1,2,3.

rs __ ) R
9ij = Xsi - Xgi =

then there is a diffeomorphism

such that
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It is easily shown, likewise to the case of the domain discussed above, that the
components of the transformation £(s) are the solutions of the grid equations
in (5.4) with respect to the covariant metric tensor specified in the coordinates

s!, 2 as

It is shown, analogously, that a grid in an arbitrary n—dimensional surface
S*™ can be obtained by the solution of the boundary-value problem (5.4). So
we see that an arbitrary nondegenerate grid in a domain or surface found by
the mapping approach is realized, with a proper choice of the metric, by the
grid generator based on the solution of the Beltrami equations.

Formulas (5.9), (5.10), and (5.11) appear to be useful for three purposes.
First, one can use them to verify the reliability of any numerical algorithm
applied to the solution of the system in (5.4). Second, they prompt one on
how to find a coordinate system with necessary local coordinates by specifying
the mapping £(s) in selected zones. For example, they can help one build an
orthogonal system near boundary segments or in the vicinity of interfaces of
blocks. Third, the expressions (5.9), (5.10), and (5.11) show which forms may
be used for formulating monitor metrics.

Examples of Metrics Deriving Classical Grid Coordinates

Here we find, using (5.9), the expressions for the metric elements by which
polar and spherical coordinate systems are realized through the solution of
the problem (5.4). For the two-dimensional polar system of coordinates

T =pcosy, (5.12)

y=psing,

we find, assuming x = s', y = 52, p = €1, p = €2,

Os st s Os 9
5761_(;7 p)’ L

1 2
g~ (o) e (5 5)

where p = /(s1)? + (s2)2. So the elements of the corresponding metric co-
variant and contravariant tensors (5.9) and (5.10) in the coordinates s, s2,

are as follows:

. 0t 0t . . . o
gijzasi'@:g[5j+55](1*g)]7 h,j =12,

st D ) (5.13)
gl = 2295 _ C i sigd(1-g%), i,j=1,2,

o¢k ogk — g=
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where ¢° = det(g5;) = 1/((s")* + (s*)?) = 1/p*. We readily see that this
metric is considerably different from the Euclidean metric. The equations in
(5.4) with respect to the metric (5.13) realizing the polar coordinate system
have the form

9
0sJ

{ﬁ[gtéf—(l—gs)sksj}g} -0, i,jk=12. (5.14)

Analogous equations realize the three-dimensional spherical coordinate
system
T = pcos@coso ,
y = psinpcos ¢, (5.15)
z=psing .

5.1.5 Extension to Diffusion Equations

By substituting w(s) for 1/¢° the system of equations in (5.4) becomes a more
general system of the following equations

0 o, OE .
@(w(s)ggkask) =0, 4j5k=1,...,n, (5.16)
where gJ* are the contravariant components in the coordinates s',... ,s" of

a monitor metric, w(s) > 0 is a weight function aimed at increasing or de-
creasing the effect of the metric in the necessary zones of S*". The equations
(5.16) will be referred to as diffusion equations.

The diffusion equations (5.16) are equivalent to the Beltrami equations if
w(s) = /g5, g° = det(g;;). Moreover for n # 2 they are always equivalent to
the Beltrami equations, with respect to the metric

1 2 .
9i5 = (gS>2_" [w(s)]n_QgiSj7 ) = 17 ,
regardless of the weight function w(s) > 0. Indeed, for this metric,

n 2n 2 2n

g = det(gij) = (gs)ﬂ[w(s)] n-2g% = (¢°)=~ [w(s)] R

1

g’LJ = (gs)n72 [w(s)]27’"’g;‘]7 Z?] = ]‘7"' ’n7
SO - N
\/Z]g”:w(s)géj, Z7]:17 sy
i.e. (5.16) are the Beltrami equations.
Though the Beltrami equations are comprehensive, i.e. an arbitrary non-

degenerate intermediate transformation (5.2) can be computed as the inverse
of the solution of these equations, the form (5.16) of the diffusion equations
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appears to be simpler for formulating, especially for n = 2, in order to realize
the necessary requirements for the grid properties in different zones of S*™.
However one is to remember that for another coordinate system v',... ,v"

the equations (5.16) become equivalent to

0 i
avj( [s(V)17g ikagk)—O ij,k=1,...n

where J = det (85i /Ov’ ) This very system in the parametric coordinates

vl,...,v"™ should be solved in order to obtain the same grid computed by

the solution of the system (5.16) in the parametric coordinates s!,... ,s™.
Analogously to the form (5.5) of the Beltrami equations in (5.4), diffusion

equations (5.16) have also the following equivalent form

96 ATl =0, iG =1, m, (5.17)

obtained by applying the identity (2.48) to (5.16).

5.1.6 Familiar Grid Equations
Laplace System

If M™ is a domain S™ in R™ with the Euclidean metric, i.e. in the Cartesian

coordinates s!,... ,s”,

then
¢ =1, ”—5’ ,j=1,...,n,

and consequently the grid equations in (5.4) in this metric are the Laplace
equations

v2[§l]=%% (s)=0, 4,j=1,...,n. (5.18)
So the equations in (5.4) being a generalization of the Laplace equations are
also called generalized Laplace equations.

The ordinary Laplace equations (5.18) were proposed for n = 2 by Crow-
ley (1962) and Winslow (1967) for generating fixed grids in two-dimensional
domains. Therefore the method for generating grids on surfaces S*™ by solv-
ing the boundary value problem (5.4) can also be considered as an extension
of the Crowley—Winslow approach.
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Diffusive System

A generalization of the Euclidean metric in S™ to the spherical metric speci-
fied in the original parametric Cartesian coordinates s, ... ,s™ by

gij =v(s)d;, i,j=1,...,n, v(s)>0, (5.19)
yields the grid equations for (5.4) in the following equivalent form

0

@[(v(s))("_m/2a—§i} —0, ij=1,...,n, (5.20)

0sJ

since
1

g =[v(s)", g;‘j:@(s;, ii=1,....,n.

Thus the popular diffusive form of the elliptic grid generator, following from
(5.16) when g/ = 4},

0 g .
@<w(s)asj>—0, ,j=1,...,n, (5.21)
for constructing adaptive grids in a domain S™ is, in fact, equivalent to the
grid system (5.20) for n # 2 in the metric (5.19) with

v(s) = w(s)?/ "2

imposed in the domain S™.

Mind equations (5.20) for n = 2 are equivalent to Laplace equations (5.18)
regardless of the form of the function v(s) in (5.19). Therefore equations
(5.21), with w(s) # const, are not equivalent to the grid equations in (5.4)
for n = 2.

Note the diffusive equations (5.21) for n = 2 were introduced for gen-
erating adaptive grids in domains by Danaev, Liseikin, and Yanenko (1980)
and Winslow (1981). An extension of the diffusive form (5.4) by introduc-
ing an individual weight function w’(s) for each direction ¢!(s) was made by
Eiseman (1987) and Reed, Hsu, and Shiau (1988).

For a more general monitor metric with a diagonal tensor in the paramet-
ric coordinates s!, ..., s,

95 = 1)”3(5)(55(5;tc . dgk=1,...,n, v¥s)>0, (5.22)
i.e.
vi(s) 0 0
0 v3%(s)0 0
gi=\ . ( ) ...........
0 ...... 0 v™(s)

we get
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v ( )
This metric is of the form (4.50) when

2(s) =0, BF(s) = \/vk(s)oF , i,k=1,...,n, K fixed.

The equations in (5.4) with respect to the metric (5.22) are equivalent to the
following equations

n
H . gi = oksk i k=1,...,n.

VgE 0 -
0s (vﬂ (s) 3sJ) 0, #j=1h....n (5.23)
In particular, if n = 2, equations (5.23) are as follows:
0 gt 3] 1 o¢ )
> — (——— =) = = .24
Ost (F(S) 351> * 0s? (F(s) 352> 0, i=12, (5:24)

where

F(s) = Vv(s)/v(s) -

Surface Grid System

Let S*2 C R? be a surface represented locally by a parametrization
x(s): S? - R®, s=(s',s?), x=(z} 2% %) .
The covariant metric elements g;;° of 52 in the coordinates s!, s? are defined
by
ox 0x

9 =55 5y bi=12. (5.25)

The equations

(\/ gk 5 k) =0, ijk=12, (5.26)

where ¢%° = det(gfjs) and (g*7) is the contravariant metric tensor of S%2, are
equivalent to the grid equations in (5.4) for n = 2 with respect to the metric
(5.25).

These equations popular for generating fixed grids on boundaries of do-
mains were proposed by Warsi [1981]. The property of invariancy guarantees
that the distribution of the grid nodes found through (5.26) does not depend
on a parametrization of S*2.

5.2 Variational Formulations

Here we discuss a relation of the grid equations in (5.4) and (5.16) to a
variational grid generation approach.
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5.2.1 Functional of Grid Smoothness
Formulation of the Functional

The system of the Beltrami equations in (5.4) is equivalent to the Euler—
Lagrange equations for the following functional

4 0T OE! .
— s Jk —
I[¢] /\/g 9% Ha 8des, Ljh,k=1,...,n. (5.27)
Sn

Indeed the Euler-Lagrange equations for the functional in a general form

0 0
1= [ Gls.e0) (o) 5n()]ds (5.29)
STL
are as follows:
0 0 0
Ge g {Gacson 800 g0 gi@l =0,
ii=1,...,n.

The quantities g° and gZ* in (5.29) are specified in the parametric coordinates
st,...,s" therefore they remain unchanged when the functions £(s) are
varied. So the system of the Euler-Lagrange equations (5.29) derived from

the functional (5.27) is readily obtained and has the following form

0 4 08 .
/s ok — =
2(98-7( 9°9s 83’“) Oa Z7]ak 1)"-;na

which is equivalent to the system of the grid equations in (5.4). Thus the tech-
nique based on the minimization of the functional (5.27) produces the very
grids obtained by the differential grid generator using Beltrami equations.

Availing us of the relations (4.19) the functional (5.27) is also expressed
as

1€ = [ ViFu(gf)ds. (5.30)
Sn
where .
n(g) = Yoak
i=1
Taking into account that
dM™ = \/g3ds = \/géd¢

we also obtain the following form of the functional (5.27)
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1€l = [ (o)

Mn

— [ Vatua(oih)de
Thus for n = 1,2, and 3 we have, from (5.30),

/\/?géld87 n=1,

and

I[¢] = /\ﬁ g8 +9¢°)ds'ds” n=2, (5.31)

/\F e —I—gg +gg’3)dsld52ds3 ,n=3,

with the corresponding contravariant metric elements géj and determinants
g® for each n = 1,2,3. Analogously, using in (5.31) suitable formulas for the
elements of inverse matrices, we obtain the formulation of the functional with
respect to intermediate transformations s(£) in terms of the covariant metric
elements gfj:

1
d¢ n=1,
Ve

(95) + g5,)dEdg? n=2,
s = /J\ﬁ 911 922 (5:32)

1
/ ——= [951952 + 951953 + 952953
J S
, 7V g

_(gfz)z - (953) (923) ]d§1d§2d53 =3,

where J = det(ds'/0¢7). Note that the functional I[s], in this formulation, is
defined on the set of invertible transformations s(£) € C?(=™).

When a monitor manifold M™ is an n-dimensional domain X™, the func-
tional (5.27) is the functional referred to as a functional of grid smoothness
on X",

¢ = / (i gg;)dm : (5.33)

Xn

where ) ]
i 0§ o¢ .
= 1 m
gfx afl?m 8.’Em ) 7.7a

=1,...,n
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introduced by Brackbill and Saltzman (1988). Therefore it is reasonable to
call the functional (5.27), being the generalization of (5.33), as the functional
of grid smoothness on the manifold M™. It was shown by Liseikin (1999)
that such a generalization of the functional (5.27) to n-dimensional regu-
lar surfaces preserves all salient features of grids obtained by applying the
smoothness functional (5.33) to domains.

Relation to Harmonic Functions

This paragraph discusses an interpretation of the smoothness functional
(5.27), which is related to the harmonic-functions approach for generating
adaptive grids. For this purpose we express the smoothness functional (5.27)
in the following form

I[&]Z/gflgfmgil dM™,  ilm=1,---,n, (5.34)
M"L
since
Vgsds = dM™ .

Now we describe the definition of a harmonic map between two general n-
dimensional Riemannian manifolds M"™ and Z™ with covariant metric tensors
gi; and D;; in some local coordinates b, i=1,---,n, of M™ and 2, i =
1,--- ,n, of Z", respectively.

Every C'(M™) map z(z) : M™ — Z" defines an energy density by the
following formula:

0zF 97

Ozt Ozi

e(2) = 2 () Dia(2)

5 i, 5,k =1+ ,n, (5.35)

where (g%) is the contravariant metric tensor of M™ in the coordinates
z,. .. 2", ie. gi;g’F = 6F. The total energy associated with the mapping

z(x) is then defined as the integral of (5.35) over the manifold M™:
B(z) = / e(z)dM™ . (5.36)

A transformation z(z) of class C?(M™) is referred to as a harmonic map-
ping if it is a critical point of the functional of the total energy (5.36). The
Euler-Lagrange equations whose solution minimizes the energy functional
(5.36) are given by

5} i 021 i 02™ 02P
o (V9 55 ) +Vag T o =0, (5.37)

where g = det(g;;) and I, éw are Christoffel symbols of the second kind on
the manifold Z™ :
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aDjm + 8Djp _ 6Dmp>
OzP o0z™ 0zJ

The following theorem guarantees the uniqueness of the harmonic mapping.

1.
. l
T, = 5DJ( (5.38)

Theorem 1. Let M™, with metric g;;, and Z™, with metric D;;, be two Rie-
mannian manifolds with boundaries OM™ and 0Z™ and let ¢ : M™ — Z™ be
a diffeomorphism. If the curvature of Z™ is nonpositive and 0Z™ is convex
(with respect to the metric D;;) then there exists a unique harmonic map
z(x) : M™ — Z™ such that z(x) is a homotopy equivalent to ¢. In other
words, one can deform z to ¢ by constructing a continuous family of maps

¢ M™ — Z™ t € [0,1], such that zo(x) = ¢P(x), z1(x) = z(x), and
zi(x) = z(x) for allx € OM™.

In application of the harmonic theory to grid generation the manifold Z"
is assumed to correspond to the logical domain =" with the Euclidean metric
D;j = &% in the coordinates £',. .. ,£™. Since the Euclidean space =™ is flat,
i.e. it has zero curvature, and the domain =" is constructed by the user,
both requirements of the above theorem can be satisfied. For the manifold
M™, one uses a set of points of a physical geometry S*” with an introduced
Riemannian metric g35. The functional of the total energy (5.36) has then the
form

1 o0& 0

E(€) == / ,’glaiaildM . kl=1--n. (5.39)
MTL

Thus, assuming in (5.35) s = x, we obtain in the case of the Euclidean metric

in £™ that the integral (5.27) is twice the total energy associated with the

mapping £(s) : S™ — =" representing a transformation between the manifold

M™, with its metric tensor g;; in the coordinates s’, and the computational

domain =", with the Cartesian coordinates £":

1g] = 2E[¢] -

As for the Euler-Lagrange equations (5.37) for the functional (5.39) we have

(Wxaj)=0, ij k=1, ,n, (5.40)

since, from (5.38), T),,, = 0. So the equations (5.40) with x = s are equivalent
to the grid equations in (5.4).

Equations (5.40), in contrast to (5.37), are linear and have a conservative
form. Therefore being elliptic they satisfy the maximum principle, and the
Dirichlet boundary value problem is a well-posed problem for this system of
equations, i.e. the above theorem is obvious for the functional (5.39). Thus
the functions £%(s) obtained from (5.4) compose a harmonic transformation

S(S):Sn_)Env 5(5):[51(5)7"' )fn(s)] .
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Note the value of any grid generation method is commonly judged by its
ability to rule out the construction of folded grids in domains or on surfaces
with arbitrary geometry. In the case n = 2 the mathematical foundation of
this requirement for the technique based on the generalized Laplace system
in (5.4) is solid when the computation domain =2 is convex. It is founded on
the following result, derived from a theorem of Rado.

Theorem 2. Let M? be a simply connected bounded Riemannian manifold.
In this case, the Jacobian of the transformation £(s) generated by the bound-
ary value problem (5.4) does not vanish in the interior of S?, if =% is a convex
domain and &(s) : 0S? — 0Z? is a homeomorphism.

Geometric Interpretation

This paragraph describes a geometric meaning of the smoothness functional
which justifies to some extent its expression for the generation of adaptive
grids in domains and on surfaces. For this purpose we consider for a moni-
tor manifold over a physical geometry S*™ an n-dimensional regular surface
represented in the form (5.1) as

r(s): 8" — RV r(s) = [x(s), fi(s),..., fi(s)] , (5.41)

where x(s) is a parametric transformation (5.1), f(s) = (f*(s),..., fi(s)) is
a vector-valued function. This surface designated by S™ is referred to as a
monitor surface over S*". Its covariant metric elements g7; in the coordinates

s',...,s™ are computed by the formula

g =rara =g +fhfE di=1.,n k=1..,1. (542)
The monitor surface is naturally parametrized in the grid coordinates ¢!, ... , &
as

r[s(¢)]: E" — RHk+L

while its covariant metric elements in these coordinates are specified by

ds* 9s™ o
gisj:rﬁi'Tifzgzmafg@, i,j,k,ym=1,...,n,
where
0 .
réiza—gir[s(ﬁ)], ZZl,...,TL.

The functional of grid smoothness (5.27) with respect to the metric of the
monitor surface S™ is as follows:

11¢] = / (znj of )ds™ = / tr(g)dS™ . (5.43)

Srn = Srn
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First, note that the trace of any contravariant n-dimensional tensor (géj )
can be expressed through the invariants I,,_; and I,, of the orthogonal trans-
forms of the covariant tensor (gfj), namely

iy I, .
tr(gy) = — 5.44
(o) = 5 (544
where I;, 1 = 1,... ,n, is the sum of the principal minors of order i of the

matrix (gf]) Therefore the functional (5.43) can also be expressed through
these invariants:

I]¢) = / (L};l )dsm . (5.45)

S’r‘n

The expression (5.45) of the smoothness functional with respect to the
metric (5.42) through the invariants of orthogonal transformations was given
by Liseikin (1991). A generalization of this expression by substituting the
quantity (I,—1/1,)?, 0 < q < 1 for I,_1/I, in (5.45) was suggested by
Liseikin (1991, 1999) and Huang (2001).

Now, for the purpose of simplicity, we restrict our consideration to three
dimensions. The functional (5.45) then has the form

1j¢) = / (%)dS”’ . (5.46)
g3

In three dimensions the invariant I3 of the covariant metric tensor (5.42)
in the coordinates &', ¢2,€2 is the Jacobian gé of the matrix (gfj) and it
represents the volume V? of the three-dimensional basic parallelepiped P? C
R" R+ formed by the basic tangent vectors r¢:, i = 1,2, 3 (see Fig. 2.5). The
invariant Is of the matrix (gfj) is the sum of its principal minors of order 2.
Every principal minor of order 2 equals the Jacobian of the two-dimensional
matrix A% obtained from (gfj) by crossing out a row and a column which
intersect on the diagonal. Since the edges of the basic parallelepiped are the
tangential vectors rg: we find that each element of the matrix A? is a dot
product of two such vectors and, consequently, the Jacobian of A? equals the
square of the area of the parallelogram formed by these two vectors. So the
invariants Iy and I3 can be expressed as

3 2 2
L=Y (V,i) . L= <V3) , (5.47)

m=1
where V2 is the area of the boundary face of the basic parallelepiped P>
formed by the basic tangent vectors r¢:, i = 1,2,3, except for r¢m, and V3
is the volume of P3. Therefore

3

I 5\ 2 2

2_N"(v, ) (V3) . 5.48

r=> () (5.48)

m=1
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It is obvious that
V3 =4d,V?, m=1,2,3,

where d,, is the distance between the vertex of the vector r¢= and the plane
spanned by the vectors 7¢i, i # m. Hence, from (5.48)

3

‘[2 m\2
L= > o (@yamy?. (5.49)
m=1

Now let us consider two grid hypersurfaces £™ = ¢ and €™ = ¢+ h in
S™3 obtained by mapping a uniform rectangular grid with a step size h in
the computational domain =3 onto the monitor surface S™3. The distance [,,,
between a node on the surface £ = ¢ and the nearest node on the surface
&m = c+ h equals d,,,h + O(h)?. Therefore (5.49) is equivalent to

T 3
L = 2 (h/lm)* +O(h).

m=1

The quantity (h/l,,)? increases as the nodes of a coordinate grid cluster
in the direction normal to the hypersurface £™ = ¢, and therefore it can
be considered as some measure of the grid nonuniformity in this direction;
consequently, the functional (5.46) defines an integral measure of the grid
nonuniformity in all directions. So the problem of minimizing the functional
of smoothness (5.43) for n = 3 can be interpreted as a problem of finding a
grid with a minimum of nonuniform clustering, namely a quasiuniform grid
on the monitor surface S™2. Consequently, the minimization of the functional
(5.43) makes the grid in S*" be adaptive to the gradient of the function
£(5) = (F1(5), . . f1(s)). O

Analogous interpretations of the functional of grid smoothness with re-
spect to the metric (5.42) are valid for arbitrary dimensions, i.e. the integrand

m O€" O¢
U(S> = g]sc 8Sk 88m7

i,kkm=1...,n (5.50)

in the functional (5.43) can be considered as a relative measure of the grid
nonuniformity on the monitor surface S™ represented by (5.41). The measure
(5.50) with respect to the metric (5.42) can also be considered as a measure
of departure of the grid in the physical geometry S*” from an adaptive grid
with node clustering in the zones of large variation of the function f(s).

The interpretation of the smoothness functional considered above justifies,
to some extent, its potential to generate grids adapting to the gradient of a
function specified at the points of a domain or surface by projecting onto the
domain or surface quasiuniform grids built on monitor surfaces (see Fig. 5.5)
by the minimization of the functional.
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[1]

‘u\fls(g)l

Fig. 5.5. Illustration for grid adaptation

5.2.2 Diffusion Functional

Similarly to the Beltrami equations in (5.4) the diffusive equations (5.16) are
equivalent to the Euler-Lagrange equations for the diffusive functional

116 = [ 5 gryde = [wiongas = [ uise)ofe

Sn Sn =n

(5.51)
i, 5,k=1,... n.
Analogously to the functional of grid smoothness (5.27) the diffusion func-

tional (5.51) yields the following functional I[s] with respect to the interme-
diate transformations s(§) :
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w(s(£)] _
/Jigsdﬁ ) n=1,

[s(§)

~
)
Il
n
\ =
g

Ta° (951 +9§2)d§1d§2 ) n=2,
=2 g (5.52)
w(s(§)]
/ Tg° 95195, + 951955 + 952955
53

—(952)? — (955)* — (¢55)%)d€1d2d¢® , n =3,

The expression of functional (5.51) promts one what the monitor metric
should be to provide the generation of the numerical grid with a required
property. For this purpose the metric is to have such a form so that the
integrand of the functional (5.51)

5. 0&r 08¢
o(s) = w(s)gl" 8§j 85’“’ i,wih,k=1...,n (5.53)
describes a measure of departure of the grid from the necessary grid at the
point s € S™. If such a metric is found then it can be expected that the
minimization of the functional (5.51) will produce the grid with the required
property.

Similarly, the metric elements should be specified for the functional of grid
smoothness (5.27). In particular, formula (5.50) with respect to the metric
(5.42) of the monitor surface S™ represented by (5.41) can be considered as
a measure of departure of a grid from the reference grid with node clustering
in the zones of large variations of the function f(s).

5.3 Formulation of Monitor Metrics

The Dirichlet boundary value problem for both the inverted Beltrami and
diffusion equations is well posed for an arbitrary monitor metric. Neverthe-
less for the purpose of better handling grid control it is reasonable to restrict
the whole set of the monitor metrics to a basic subset which, however, can be
adequate for realizing the necessary grid properties. Also these basic monitor
metrics are to be described by simple formulas which allow one to establish
readily the relations between them and the grid characteristics. Further, one
of the natural ways to satisfy balanced grid properties, each of which is re-
alized by an individual monitor metric, is to combine linearly these metrics.
Therefore the basic metric tensors formulated should be subject to the oper-
ation of summation in sense that the sum of two monitor metrics from the
subset is also the metric (nonsingular tensor). Note, in general, the sum of
two metrics may not be a metric since the sum of two nonsingular matrices
may be a singular matrix. This section describes an approach for formulating
such basic monitor metrics.
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5.3.1 General Formulas for Covariant Elements

The expressions (5.9) and (5.13) for the metrics realizing both arbitrary and
particular polar coordinate systems, respectively, through the solution of the
grid equations in (5.4) prompt some ways on how to design general formulas
for specifying necessary metrics in general geometries in order to obtain suit-
able intermediate transformations for generating grids. For example, let g7,
i,j=1,...,n,and ¢g¥, i,j = 1,... ,n, be the covariant and contravariant
metric tensor, respectively, of a physical geometry (in general of a Rieman-
nian manifold) S®" in the coordinates s,... ,s™. Then the metric 97 and
three smooth functions z(s) > 0, v(s), and f(s) define the following new
covariant and contravariant monitor metric tensors gf; and g¥/, respectively,

in the coordinates s!,...,s":
s ws of of .
gi; = 2(8)gi; +U(S)8si@ , 4,i=1,...,n,
(5.54)
gijzig”_d(S)gimaifgjpﬂ 1 ] mp:l ...
S Z(S) ST 8Sm swasp ’ J ) I ) 3
where )
v(s
d = )
&) = @ + GV
i Of of .
V(f) = Sjmasi@’ Lj=1,...,n.

The points of the geometry S*™ with this metric comprise a Rimennian man-
ifold M™ called a monitor manifold over S*™.

The formula in (5.54) for the contravariant metric tensor of M™ will be
proved below. Note the functions z(s), v(s), and f(s) in (5.54) must be such
that det(g;) > 0.

The covariant g; and contravariant g% metric tensors in the coordinates
s1, 5% considered in (5.13) for generating the classical polar coordinate system

(5.12) are realized by the metric tensors (5.54) with

1, (5.55)

where p? = (s1)% + (s2)? = |s|%.
A coordinate transformation s(£) representing a more general polar coor-
dinate system

s' = b} cos €%, % = b(¢})sing?,

when '(¢1) > 0 is realized as the inverse of the solution of (5.4) in the metric
(5.54) if
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where p? = (s1)? + (s2)%

The functions z(s) and v(s) in (5.54) can be interpreted as weight func-
tions which control the influence of the original metric g;’ and the monitor
function f(s) on the grid behavior. A generalization of the metric (5.54) is
naturally carried out by the following formula

g5 = 2(8)9i + PSR 5(8) s ij =1, k=11, (556)

with weight functions z(s) > 0 and v*(s) > 0, &k = 1,...,l, and monitor
functions f*(s), k = 1,...,l. Remind it is assumed that a summation is
carried out in (5.56) over the index k.
Note when
gif =Xgi"Xgi, G,j=1,...,n,
where x(s) is the parametrization (5.1) of S*™ then the metric (5.56) for
2(s) =vF(s) =1, k=1,...,1, £f(s) = (f1(s),..., f'(s)) is the metric

gz] = gz] +fs7 . fsj) Za] = 17' N, (557)

of the monitor surface S™ represented by (5.41).

The general monitor metrics in the forms (5.57) and (5.56) were intro-
duced by Liseikin (1991) and Liseikin (2002a, 2003), respectively.

The approach for formulating monitor metrics in the form (5.56) is some-
what similar to the classical variational approaches in which the grid func-
tionals are formulated as a combination of several functionals with weights
(see (1.24)) each of which is responsible for providing some individual grid
property. Note the boundary value problem (5.4) with respect to an arbitrary
metric is well-posed. Moreover it is well-posed in the monitor metric (5.56)
with arbitrary weight and monitor functions contrary to the problem of the
minimization of the combined functional that is well-posed only for special
weight functions. Besides this the grid obtained from the minimization of the
combined functional may be dependent on a parametrization of the physical
geometry.

The monitor metric (5.56) is extended to an even more general but to a
more convenient metric through a set of covariant tensors of the first rank

FF(s) = [FF(s),... ,F*(s)], k=1,...,1,

by the following formula (see Liseikin (2004)) in the parametric coordinates

st s™



5.3 Formulation of Monitor Metrics 143
g5 = 2(8)gf + FF(s)Ff(s), i,j=1,...,n, k=1,... 1, (5.58)

where z(s) > 0 is a weight function specifying the contribution of the metric
of S*™ in the monitor metric. Of course it is assumed that the function z(s)
and the vectors F¥(s), k=1,...,l, are subject to the relation

gs = det(gzsj) > 07

at each point s € S™.
Note, if we introduce in R"***! vectors w;(s), i = 1,... ,n by the formula

w;(s) = [\/z(s)%,FZ—17... ,Fil], i=1,...,n,

where x(s) is the parametrization (5.1) of the physical geometry S*”, then
it is obvious that
ng]:WZW]7 i,j:17...,n.

So for nonsingularity of the monitor metric tensor (5.58) the vectors w;(s),
i=1,...,n, must be independent. In particular, as vectors 9x/9ds’, ... ,n,
are independent, the vectors w;(s), i = 1,... ,n, will be independent if z(s) >
0 at all points s € S™.

It is evident that the linear combination of two metric tensors of the
form (5.58) with corresponding nonnegative coefficients €1(s) and ez(s) is
the matrix of the same form (5.58) and it is nonsingular (metric tensor) if
€1(s) + £2(s) > 0 at all points of S™.

The monitor metric (5.56) is realized by the metric (5.58) if

k
Fik(s)zy/vk(s)??ii ci=1,...,n, k=1,...,1, k fixed .

The form (5.58) of the monitor metric allows one to formulate more easily
metrics for generating grids adapting to arbitrary vector fields.

This form may also be useful for generating a family of grid coordinates
orthogonal to a boundary segment. For example, let a boundary curve of a
two-dimensional domain S? be defined from the equation (s!, s?) = 0. If we
assume the variable ¢(s) as a logical grid coordinate then the second grid
coordinate 9 (s) which is orthogonal to the curve ¢(s) = 0 is subject to the
relation

grade - grady =0,

i.e.

(%1 ) 1/152) = w(s) (90527 _9081) ) (559)

at the points of the curve. As the coordinate system ¢, is realized by the
solution of the Beltrami’s equations in (5.4) with respect to the metric defined
by (5.9) for n = 2, & = ¢, €2 = 4, we find, availing us of (5.59) that this
metric should be as follows:
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gisj = QsiPsi + Ysithsi = Psipsi + (_1)i+j<Ps3—i<Ps3—i ’
(5.60)
i,j=1,2, i,jfixed.
Since
(_1)i+j(ps3*i(ps3*1 = [((,051>2 + (‘psz)Q]é;' —Psipsi s 4,7 =1,2, 4,7 fixed,

so the expression (5.60) has the following equivalent form

65 = (00 + (PP ()30 + (L~ wP(S)pwgw , 6j=1,2, (5.61)

which is, in fact, of the form (5.54).

Computation of Contravariant Metric Components

We are to know in the equations (5.4) and (5.16) as well as in the function-
als (5.27) and (5.51) the contravariant metric components of any specified
monitor metric. These quantities are readily computed for the most general
metric (5.58) in the case z(s) > 0.

General Formula.

Let (dgp) and (d®), a,b =1,...,l be two mutually inverse matrices, where
1
d® =6 + —V(F*,F"), a,b
b Z(S) ( ) ) ’ )
here V(,) is the mixed parameter of Beltrami in the metric of the physical
surface S*™ and F*, a =1, ...,1, is a covariant vector. The mixed parameter
with respect to the covariant tensors F® and F? of the first rank is defined
by the formula

1,...,0, (5.62)

b g b o

V(F,F) =gl FPF), 4,j=1,...,n, ab=1,...,1, (5.63)
where F and F ;’, i,j =1,... ,n, are the components of the corresponding
tensors F? and F? in the coordinates s', ... , s, while g% are the contravari-

ant metric components of S*" in the same coordinates.

Theorem 3. The contravariant metric components g% of the monitor man-
ifold M™ over S*™ with the metric (5.58) for z(s) > 0 are computed by the
following formulas

. . 1 . ,
07 = g~ o da V(E )V (E, ) |
C T EEE™ 500
i,j,k,m:L...,n, (1,7b:1,.._’l7
where €* is a covariant vector whose i-th component in the coordinates

st ..., s" equals to OF.
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Proof. For proving the theorem it is sufficient to show that the matrix (g¥/)
compiled by the quantities from (5.64) is inverse to the matrix (g7;), i.e. their
elements are subject to the relations

g9 =6k, i k=1,...,n, (5.65)
where gi; are covariant metric components (5.58). As
gr = 2(8)gk; + FYFY, gok=1,....n, a=1,...,1,

we have, using (5.63) in (5.64)
s Ji __ Ts Foefpa L Ji 1 jm ipd Fb Fe) =
9rj9s = [(Z(S)gkj + Iy j)] Z(S) Isa [Z(S)P Isa 9sxQbcl'md'y | =

Cg?;dbCV(Fa, Fb)FIg ’

, 1
Feg®dy F? — ——F
b S ETO

1 Iy 1
=64+ —FogliFe -
i + Z(S) J szl Z(S)

i, kkmp=1... ,n, abc=1,...1.
(5.66)

Since (5.62) yields

%S)V(F“,Fb) =d® -6, ab=1,...,1,
therefore
LRI — — Fegdy By — P,V (FY ) FY =
z(s) 7 z(s) * [2(s)]* P
= L pegiipe L pegna, ry - L peging, v - sp)Fe =0,

2(s) TTEIR T 4(s)

z(s)

iL,ikp=1....,n, abc=1,...1.
Thus the relations (5.65) follow from (5.66). [J

In patrticular, for the metric (5.57) of the monitor surface S over S*”
we get

i _ afe af°

7 ik jm T
gs _gsjz_gswg:ga; abaskasm7 Z7J7k7m:17"'an7 avbaC:17"'alv

(5.67)

taking into account that this metric is of the form (5.58) with

z(s) =1, F* =grad f* a=1,... L
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Formulas for Domains.

Let S*™ be a domain identified with the parametric area S™. Then in the
coordinates s!,...,s” we have

glzjszgéjx:(S;? i)j:]-)"'»n)
while the formulas (5.58) and (5.62) come to
95 = z(s)(5§1 +FFY, d,5=1,...,n, a=1,...,],

1
mhmﬁ+75ﬂwﬁ i=1,...,n, ab=1,...,1L
z

So the formula (5.64), in this case, is as follows:

) 1
6;_7dabFiaFJb:|’ iaj:]-a"')na aab:]‘""J'

z(s)

Analogously to (5.67) we obtain for the metric

. 1
1
9s Z(S)

afe afe

s gty 242
9ii it Ost 0s7’

i,j=1,...,n, a=1,...,1,

of the monitor surface S™ over the domain S™

afe afb

9 =0~ dan g i g

,j=1,...,n, a,bjc=1,...,L (5.68)

Computation of the Metric Jacobian

For computing the equations in (5.4) one also needs to know the determinant
of the monitor tensor (g5;).

Theorem 4. Let g;; be the monitor metric (5.58) with z(s) > 0. Then there
is valid the following formula
g° = [2(s)]"g"* det(d™), (5.69)

where g** = det(g;;), while (d®) is the matriz whose elements are specified
by (5.62).

Proof. First we prove the theorem for [ = 1. Let
i

(I
9 =28)95 s 0 = 0%, bi=lon,

then formula (5.58) is as follows:
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i i i Fios , RN .

Notice the rank of the matrix (Filel) is not more than 1, therefore we get
from (5.70)

g*=g"+ Y det(gin,) (5.71)
=1

where g' = det(g};), while (g},,,) is the matrix derived from the matrix (g,,,)
by replacing its i-th row with

(F'F},... ,F'FhY=F'F' | i=1,... ,n,

1. e. ) .
911 -+ Yin

) 91‘1711 91'17171

(Gim) = | F'F} ... F'F}

91‘1+11 gil+1n

It is evident that
det(gi,) = FIFIG* | i k=1,...,n, ifixed,

where ' .
G’kzglgzlk, Lk=1,...,n,

here gi* is the (ik)-th element of the matrix (g;’) inverse to (gJ;). So equation
(5.71) gives

, 1 .
¢ =g' 1L+ g"FF)=¢' (1 + @gé’afﬂlﬂi) = [z(s)]"g""d"

Lk=1,...,n,

i.e. formula (5.69) is valid for [ = 1.
Let now [ > 1. Assuming that the theorem is valid for [ — 1, we represent
the monitor metric (5.58) as

9 =95+ FF, ij=1,...,n,
where
g5 =2(8)glf + FfFy . ij=1,....n, k=1,...,1-1.
Identifying gfj with g7 we obtain that this monitor metric g;; has the form

(5.58) for I =1 and z(s) = 1. By induction we get from (5.69) for z(s) =1
and [ =1
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9° =g (1L +V(F)), (5.72)

where B
g* = det(gfj), V(F!) = gngilel» , Li=1,...,n,

g5 is the (ij)-th element of the matrix inverse to the matrix (g2,,). Let (d3®),
a,b=1,...,I—1bea (I—1)x (I—1) matrix whose elements are determined
as

1
d3® =6 + —V(F*,F* b=1,...,1—1
2 b + Z(S) ( ) ) y @ ) ) ’
here V(F?,F?) is defined by (5.63). It is obvious that (d4’) is the first prin-
cipal minor of order [ — 1 of the matrix (d*®) whose elements are specified by
(5.62). Availing us of (5.64) and (5.69), valid in accordance with the induction
assumption, gives

i 1 1

- _ 2 a ei b ej
g2 - Z(S)gsz [Z(S)]QdabV(F ) )V(F ) ) )

i7j:17-..,n, a/,b:].,...,l—]_7
2 _ n_xs 2
g = [Z(S)] g det(dab) )
where g% is the (ij)-th element of matrix inverse to (95), ¢° = det(g3)),

while (d2,) is the matrix inverse to (d3°). Substituting these expressions in
(5.72) yields

1 m
g (1+ﬁgsszlel_ [Z( )] bgskagJ FbFF)

92(1+ %vaﬂ) -

= [2(s)]"g"* det(d*?)

Fo FYY(F? Fl):
[Z(S)]Q abv( ) )V( ’ )
i, kkm=1...,n, ab=1,...,01—-1, cd=1,...,1.
This proves the theorem. [

If S*" is a domain S™ then ¢*°* = 1 and equation (5.69), in this case,
comes to

g° = [2(s)]" det(d™).
5.3.2 Formulations of Contravariant Elements

General Formulas

Notice both the functionals of grid smoothness (5.27) and diffusion (5.51) as
well as the Beltrami equations in (5.4) and diffusion equations (5.16) are for-
mulated through the contravariant metric components g¥ in the coordinates
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s, ..., s" Therefore instead of the covariant metric components g;; one may

originally, in particular in order to define a measure of grid departure from
a required grid, formulate the contravariant components g2/ of the monitor
metric, for example, like the most general form (5.58),

99 = €(s)g + BiBl, i, j=1,...,n, k=1,...,1, (5.73)

where Bi,i = 1,...,n, are the components of a contravariant vector By, =
(Bi,...,BM), k=1,...,1l
Then the quantity ¢° in (5.4) and (5.27) is defined from the equation

9 =1/gs, gs = det(g?).

Consequently if €(s) > 0 then the covariant metric components can be com-
puted using an analog of formula (5.64). For this purpose we, similarly
to (5.62), introduce two mutually inverse matrices (cqp) and (¢®), a,b =
1,...,l, assuming

1 .
gfst;Bi, Lwi=1,...,n, a,b=1,... 1. (5.74)

®

Then, in the same way as for (5.64) and (5.69), the following formulas are
proved

Cab = 0p +

1 1
s s xs xs _abpm pp
S~ g% _ -~ ms ws.abpmp
gl] G(S) gzg [6(5)]2 gngpj c a b (575)
i,jim,p=1,... n ab=1 ...l
gs = [€(s)]" gsadet(cap), (5.76)
where g5, = det(g%).
Formulas for Domains.
Let S*™ be a domain S™ and s', ..., s™ be the Cartesian coordinates. Then,
in the coordinates s!, ..., s,

gl =gy =6, i, j=1,...,n,
so the contravariant components (5.73) of the monitor metric become as
g9 =e(s)0t + BiB], i,j=1,....,n, k=1,... L (5.77)
Thus for the elements of the matrix (5.74) we have
cab:5§+%Bg’Bg”, m=1,...,n, a,b=1,...,1

€(s)
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Therefore equation (5.76) yields

gs = [e(s)]"det(cap), a,b=1,...,1,
in particular,

gs = [e(s)]"Me(s) + Baf’], =1,

gs = [e(s))"{[e(s) + [Bi’Jle(s) + [Bal?) - (B - Bo)}, 1=2.

Here and further o
B,-By=B!B;, i=1,...,n,

|B.|? =B, -B,, a fixed.
Consequently formula (5.75) gives

—_

1 . y
g5 = —=0; — ®BiB], i,j=1,...,n, ab=1,...,1,

e(s) 7 [e(s)]?
thus, for I =1,

1 1

S — — |- ———_— _BIBI| ij=1,...,n.
Gij E(S)|:j 6(S)+|B1‘2 1P1 1,7 n

Analogously, for [ = 2,
1 1

g = <0t — ——(c2oBiB] —2c12BiB} + e BiB}), i,j=1,...

e(s) 7 dls)

where
d(s) = [e(s) + [B1|?][e(s) + [Ba[*] — (B1 - By)*.

5.3.3 Specification of Individual Monitor Metrics

Generation of Vector Field-Aligned Grids

(5.78)

(5.79)

(5.80)

(5.81)

’n’

(5.82)

Contravariant metric tensor in the form (5.73) can be used to define a mea-
sure of departure of the grid from a grid aligned to a vector-field B in a
domain S™, in particular, to control the angle between a normal to the grid
coordinate hypersurface and the vector-field B at the points of the domain
S™. As a tensor of the first rank in the formulas (5.73) one may take either
the same or a transformed vector field. The generation of grids through such
metric is helpful for solving numerically problems with strong anisotropy, in
particular, problems of magnetically-confined plasmas. For example, the con-
dition of orthogonality between a vector field B = (B!, ... , B") specified at



5.3 Formulation of Monitor Metrics 151

the points of the domain S™ and the vector grad ¢! normal to the coordinate
hypersurface &1 = const can be described as an equation for a quadratic form
oet ogt

=0, i,j=1,...,n

dst Dsi ’

(B-grad ') = B'B?

This quadratic form as a measure of the grid departure from field-alignment
at a point of the domain S™ was proposed by Glasser and Tang (2004). The
integral measure of the grid departure can be expressed, for example, in the
form
L= /w(s)BiBf ¢ 8—§1ds i,j=1 n (5.83)
= 55 97850 bi=L...,n. .
S’n

However the problem of minimizing this functional is ill-posed for n > 2 since
the matrix (B*B7) is singular.

The integrands in the functionals of grid smoothness (5.27) and diffusion
(5.51) are formulated as the sum over the index i of quadratic forms

gl o€t gt
S Osk 9s7’

i, 5, k=1,...,n, 1 fixed,

multiplied by 1/¢° and w(s), respectively, and contrary to the integrand in
(5.83) with a nondegenerate matrix (gZ¥). The condition of non-degeneracy
is indispensable for well-posedness of the corresponding variational and dif-
ferential problems and for obtaining unfolded grids through the minimiza-
tion of the functional or through the solution of the Euler-Lagrange equa-
tions. Therefore in order to get the grids that are both nearly field-aligned
(grad & for some i is nearly orthogonal to the vector field) and unfolded
we have to change slightly the matrix (B*B7) in the functional (5.83) to
make it nondegenerate and to replace the expressions (9¢'/8s') (9¢*/0s?)
by (0% /0s") (9€* /0s7). The matrix (g&) whose elements are specified in the
form (5.73) is nondegenerate for an arbitrary e(s) > 0 (see formula (5.76)),
in addition this matrix is close to the matrix (B*B7) when both €(s) and
By, k=2,...,lare small and B; = B. Assuming this matrix as a contravari-
ant metric tensor of a monitor manifold M™ over S™ yields, in accordance
with (5.53), the following measure of grid nonalignment with the vector field
B

ot o¢
0s7 dsk’ (5.84)
iwih,k=1,...,n, a=1,...,1L

o(s) = w(s)e(s)d}, + BIB,]

Consequently the functional of diffusion (5.51) in such monitor metric
over S is as follows:
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Tl = /w(s) [e(s) Os™ Hs™m + BBy 0sJ 8sp]ds ’
Sn
iwj,mp=1,...,n, k=1,...,1.

(5.85)

Substituting here /g% for w(s), where g8 = 1/,/gs, gs = det(g¥?), produces
the functional of grid smoothness (5.27). Availing us of functional (5.85)
yields that the diffusion equations (5.16) aimed at the generation of grids
providing that the angle between B and a normal to a coordinate hypersurface
is close to 7/2 have the following form

o€
Osk

0

5 {ws)le(s)a] + BLBE]

}:Q iik=1,..n, a=1,... 1.
(5.86)

Substituting /g% for w(s) in (5.86) yields the Beltrami equations in (5.4) in
the metric (5.77).

Figure 5.6 demonstrates integral lines of a vector field (left-hand) and a
corresponding field-aligned quadrilateral domain grid obtained through the
solution of Beltrami equations in the metric (5.77).

Similarly, using general formula (5.73) one can formulate a measure of
grid nonalignment for an arbitrary physical geometry S*" as

ael o

o(s) = w(s)e(s)gls + BIBL 555 (5.87)

iwih,k=1,....,n, a=1,...,L

and corresponding functionals and equations for generating field-aligned grids
in S*™,

Fig. 5.6. Flux lines of a vector field (left-hand) and a field-aligned grid (right-hand).
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Monitor Metric for Generating Grids Adapting to the Gradient of
a Function

In accordance with a concept of Eiseman (1987) grid clustering in a phys-
ical geometry S®" in the zones of large variation of a function f(s) =
(f1(s),..., f'(s)) can be provided by projecting a quasiuniform grid from
a regular monitor surface defined as the graph of the values of f(s). This
function f(s) referred to as a monitor function can be a solution to the prob-
lem of interest, a combination of its components or derivatives, or any other
variable scalar— or vector—valued quantity that suitably monitors the features
of the physical solution and/or of the geometry of the physical domain or sur-
face which significantly affect the accuracy of the calculations. The monitor
functions provide an efficient opportunity to control the grid quality, in par-
ticular, the concentration of grid nodes and the size of angles between grid
lines.

One of the techniques to generating quasiuniform grids on the monitor
surface is based on the use of the smoothness functional (5.27) proposed by
Liseikin (1991) which generalizes the functional introduced by Brackbill and
Saltzman (1982) for generating fixed grids in domains.

Generation of Adaptive Grids in Domains.

In the case, important for the generation of adaptive grids in a physical
domain X™ C R™, the monitor manifold can be defined as an n-dimensional
monitor surface S™ formed by the values of some monitor vector-valued
function

f(x): X" >R, x=('...,2"), f=[f'x),...,f'(x)], (588)
over X™. Thus the monitor surface S™, whose points are
(«b,... 2" fl(x),..., fl(x), x=(z',... ,2") € X",

is the subset of the (n+1)-dimensional space R"*. It is apparent that for the
parametric domain S™ there may be taken the domain X", so the parametric
mapping r(s) : S — R"*! is defined as

r(s) = [s,f(s)] = [s},..., 8", f(s),... ,fl(s)] , sS=x. (5.89)

Consequently the covariant metric elements of this surface are specified in
the coordinates s!,...,s” by

o o
Ost 0si’

i.e. in the form (5.58) with z(s) =1,

g5 =65+ i,j=1,...,n, (5.90)

of*
Ost’

gt =6, FF = ihwj=1,...,n, k=1,...,1L
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According to Sect. 5.2.1. the numerical solution of the problem (5.4) with
respect to the metric (5.90) makes the grid become uniform in S”". Therefore
the intermediate transformation s(£) that is the inverse of the map £(s) found
by the solution of the problem (5.4) in the metric (5.90) produces, in fact, the
very adaptive grid in S™ obtained by projecting the quasiuniform grid from
S™. This adaptive grid provides node concentration in the zones of large
variation of f(s) (Fig. 5.5).

Formulas (5.64) and (5.69) give the following expressions for the con-
travariant elements of the monitor metric (5.90) and its Jacobian in the
parametric coordinates s',... ,s”

of* of°
st 9si’

g® = det(d®®), a,b=1,...,1,

g7 =6i—d i,j=1,...,n, ab=1,...,1,

where (dgp) is an | x [ matrix inverse to the matrix (d®®) with
of* of°
Ost Ost’
Thus one measure of grid nonuniformity, given by (5.50), i.e. departure of

the grid from a quasiuniform grid in S™" and consequently from an adaptive
grid in S™ has the following form

de =62 + i=1,...,n, ab=1,...,1,

ot af og og
_(si_ 4 9T O0J\0O5 05
o(s) = <5k dab 0si 8sk> 0si Osk

iaj»k:]-a“-yn, a,bzl,...,l.
In the case of a scalar monitor function f(s) we have

d**=14+V(f), a=1,

. 1 afof ..

YW= - —— — =

gs 6] 1 +V(f) asi 683, 7’7.7 17 7n7 (592)
_9rof

= |grad f|?, i=1,...,n.

g°=1+V(f), V(f)= 0s' 0s'

These expressions substituted in the Beltrami equations in (5.4) give the fol-

lowing equations for determining the components £*(s) of the transformation

£(s): 8" — E™
0

5 VIV (¥ -

1 af af \ o¢
1+V(f)@@)7}

)

Osk
iik=1,....n.

The inverse mapping s(§) forms an adaptive grid in S™. An example of
such domain grid adapting to the gradient of a scalar-valued function f(s) is
demonstrated by Fig. 5.5.
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Analogously, the grid equations are written out with a vector-valued mon-
itor function f(s) for generating adaptive grids in domains.

Note the popular equations for generating adaptive grids in domains are
based on the numerical solution of the Poisson system

o (08N .
@(8.Z']>7P7 Z,_],—].,"','fl, (593)

where P? are the control functions. These equations are not equivalent to the
generalized Laplace equations in (5.4) if P® # 0,4 = 1,--- ,n. In the case
where S"" is a monitor surface, the system in (5.4) can also be interpreted as
a system of elliptic equations with a control function. The control function
is the monitor mapping f(s) whose values over the physical domain or sur-
face form the monitor hypersurface S™". The influence of the control function
f(s) is realized through the magnitudes f: - f,; in the terms g% and g7
in (5.4) and (5.27). These terms are determined by the tensor elements g3,
which define the covariant metric tensor (5.90) of the surface S™ in the coor-
dinates s’ represented by the parametrization (5.89). The system in (5.4), in
contrast to that of (5.93), has a divergent form and its solution is a harmonic
function, as was mentioned above. Besides this, its solution is independent of
parametrizations of X"; as a rule, this is not valid for solutions of the system
(5.93).

Generation of Adaptive Grids on Surfaces.

When the monitor surface is formed by the values of a function f(x) over a
general n-dimensional surface S*" lying in the space R"™* and represented
by the parametrization

x(s) : S" = R"E | x(s) = [zl(s),... , 2" T*(s)]

from an n-dimensional parametric domain S™ € R™ then the monitor surface
S™ over S*" can be described by a parametrization from S™ in the form

r(s): S™ — RMHITR r(s) = {x(s),f[x(s)]} . (5.94)

In particular, a one-dimensional monitor surface S™ (in fact curve) over a
curve S®! lying in R™ and represented by x(s) : [a,b] — R™, has the following
parametrization

r(s) : [a,b] — R", r(s) = {x(s),f[x(s)]} -

It is evident that the adaptive grid on the surface S*™ obtained by pro-
jecting the quasiuniform grid from S™ is formed, in fact, by mapping a
reference grid in =™ with a composition of x(s) and the intermediate grid
transformation s(§), i.e. with x(s(€)) : ™ — §*™.
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If the monitor surface over S*" is formed by a scalar-valued monitor
function f(s), then for the covariant metric tensor of S, designated by g
in the coordinates s',..., s, we have

s _ _x8 . . N
gz] _gz] +fs’fsf ) 1,7 _la , Ty
where
rs __ . . Sy
Gij =Xsi-Xgi, L,j=1,...,n,

is the metric of S**. This monitor metric is a particular case of the metric
(5.57) and (5.58). Computing the elements g% of the contravariant metric
tensor of S™ and the Jacobian of the monitor metric by formulas (5.64) and

(5.69) gives

i,5,k,m=1,...,n,

gij 7gij 7gik aigjm af
s T Jdsz smask s asm,

g° = g**[1+ V(f)],

(5.95)

where of of
— a0 2 S
V(f) sz dst Osi ’

iji=1,...,n.

Substituting these expressions in (5.4) yields the following system for
generating adaptive grids on surfaces

o [V )
X(jk_ 1 il kmﬁ5f>5§i]:0’

sT 1+V(f)gszgsm 8Sl Hs™ @
i, 5, k,lm=1...,n.

o
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Fig. 5.7. Fixed (left-hand) and adaptive (right-hand) surface grids.
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Figure 5.7 demonstrates fixed (left-hand) and adaptive (right-hand) sur-
face grids. The adaptive grid is subject to the Beltrami equations in the
monitor metric (5.95).

Similarly to the Poisson equations (5.93), for generating adaptive grids
on two-dimensional surfaces S*2 C R® there can also be used a combination
of the Beltramian operator and forcing terms:

ALE =P, i=1,2. (5.96)

Here the Beltramian operator is defined through the metric of $%2, i.e.

Al = VEH) =12, (s9)

Vg dsi (
If the forcing terms P?, i = 1,2, are specified as functions of the coordinates
s1, 5% then the system (5.96) is independent of parametrizations of $*2. How-
ever, the equations (5.96) are not the generalized Laplace equations and their
solution £(s) is not a harmonic function. So the theorem of Rado is not held

and consequently £(s) may not be a one-to-one mapping. Thus the grid cells
obtained from (5.96) may be folded.

Monitor Metric for Generating Grids Adapting to the Values of
a Function.

Fig. 5.8. Examples of adaptive domain grids.

For generating a numerical grid in a physical geometry S*™ with node cluster-
ing in the zones of the large values of a function v(s) the measure of departure
from the necessary grid can be expressed in the form

o(s) = 20l o 2 g km =1, (5.98)
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where Z[v] > 0 is a positive operator such that Z[v](s) is large (small) where
v(s) is small (large). This measure for generating adaptive grids in domains
was introduced by Danaev, Liseikin, and Yanenko (1980) and Winslow (1981).
Consequently the contravariant elements of the monitor metric are as follows:

g7 (s) = ZPl(s)gd, i =1,...,n. (5.99)

This contravariant metric tensor can also be used for providing node clus-
tering in the zones of large variations of a function f(s), introducing for
this purpose an operator Z[grad f] such that Z[grad f](s) is large where
|grad f|(s) is small and vice versa.

Figure 5.8 illustrates adaptive domain grids generated through diffusion
equations (5.16) in the monitor metric (5.99) with a function v(s) that has
large values in the zones of grid clustering.

5.3.4 Monitor Metrics for Generating Balanced Grids.

For computing balanced numerical grids, that are field-aligned and adaptive
to the values of one function and/or to the variations of another function, a
natural way for defining a monitor metric consists in combining the covariant
or contravariant elements of the corresponding individual monitor metrics,
i.e. as

95;(s) = e1(s)glt + ea(s)gff? + es(s)gl®, i, j=1,...,n. (5.100)
or
§9(8) = wn(8)g] + wa(e)ly + ws(@i Bi=1Lom (5101

where €;(s) > 0 and w;(s) > 0,i = 1,2,3 are weight functions specifying the
contribution of the covariant elements gfjl, g;ljdg , and gfjd” or contravariant
elements gZ, gfil ” and gfl];iv, respectively. The marks al, adg and adv in these
formulas mean that the corresponding metric elements are chosen to grid
alignment, adaptation to gradients, and adaptation to values, respectively.
These metric elements were formulated above.

Figure 5.9 exhibits balanced grids adapting to the gradients of a function
and to a vector field (left-hand), and to the values of a function and to a
vector field (right-hand).

There may be other effective ways for combining the corresponding met-
ric components, in particular, for generating grids that are field-aligned and
adaptive to the values of a function v(s) good results are demonstrated by
the following contravariant elements of the monitor metric in the form (5.99):

g = 2[(S)gqs B2i =15 om (5.102)

Figure 5.10 illustrates both the integral lines of a two-dimensional mag-
netic field (left-hand) and such a balanced grid aligned to the magnetic field



5.3 Formulation of Monitor Metrics 159

IEASARENEN AR ALYA] -
INERALN L hwnayyn oo N - = C1CIEiNIEidianiZiiimsassastsasass
NS AR RARAN) -
A NEEY AR LY ==t FH
IENARYEARNNRN RS
LEEhnsmawnun A7 -1
ImEwEREer IO ==
e
T
AT
ILLWE
i
ENERRCANEERS "% -
T 1 N
T i
T inFanEriR 5
IRERRAT RN ani R
et T I
- AN SYLTNRYNES o R
T LNLELELNNRANY I 1 IBFARSRRRARSI . B

xlo!

-~
i‘-\!" !31,’
A

_ ~ , ) |
de| ST I

L

Fig.

Fig. 5.11. Alignment and adaptation (left-hand) and scaled grid density (right-
hand).
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and adapted to the numerical error (right-hand) via the metric (5.102). Fig-
ure 5.11 exhibits a contour plot of alignment error for both alignment and
adaptation (left-hand) and scaled grid density (right-hand). The pictures of
Fig. 5.10 and Fig. 5.11 were performed by A. Glasser who used a spectral
element method for computing plasmas and diffusion grid equations (5.17)
in the metric (5.102) (see Glasser, Kitaeva, and Liseikin (2005), and Glasser
et al. (2005)).



6 Inverted Equations

In this chapter we establish some equivalent forms of the grid equations
with respect to the components s?(€) of intermediate transformations (5.2)
using for this purpose the relations outlined in Chaps. 4-5. The equations
are obtained by inverting the comprehensive grid equations specified in (5.4)
and (5.16). The chapter also reviews the role of the mean curvature in the
grid equations and in measure of grid clustering.

6.1 General Forms of Equations

6.1.1 Relations to Beltrami Equations

Let s, i =1,... ,n, be a local coordinate system in a Riemannian manifold
M™ and gj; be its covariant metric tensor. Expanding the differentiation in
Ap[s'] (formula (5.3)), we have
) 1 0 -
1] () Jv
AB[S] - \/.g?asj( gsgs )
_ 9" o
Vg 0sI

where g% = det(g5;), g* is the (ji)-th contravariant metric element of M™ in

(6.1)

o ..
Vgs+@ggz7 7’7.7:17"'7na

the coordinates s', ... ,s".

The application of (4.26) to the first item in the second line of this system
of equations yields

9 0
Vo s

while for the second item we find from (4.25)

\/gszggiTk]fja i,j,k:1,...,n,

Substituting these relations in (6.1) gives the following expression of Ag|s]
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Agls'] = -1, Qg k=1,...,n. (6.2)

Thus, assuming in (6.2) that & = s, the Beltrami equations in (5.4) formulated
for generating grids are as follows:

AB[f]——gEJTkJ—O ,5,k=1,...,n. (6.3)

Note, the quantities in this formula are in the grid coordinates &, i =
1,...,n, in particular, the Christoffel symbols of the second kind are, in
accordance with (4.24), as

T,ij = sT,ij = g?"[kj,m]£ , 4,5,kkm=1,...,n
Thus the grid equations (6.3) also have the following equivalent form
g£ gg "kj,m)¢ =0, i,5,kkm=1,....n
Multiplying these equations by gfp gives the following equivalent grid system

g ki, plf =0, jkp=1,..,n. (6.4)

Let M™ be a regular surface S™ C R"*! represented in the parametric
coordinates s!,...,s” by

r(s): 8™ — R"™ | r(s) = [rl(s),...,r" T (s)], s = (s%,...,s7),

then, using in (6.4) the relations (4.27) with s = &, we find that the Beltrami
comprehensive grid equations in (5.4) with respect to the metric of the surface
S™™ are equivalent to

9¢ (rergs 1) =0, djk=1,...,n, (6.5)
where
0%r[s(& . or[s(& .
Tekes :8§’£3(§j)]7 Jk=1,...,n, rg :[ag(i)}, i=1,...,n.
Note equations (6.5) mean that in the grid coordinates £!,... & the
vector

géerigj, i,j:l,...,n,
is orthogonal to the n-dimensional plane formed by the basic tangent vectors
rei, i = 1,...,n consequently, it is orthogonal to the surface "™ C R

As
L0 e
ggjrgigj + T@igj( gfggj)r£7

\/7853 \/7951'6’ - [] L,j=1...,n,
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we obtain, taking advantage of (5.5) that in the grid coordinates ¢!,...  &n
géjrgigj :AB[I'] y i,j: 1,... sy (66)

i.e. the vector Ap[r] being the same in arbitrary coordinates is also orthogonal
to the surface S™ C R**. If I = 1,i.e. 8™ C R™! then there is defined the
mean curvature of S™" by the formula

1 .. o
szﬁgéjréigj'n, ,j=1,...,n,

where n is a unit normal to S™ (see (4.66)). As Ap[r] is a normal to S™ we
can assume

1

n= Al |Asll = VAsR] - Ash],

hence with respect to this unit normal

1 1
Kp=—-—A - A =—|A . 6.7
A Al Ash] = L14sl] (67)
Notice Aglr] is an invariant of parametrizations of an arbitrary regular sur-
face ™ C R"*! ] > 1, so formula (6.7) can be considered as the mean
curvature of this surface as well. Thus using this formula (6.7) for the defini-
tion of the mean curvature of the regular surface S™ C R™*! represented by

(4.1) we obtain from (6.6) that in the grid coordinates ¢!,... &, satisfying
(5.4)
géjréigj =nK,n, 4j=1,...,n, (6.8)

where n = Ag[r]/|Ag[r]|.

6.1.2 Resolved Grid Equations

In general the systems of equations (6.4) and (6.5) are not resolved with
respect to the components s°(€) of the intermediate transformation s(¢). In
this section we establish some resolved forms of the grid equations convenient
for the implementation into numerical codes. Crucial for this purpose is a
basic elliptic operator.

Basic Elliptic Operator

The basic elliptic grid operator designated in local coordinates v = (vl,... ,o")
of the Riemannian manifold M™ by LY is specified at an arbitrary twice-
differential function y(v) as

0%y

LYyl = g3 -
Wl =9 OviovI ’

ij=1,...,n, (6.9)
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where ¢ is the (ij)th element of the contravariant metric tensor of M™ in
the coordinates v!,... ,v™. Note the value of the operator at y(v) is not an
invariant of parametrizations of M™. The first line of equation (4.58) yields
the following relation between the basic elliptic and Beltrami operators:

Lv[y]:AB[y]+yﬂkgyTZ]?]7 i?j’k:17"' 7n’
while the application of (6.2) to this formula gives
LV[y] = Aply] — yox Ag[v*], k=1,...,n.

Assuming here that the coordinates v!,...,v"™ are the grid coordinates
£ ..., €™ satisfying (5.4) we obtain
Lé[y] = Aply] . (6.10)

i.e. in the grid coordinates the value of the basic elliptic operator at an ar-
bitrary function y(&) coincides with Beltrami’s second differential parameter
of this function.

Inverted Beltrami Equations

A general form of the inverted Beltrami grid equations in (5.4) resolved with
respect to the intermediate transformation s(£) is obtained after substituting
in (6.10) s*(¢) for y(¢). Thus we have the following system of the inverted
Beltrami grid equations with respect to the components s*(¢), i = 1,... ,n,

Lf[s'] = Apls'], i=1,...,n,
i.e., using (6.9) and (5.3)
m 82Si 1 8 ii .o
glg 8§k8§m = \/gfsg(\/gisgg )7 Z7j7k)m:]-)"' , 1. (611)
As the value of the Beltramian operator is independent of the choice of
parametrizations we also find from (6.11)

_ Li( kp 05"
Another inference of equations (6.11) is carried out by multiplying the
system in (5.4) with ds'/0¢!. Indeed this multiplication yields

9 L Ogi Os!
_— s ,Jk
s (\/9»95 ask>a§i

LE[s') ), L,kp=1,...,n.

) . 25t ogi oem
_ s Iy s ik
951 VI°9) VIR Geigem o5k i
9%
_ s( A . am _ . —
=V4g ( B[S] gg 5’{1857”) 07 Z)Jvk7l7m 17”‘7”7

since (5.4), (4.15) and (4.18). We see that the equations in the last line are
identical to (6.11).
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Inverted Diffusion Equations

Similarly multiplying the system (5.16) by ds*/0¢! yields the following in-
verted diffusion grid equations resolved with respect to s*(¢) :

W@ = (@], jk=1...n (612

i.e. this system can be obtained from (6.11) after substituting w(s) for /g%,
and vice-versa, assuming in (6.12) w(s) = /g% yields equations (6.11).

6.1.3 Fluxes-Sources Equations

Finite-element and spectral-element methods are typically applied to the so-
lution of equations having fluxes-sources forms. This section establishes some
of these forms to the inverted grid equations.

As a system of grid equations with respect to the components s%(£) of the
intermediate transformation (5.2) there can also be the system of the Euler-
Lagrange equations of the functional of grid smoothness (5.27) or diffusion
(5.51) rewritten with respect to the function s(£), i.e. in the form

F[s .. d 6.13

/ g el (6.13)

where, for the functional (5.51),

Os Js ; ok gk .
F —,.. Jm — =1,...
[s(§), deL’ afn] Jwls(€)]g" [s(€)] Osi Dsm’ Jyk,m ) ) T

(6.14)

Of course we assume that ws Vg ] for the functional (5.27).

In (6.14) the Jacobian J = det(asl/aﬂ) and the elements 9¢'/9sP, 1,p =

1,...,n, of the matrix inverse to the Jacobi matrix (9s'/0¢7) are the well-

known functions of the variables ds*/0¢™ k,m =1,... ,n.

In accordance with (5.29) the components s*(€) of the transformation s(&)
optimal to the functional (6.13) are subject to the Euler-Lagrange equations

0 0
Fl e 7F = ) j = 1 “ .. . .1
S 65-7 (8(882/65']) ) 07 7’7.7 ) 7n (6 5)
Availing us of the formulas of the tensor analysis yields
0 85' .
_— =1,... 1
and
l J 9¢l
9 o¢ :—8£ & G kdm=1,... n. (6.17)

(0sk 0ET) Ds™m D™ sk
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In particular, the formula (6.16) follows from the relations

sk o™
agim(‘]@)_‘L k7m_17"'?n7 kﬁXed7
and 5 per
9(9s* /0¢7) <J Osk ) =0, km=1,...,n, Ffixed,

For obtaining formula (6.17) we see that
0 (87:5’%) _sm o¢t 9st 13} ogp
O(0s™ /DY) \DEP DsI

=% 5s7 T oer D(asm j0E) D51

i, lm,p=1,...,n.
Multiplying these equations by 9¢*/9s' yields
ogtogt 0 ok

dsm dsi 9(0s™/OEt) OsI’

i.e. the equations (6.17).
Using the relations (6.16) and (6.17) we obtain for the function (6.14)

i, 5, k,km=1,...,n,

o _ g0 R S S S
s jaen T~ Fag —ws) o asz‘<asm ask sk asm)*
(6.18)
_ L0 a 0g _
_Fasi 2w(s)JgE 9ai’ 5,k lm=1 ... n.

Thus, taking advantage of (6.18) in (6.15) we find the following fluxes-sources
diffusion grid equations for the functional (6.13) with the integrand (6.14)

o agr 9 e O [08 o
o5t 9sm 951 V)91 = 567 | F g Bsi }
i, 7, kkmp=1,... ,n.0

2w(s) Igg" (6.19)

It is easily verified that the relations (6.18) for n = 1 and n = 2 become
as follows:

0 w(s)

F - )
9(ds/dg) g°(ds/d¢)?
0 w(s) . Os* 13/3
(st /€T Jos Thigei T 9st
Therefore equation (6.19) for n =1 is as

d [w(s)]d§ +g[w[s(€)] (%)2} _2%2{10[8(6)] %] _

n=1. (6.20)

i,j=1,2, n=2. (6.21)

dsl g° Jds "del ¢¢ \ds/ |~ “dsd¢el ¢ ds 622)
_ 9° N0 01 _g° 9s)_ '
=2(5i5@1) 35 o€ Lwis@] 06) ~
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Analogously substituting (6.21) in (6.15) yields the following fluxes-sources
grid equations for n = 2

ogr ogr 9. kmy _ 0 gp 0s"  o¢
Osk Os™ Jst [w(s)g:"™] = o¢i <2w[s(£)] Jgs 0¢7 F85i>’ (6.23)
i7j’k’l’m’p:172'

The corresponding fluxes-sources Beltrami grid equations for the func-
tional of the grid smoothness (5.27) written out with respect to the interme-
diate transformation s(§), i.e.

- [ (525 e

En

are obtained by substituting /g% for w(s) in the equations (6.19), (6.22), and
(6.23).

Note the inverted equations (6.12) and the fluxes-sources equations (6.19)
are equivalent if the transformation s(£) is not singular. This fact follows from
a relation connecting the Euler-Lagrange equations for a general functional

11¢] = /F[s %, . ﬁ}ds, (6.24)

" s
S"L

and for the same functional with respect to the inverted transformations s(&)

I]s] = /F[s(g), %, . ,%} Jde. (6.25)

=n

Indeed, using the relations (6.16) and (6.17) gives the following Euler-
Lagrange equations for the functional (6.25)

0 (g0, 0 (008 8y
I Ess o¢i (FJ 8si) + o¢7 (Jasm Ost a(agk/asm)F> - (6.26)
i, 5, kkm=1,... n.
Since 5 ot
J
@(J@)ZO, j,m:l,...,n,

we find from (6.26)

OF Ja (6{’“ 0 )7 agk o (8( 0 )):0.

T =T 55 55w a5t a(0€F a5 Ds? D \D(DEF s

Multiplying this system by (9s'/0¢!)/J gives the Euler-Lagrange equations
for the functional (6.24). O
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One more form of the fluxes-sources diffusion grid equations is obtained
if we use the following relation of the tensor analysis

8Ai 1 8

where 5
Al = Akaiw G k=1,.
Assuming _
m mk 651 .
A™ = w(s)gs L i,kkm=1,... n,

we find

~ oEt 9¢I g

B = w5 0 = wls(@)gf ingkm =1,

So, in accordance with (6.27), the diffusion grid equations (5.16), as well as
(6.19), are equivalent to the following fluxes-sources diffusion grid equations

%J{Jw[ s@lgdt =0, ij=1,...,n, (6.28)

(see also (5.17)).

Substituting here /g% for w(s) yields the fluxes-sources Beltrami grid
equations noted above by the formula (5.5).

In the two-dimensional case the equations (6.28) are as follows:

—F =0, i,j=1,2, (6.29)

rr = (G ) o () - ]

rp = B (D) g (O) agel 0

w[s(&)] 1 o 0s%? 0s? 5, 0st Ost 12 (831 9s2 9t 832”

¢ o ot o2 " og? et

Ff=F = === "9 petaez I pet e

6.2 Equations for Classical Monitor Metrics

In this section the inverted grid equations are written for some special monitor
metrics realizing the popular grid equations discussed in Sect. 5.1.6.
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6.2.1 Domain Grid Equations for a Diagonal Monitor Metric
Inverted Beltrami Equations
FEuler Metric.
Let both §*™ and the monitor manifold be a domain S, i.e.
g =99 =0, i,j=1,...,n (6.30)

In this case the inverted Beltrami grid equations (6.11) become the well-
known Winslow grid equations

82 si

km _ . —

9es aehogm 0, i,k,m=1,...,n, (6.31)
where ok 3

gg‘;ﬂ’—@m7 k,l,m—l,...,n,

are the elements of the contravariant Euclidean metric tensor of S™ in the
grid coordinates &*,... ,&™.

Spherical Metric.

If the monitor metric g;; of a monitor manifold M™ over a domain S™ is a

spherical one, i.e. in the Cartesian coordinates s!,...,s™ of S™ it is of the
form
g5 = v(s)(s; , Li=1,...,n, v(s)>0, (6.32)
then B .
g° = [v(s)]", gg:@é;, ,j=1,...,n,

so, in accordance with (5.3),

A5l = g R = g o

Therefore the inverted Beltrami grid equations (6.11), in the spherical metric
(6.32), have the following form

g n-2 Ov
[s"] o) D5 ey T (6.33)
Since the rule (4.15)
) Q€T og™ 1 . o
im — gki — = ——g" kkm=1,... .34
gg s 6Sk 6SJ U(S)ggs ) 1,7, k, M ) y 1y (63)
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therefore we readily see that the basic operator specified by (6.9) in the metric
(6.32) is as follows:

1 .. 0%
s — m 7 I - —
L3[y] 711(5)9‘55 oo™ t,m=1,...,n.

So (6.33) is also expressed as follows:

92 sk n—2 0v

9 pgipEn = au(s) o5k 0 B =L (6:35)
As
n—20v 1 Of 1
21)(5) Ost f(s)asi , t=L4L...,1,
where
f(8) = u(s)] "7
we find, using (6.35),
92k
i 0%s 18f:0’ i k=1, ,n. (6.36)

Yespeiogi ~ f osk
Availing us of the relation (2.24), we have

of oo o050
Osk ¢t fsk £ 91 9¢I

Therefore we obtain that the system (6.36) has also the following equivalent
form

(L Lor oty 0 10ty
s\ogiogl  f 0gt o S oe\ fogl

Thus we have a more compact form in comparison with (6.36) of the inverted
Beltrami grid equations in the spherical metric (6.32):

g (= —

& 0¢1\ f o
Note f(s) = 1 for n=2 hence these equation for n=2 are equivalent to the
Winslow equations (6.31) regardless of the form of v(s).

):o, i k=1,....n. (6.37)

General Diagonal Metric.

For the monitor metric (5.22) we get

h_ 1 0 Vg . .
AB[S]i\/g?&si(vi(s))’ i1=1,...,n, 1 fixed.

Therefore equations (6.11) become the following inverted Beltrami grid equa-
tions with respect to the monitor metric (5.22)
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9%st 1 0 /g
e — (X)) imp=1,... i _
" geraer = Tg s oiggy) 0 Pep = Lens fixed, (639
where

L0706 1 oerogn

ggm: T 50— - =7 a5 Likmp=1...n
vk(s) "7 Ost Osi wk(s) Osk Os

(6.39)
In the two-dimensional case we have from (6.38)
om 075 1 0

9% pgroen — Joi(s)o(s) 05 )
where
= ’U2<S)/U1(S) s G2(S) = l/Gl(S) .

i,m,p=1,2, ifixed, (6.40)

As
g¢ = det(gfy) = ¢°J*, T = det (95" /0€"),

and in the two-dimensional case

1
ggm = (_1)p+mgigg§—p3—m ) m,p = 17 2 ) m,p fixed )

so the system (6.40) is equivalent to

¢ 8281' B ¢ 82 N ¢ 32 B JQ\/* ( )
922 661861 912 851862 911 652862 ) (641)
i=1,2, ifixed.
where
dst Os™ Jst Os™ 0sk Os*
3 s k k .
e — = = k,l =1,2.
g'Lj glmagz 8§J v ( ) ! magl 85] ( )857‘ ng )R, 6, )

The system (6.11) in the metric (5.22) can also be transformed to a more
compact form, similarly to the form of equations (6.37) in the metric (6.32).
For finding this form we note that

o¢t L OE 9¢7 Ds® i = 0s® biimomte 1 .
aSm _gs 8Sp BSt aé-J bm_gg gbmagj ) 9 7.77 7p7 Dt A )
therefore
1 0 < mk o€t U 1 Osb
/*gsaé-l(\/g gs )am_ ¢ /* bmag‘yagz(\/ g )

b,i,j,k,m=1,... ,n

Availing us of these relations in (6.11) yields the following equivalent inverted
Beltrami equations
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ij |: 325’“ 1

RGN = s J =1,...
OEiDET rgbmafl(\ﬁg )851] 0, bi,j5,km s,

(6.42)
Now if the monitor metric g3, is diagonal, i.e. g3, = 0, b # m, then
g™ =0 b#m g™ =1/g5,, m fixed,

so equations (6.42) become

o2sh 19 e 0557
% [agag ~ Jamage og (Vg =

kk ij gkkas S
Vg h gﬁ&gl(fagﬂ) 0, djk=1,...,n, kfixed.

Therefore the inverted Beltrami grid equations (6.11) with respect to the
metric (5.22) are also equivalent to the following equations

i 0 [u(s) OsF .
o —)=0 k=1,... k fixed 6.43
gg 3{1(\[&? 8{3) ) Zajv I 7n7 Xe 9 ( )

while in the two-dimensional case they, analogously to (6.41), have the fol-
lowing form

9520651(@1@) g;) — gk [aagl(aj(s) g;) + a; ( 1(s) g;ﬂ*

1o} 1 9st
e 0 ( 1 PO ,
11352 <Gi(s) 6{2) 0, i=1,2, i fixed.

(6.44)
+9

Inverted Diffusion Equations

Availing us of (6.34) we obtain that the inverted diffusion grid equations
(6.12) with respect to the spherical monitor metric (6.32) (in particular
(6.30)) have the form (6.37) with f(s) = v(s)/w(s), i.e

S0 uEasty
ggiafz( 8 8—8)_07 Qg k=1,...n, (6.45)

while for the general diagonal monitor metric (5.22) they, similarly to (6.43),
are as follows:
ij 0 (w(s) ds*

b _—_ =~ V=0, ijk=1,... k fixed. 6.46
gg 867‘ 'Uk(s) 8§J> b) Z?]? ) 7n5 Xe ( )




6.2 Equations for Classical Monitor Metrics 173

Fluxes-Sources Equations

The fluxes-sources diffusion grid equations (6.19) with respect to the spherical
metric (6.32) have the following form

st s [i) = v (e (e — 22 57)

i, 5, k,lm=1,..., n.

(6.47)

In the two-dimensional case equations (6.23) with respect to the metric
(6.32) are transformed to

o3 5] = e (et G - b )

-5
ikl =1,2.

Joei 79 g

(6.48)

Substituting in (6.47) and (6.48) \/g° = [v(s)]"/? for w(s) yields the cor-
responding fluxes-sources Beltrami grid equations in the metric (6.32). Also
assuming in (6.47) and (6.48) v(s) = 1 gives the corresponding fluxes-sources
diffusion grid equations with respect to the metric (6.32). When addition-
ally w(s) = 1 these equations become the fluxes-sources Winslow equations,
equivalent to (6.31).

The fluxes-sources equations (6.28) in the metric (6.32) are as follows:

0 [ w(s) ;\ .
@(JU(S)L%@)*O, ii=1,...,n (6.49)

In the general monitor metric (5.22) the fluxes-sources grid equations
(6.19) and (6.28) are

P 0P 0 rw(s)1 O [, w(s) ok s agk o¢ ¢l gk
J@@asi [vk(s)] e [Jvm(s) ds™ <857m dst 2857’" 0s’ ”’

i7j7k7m7p: 1"" 7n’
(6.50)

and

d 1, w(s) 06" BE ——
o6 Jvk(s) 5ok Bk =0, 475,k=1,...,n, (6.51)

respectively.

6.2.2 Domain Grid Equations with Respect to the Metric of a
Monitor Surface

Inverted Beltrami Equations

Let the physical domain X" be identified with the parametric domain S™
while the intermediate transformation
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s(§): =" = 95"

for generating a grid in X™ be determined as the inverse of the map
£(s): S — =7

satisfying (5.4) with respect to the metric of a monitor surface S™ over the
domain S™. If the monitor surface S™ over the domain X" is formed by
a vector-valued monitor function f(x) = [f!(x),..., f!(x)] then, assuming
s = x, the parametrization of S™ is determined by

r(s): 8™ — R"™ | r(s) = {s,f(s)} .
Hence in the grid coordinates £1,... ,£™ we obtain
gfj =8¢+l e, d4,5=1,...,n,
Temei = (Semei femes) , jym=1,...,n,
rew = (Ser,fer), k=1,...,n,
where for a function v(s)

_ Ov[s(§)] (9] .
vgliTé.l’ng&JiW’ _],m—].,...,n.
Therefore, in this case, the grid system (6.5) is as follows:

mj

95 (S&mgj 'Sgk +f£m§j fgk) :0, j,k‘,m: 1, ,n, (652)

and the multiplication of this system by 9¢¥ /ds? yields the following inverted
grid equations, with respect to s'(£),i=1,... ,n,

X 8281'
9e (8§m6§j+fﬁm£] fs> 0, 4,jm=1,...,n, (6.53)
where
=6
st — 8Si 5 =1,..., .

The coefficients ggnj in (6.53) are computed by the formula

mi o OE™ BT
g]ikgé

I3 = 9Js dsi @7 i7j7k7m:1,...,n7

where the contravariant metric elements g& of the monitor surface S™ are
described by formula (5.68).

Using the definition of the basic operator L¢, specified by (6.9), the system
(6.53) is rewritten in the form
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LE[s'| 4+ fRLE[f* =0, i=1,...,n, k=1,...,1. (6.54)
Note, if £1,... €™ are the coordinates satisfying (5.4) and consequently
(5.5) then for a function v(§&)
. 0% 1 0 im OV
LE = m]i‘ :77( Egl™ )Z )
jm=1,...,n,
so the system (6.54) also has the following equivalent forms
LE[s'| 4+ fEAg[ff =0, i=1,...,n, k=1,...,1. (6.55)

Note Ag[f?] is independent of a parametrization of S™ over S™ therefore
it can be computed in an arbitrary coordinate system, in particular, in the

parametric coordinates s',... ,s™.
If we consider in S™ new curvelinear coordinates v = (v,... ,v"),v € V"
connected with the Cartesian coordinates s = (s!,... ,s") by the relations

v(s):S"=V", s(v): V"= 8",

then the parametrization of the monitor surface S™ in the coordinates

vl, ..., v" is as follows:

ri(v): V" — R ri(v) = {s(v),f[s(v)]} .

Therefore the grid equations equivalent to (6.53) and resolved with respect
to the functions v¢(€) can be obtained from (6.11). Using (6.2), (4.24), and
(4.27) in (6.11) gives these equations the form

ij P ij pm
= 9y 9o (Sviv-i “Sym + fvivj : fv*”) ’

¢ deioei (6.56)
i?j’m’p: ]‘"" 7n’

where

0*fs(v)] .= sl

Fows = vidvi O™
Availing us of the notion of the basic elliptic operator (6.9) this system is
transformed to

L) = —gy ™ (sym LV [s'] + fUn L (7))
i,mp=1,...,n, k=1,...,1.

Note, in general, equations (6.56) are more complicated than (6.53) and
(6.54).
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The system (6.53) is a special equivalent form of the general inverted
Beltrami grid equations (6.11), valid for the metric of the monitor surface
S™ over the domain S™. The general equations (6.11) for this metric are as
follows:

9%t
mj .. _
gﬁ agmagg \/788p (\/>g ) ) 2,7, M,p = 17 ,n, (657)

where, in accordance with (5.68) and (5.69)
g;j:5§—dabf;f§j, i,j=1,...,n, ab=1,...,1,
g° = det(d®), =6+ fofb,

(dap) is the matrix inverse to the matrix (d).

Inverted Diffusion Equations

The inverted diffusion grid equations with respect to the metric of the monitor
surface S™ over a domain S™ are described by the formula (6.12) where the
contravariant metric elements are computed by (5.68).

Fluxes-Sources Equations

Analogously the fluxes-sources grid equations for the monitor metric (6.87)
are of the form (6.19) and (6.28) with the contravariant metric elements
(5.68).

6.2.3 Surface Grid Equations for Some Special Monitor Metrics

Inverted Beltrami Equations

For generating a fixed grid on the surface S represented by (5.1) there are
usually applied the Beltrami equations in (5.4) with respect to the metric of
S, 1e. gj; = g;; , where

gfjs = Xgi * Xgi, i,j: 1,... , N (658)

Consequently the inverted Beltrami equations (6.11) with respect to the met-
ric (6.58) are as follows:

U 8% sk 1

51’85 8£j / Ts asm

where ¢g** = det(g{;), while gg;

(V s )7 izjak7m:1,..- , N, (659)

km and g, are contravariant metric elements

of $™ in the coordinates s!,...,s™ and &1,... , £, respectively.
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Surface grid equations analogous to the domain grid equations (6.33) are
also readily obtained for the following monitor metric

gy =v(s)giy, Hi=1...,n, v(s)>0, (6.60)
which is a particular case of the general form (5.58), namely, with z(s) =

v(s), FF(s) = 0. Since, for the metric (6.60),

iy _

gS i’j:]""'7n7

ij
v(s)
S

g = [v(s)]"g™, g¢*° = det(gf}),

the original grid equations Ag[¢f] = 0 in (5.4) with respect to £i(s), i =

1,...,n, in the metric (6.60) are equivalent to
R (n— 2)/2 ]k; }: L. _
o {VFE) g =0 gk =1

These equations for n = 2 are equivalent to the Beltrami equations with
respect to the metric gf° of the physical geometry S regardless of v(s).
Consequently the inverted Beltrami equations in the metric (6.60) for n = 2
are the equations (6.59).

In accordance with (5.3) we find for the metric (6.60)

, 1 ) -2 Ov
A i AZ [ g ki
B[S } ’U(S) B[S ] + 2[ ( )]2 askgsz )
where A% is the operator of Beltrami with respect to the metric g;;* of the
geometry S*" i.e. for a function b(s)

0b
A% (\ﬁ mk ) km=1,...,
B[ ] \/* asm gsa: m n
Similarly to (6.36) we obtain, using (6.11), the following system of the
inverted Beltrami grid equations in the metric (6.60) resolved with respect

to s(€)

%5’ 1 of
&g = Apls') + 55 par 9o
% geragn — ARl 7 a5 o
wiin 1 v g s’ '
:AB[S}—’— Zak)m:]-)"'7na

7(s) ogr % gem
where

f(s) = [u(s)] 272
In the same way as it was made for (6.37) one can derive a more compact
form of the grid equations (6.61)

km

9z Hek Ag[s], i km=1,--,n. (6.62)

0 1 st
(f(S) afm) " ()
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Inverted Diffusion and Beltrami Equations

It is easily found that the inverted diffusion grid equations (6.12) in the
monitor metric (6.60) are of the form

w[s(§)] j, 0% :i[w(s) i
o[s(€)] %5 agkagm ~ si Lu(s) T

}, i km=1,...,n.  (6.63)

These equations become the inverted Beltrami equations in the metric

(6.60) when w(s) = /g® = [v(s)]™/?/g%5.

Fluxes-Sources Equations

For the diffusion fluxes-sources surface equations in the monitor metric (6.60)
we, similarly to (6.47) and (6.48), readily obtain from (6.19) and (6.23) the
following equations

e O [w(s) ;1 _ 0 rws@)] ¢y 0¢ im O™
& @{v(s) gm} - og {v[s(g)] J(ggm dst 2ea 0s? ﬂ’ (6.64)
i, 5, k,lm=1,...,n,
and
we 0 [w(s) ;1 _ 9 [ws@)], gi 0s* u 0¢
T 9es ﬁ{v(s) gﬁx} -oo¢ [v[s(ﬁ)] (2 Jg®s gt Jea 63”)]’ (6.65)
iajykal =12
respectively.

Analogously the fluxes-sources surface grid equations (6.28) in the metric
(6.60) are as follows:

9 (w(s) i; N .
aifj(v(s)gé")_o’ ,j=1,...,n. (6.66)

The equations (6.64), (6.65), and (6.66) after the substitution /g% for
w(s) become the Beltrami fluxes-sources equations.

6.2.4 Surface Grid Equations with Respect to the Metric of a
Monitor Surface

General Inverted Beltrami Equations
If the monitor surface S™ over a surface S*" represented by

x(s): 8" — R™™ | x=(2',... 2"t (6.67)
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is formed by a monitor function f(x) = (f1(x),... , f!(x)), i.e. its parametriza-
tion in the coordinates s!,... ,s™ is as follows:

r(s): 8™ — RVt r(s) = {x(s), f[x(s)]} , (6.68)
then, in the grid coordinates £',... , &7,

gfj:gfjuf&i.fgj, i,j=1,...,n,

& _ i
G5 =Xgi " Xei, L)=1,...,n, (6.:69)
Temei = (Xémgivfgmgj) , Jjm=1,...,n,

rgi:(XEi,fgi), i:l,...,n,

where gfj and gff are the covariant metric tensors of S™ and S*", respec-

tively. Consequently the grid equations (6.5) are as follows:

g;nj(X§mEj 'ng +f§m§] fgk) :0, j,k‘,m:l,... , . (670)
Since
oxe = 2 (%51) L Ox 05"
Xemed " Xek = Gem \9sr 067 ) Dsa Ok
B ( 0?sP zs | 9%x ~O0x OsP 85”)63“
= \Gemagider T Gerast  9se agd oEm ) Dk

a7b7j7k7m7p:17"‘7n7
we obtain, after multiplying the system (6.70) by (9¢/9s®)gb

mj ) f f agk bi
9 (Xgmga “Xek +Lemes - §k>@gsm

_ . bi DJ . bi _
= g£ a{_maé_j + f&nt{y fsbgsw> +gs (XSpS] xsb)gsm = 0 y

b,i,j,kkm=1,... ,n.
Taking into account that
(xspsj 'Xsb)gg;: xT;j , Lip=1...,n,

where xYZj is the Christoffel symbol of the second kind of the surface S*" in

the coordinates s',... ,s™, we obtain from (6.71) that the grid system (6.70)
resolved with respect to s*(£), i = 1,... ,n, has the following form
0?5t

m bi . X A .. o
9e J(W + femes -fsbgsz> =—gt" Y, b jymp=1,...,n, (6.72)
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Analogously to (6.10) we get, in the grid coordinates ¢!, ..., £m,
mj O*f
g ,

therefore equations (6.72) are also expressed as

= L&[f] = Ap[f], jm=1,...,n,

LE[s'] + A kaifk bi _ _ o pjXi
[8 ] + B[f ] Hsb 9sz = —Us pj (6 73)

baiajap:]-a"'»n, kzl,,l

Simplified Equations

Equations (6.72) and (6.73) are more complicated in comparison with the
equations (6.53) prescribed for generating grids in domains. So they may be
less malleable for the implementation into numerical codes in the case when
the process of grid generation on a surface S*" is coupled with the compu-
tation of the points of this surface and the monitor function f(x) since the
quantities Ap[f*] and *Yy; in (6.72) and (6.73) include the second deriva-
tives with respect to s°, i = 1,... ,n of the function f[x(s)] and the surface
parametrization x(s). However, we can come to the equations of the simpler
form (6.53) for generating grids on the surface S*™ if we consider as a monitor
function over S*™ the following function

fi(s) = {s, f[x(s)]} - (6.74)

The monitor surface S™"™ over S*™ with this monitor function f(s) is repre-
sented by the parametrization

ri(s): S™ — S™" | ri(s) = {x(s),s, f[x(s)]} . (6.75)

Note the monitor surface S™" over S™ with the monitor function fy(s) =
{x(s), f[x(s)]}, and represented correspondently by

ra(s) : S™ — 8™" | ro(s) = {s,x(s),f[x(s)]} , (6.76)

has the same metric tensor as the surface S™™. Hence the equations for gen-
erating the intermediate transformation s(§) : = — S™ with these monitor

surfaces are identical and have, in accordance with (6.53), the following form
025
m, . .
g€ J (W +X§7n£j cXgi + f&mgj . fsz) =0 , 1,0, = 1, cee My (677)
where g?j are the contravariant metric elements of the monitor surface S™2"

in the grid coordinates £!,...,£™. Note, for the covariant metric tensor of
S72™ in these coordinates we have

e _0s(6) 05(8) , Ox[s(E) oxls(e)l | OF{x(s())} OF{x[s(E)]}
%= Tog Tog o¢i 0 o¢! ogr 7

ij=1,....n.
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Using the notion of the basic elliptic operator (6.9) the equations (6.77)
also have the form
L8[s'] + 23 L8 [27] + fRL8[f*] = 0.,
(6.78)
i=1,...,n, p=1...,.n4+ny, k=1,...,1.

Equations (6.77) or (6.78) with respect to the components s'(§), i =
1,...,n, of the intermediate transformation s(&) include the first derivatives
only of the functions x(s) and f[x(s)] in s%, i = 1,... ,n, , therefore they are
more convenient for the implementation into numerical codes in comparison
with the equations (6.72) and (6.73). Remind, the grid in S*” is obtained
by mapping with x(s) a grid in S™ generated through the values of the
intermediate transformation s(£) at the points of a reference grid.

Instead of (6.76) we can also use the parametrization ry(s) in the form

ri(s) = [Nx(s),s, Nf(s)]

where N is some positive constant. With respect to this parametrization the
equations (6.77) are as follows:

0%

(05 N2 - Xy N2fmj-fi)=0 jom=1,...,m.

gE (agmagj + Xegmei * X + Eme s y 4,7, ; ,Z’I’L )
6.79

It is obvious that the difference between the solutions of (6.79) and (6.72) is
lessened when N is increased.
Note that, similarly to (6.41), the equations (6.79) also have the following
form
. Ozl ofk
L&[s'] + N?2L8 27— + N2Lé[f*] = =0,
1] + N2 LELa) G + NPLEM S 650
i=1,...,n, j=1,... ,n+ny, k=1,...1.

Inverted Diffusion Equations

In general case when w(s) # /¢° the inverted diffusion grid equations (6.12)
in the metric of the monitor surface S™ do not have the form (6.53). Their
expressions are computed by substituting in (6.12) the formulas (5.67) for
the contravariant elements of the monitor metric of S™.

Fluxes-Sources Equation

Similarly to the inverted diffusion grid equations, the fluxes-sources grid equa-
tions in the metric of the monitor surface S™ over the physical surface S*"
are obtained from (6.19), (6.23), and (6.28) where the contravariant metric
elements g7/ and Jacobian g® = det(g§;) are computed by the formulas (5.67)
and (5.69), respectively.



182 6 Inverted Equations

6.3 Role of the Mean Curvature

This section shows how the mean curvature, which is one of the abstract
geometric characteristics reviewed in Chap. 4, is involved in grid generation
technologies.

6.3.1 Mean Curvature and Inverted Beltrami Grid Equations
General Formulas

In the case of a regular surface S™ C R"*! defined by the parametrization

r(s): 8™ — R"™ | r(s) = [r(s),...,r" T (s)],
with its natural metric elements g§; specified in the coordinates sl,...,s" as
gisj:rsi'rsjv iaj:17"'7n7

we have, from (6.2), (4.22), and (4.24),
AB[ Z] = _gS]Tk] gfjgém(rsksj 'rSm) ) Z-ajyklvm: 17 , T (681>

Now remind that the quantity
1, )
Kp=—gMrg, -n, jk=1,...,n, (6.82)
n

where n is an (n + 1)-dimensional unit normal vector to S™ in R"*1, is the
mean curvature of the monitor surface S™ with respect to this normal n.
Note the mean curvature with respect to the same normal is an invariant
of parametrizations of S™".
It appears that the mean curvature of S is connected with the parametriza-
tion r(s) : S™ — S™ C R™*! by the following relation

Ap[r] =nK,n, (6.83)

where n is the same vector used in (6.82). Indeed we have

AB[I‘} (\/7g Si) = ggirsjsi + AB[Sk]I'Sk s

f s (6.84)
i7.jak: 17 , Ty
and applying the relation (6.81) to the last item of (6.84) we obtain
Ag[r] = ¢li[rggi — g7 (rgigi - Tom)rgr], i,5,k,m=1,---,n. (6.85)

Now taking into account equation (2.6), yielding that the expansion of the
vector rgig; in the basis (rgi, -+ ,rgn,n) is expressed as
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Toigi = g (Tgigs * Tom)Ton + (Tgigs -m)M
we find, applying this expansion to (6.85) and using (6.82),
Aplr] = ¢/ (ryie -n)n=nK,n, i,j=1,---,n,
i.e. equation (6.83) is valid. Consequently from the relation (6.84) we obtain
glirgg + Aplstrg =nK,m, i,jk=1,---,n. (6.86)

This formula is valid in arbitrary coordinates, in particular, in the grid co-
ordinates &1, --- €™ satisfying the Beltrami equations in (5.4) it results in
(6.8).

Application to a Monitor Surface over a Domain

Let the parametric transformation r(s) for S™ be specified as r(s) = [s, f(s)]
with a scalar-valued monitor function f(s). Then S™ C R™*! is a monitor
surface over S™, whose covariant metric tensor in the coordinates s',... , s"
is computed as

gisj:rsi-rsj :5§+fsifsj , Lj=1,--- ,n. (6.87)

Taking advantage of (5.68) for [ =1 we find

g fom = (5; - %fsifsm)fsm = (1 - %fs”fsm)fsi - %fs" " (6.88)

w,m=1,...,n.
since in accordance with (5.69)
G =14 fsmfem, m=1,...,n.

So, using (6.2), we conclude that in the metric (6.87)
. o 1 .. o
AB[SI] = _géwg;mfsksj fsm = _Eggjfsk’sj fsi s b kem=1,... n. (689)

For the parametrization r(s) = [s, f(s)] we find

ry =(0,...,0,1,0,...,0,fs), i=1,...,n,

1—1 n—i
so it is obvious that for the unit normal n we can take
1

\/g?(ffsl)"' affs",]-) . (690)

n
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For the above expressions for r(s) and n

r fsksja j,k:L...,’I’L,

1
sksi "I = 7/‘91
so, in accordance with (6.82), the mean curvature of this monitor surface S
with respect to the normal (6.90) is computed by the following formula

K = jk=1,...,n. (6.91)

1

gs fs kgi s
™

Thus in the metric (6.87) equations (6.89), as well as (6.2), have the
following form

: n
AB s :—7Kmfsi 5 iZl,... ,no. 692)
[s"] NG (
Consequently the inverted Beltrami grid equations (6.11) in application to a
domain X™ = S™ with a scalar monitor function f(x) are expressed through
the mean curvature of S™ with respect to the normal (6.90) as follows:
0?5k n
g% _ A
58{’8@7 \/g?Kmfsk, hL,jh,k=1,...,n. (6.93)

So if K,,, = 0, i.e. the monitor surface S™" is a minimal surface, then equa-
tions (6.93) have the simple form of equations (6.31) (with the zero right-hand
part). Some results related to the construction of minimal n-dimensional sur-
faces, providing such equations, can be found in the monograph by Fomenko
and Thi (1991).

Notice, another form for the expression of the mean curvature of the
monitor surface with the monitor metric (6.87) can be computed using the
(n 4+ 1)th component of (6.83). Thus we have, with respect to the normal
(6.90),

Ko = /AT (6.94)

Availing us of (6.88) we find, in the case of the parametrization r(s) =

[s, f(s)];
1 0 5w Of 1 0 1 of .
— _ s ik 2J — — —
AB[f]_\/g?asj(\/EQS ask) \/g>583j<\/g>583j)’%k L...,n
Thus from (6.94)
101 afy

with respect to the normal (6.90). Since the points of the monitor surface
S™  R™1 in the coordinates s',...,s™, s"t! can be found from the solu-
tion of the equation

st (st s =0,
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the formula (6.95) is a particular case of (4.111) for
(st ... 8" s" T =" — f(sh .., s™)

and

gip =65, 4,j=1,...,n+1.

6.3.2 Mean Curvature and Control of Grid Clustering
Fundamental Formula

It is well-known that when S*” is a domain with the Euclidean metric tensor
then the operator of Beltrami in this metric is the Laplace operator and
the spacing between (n — 1)-dimensional grid hypersurfaces £' = const in
S*" related to the solution of the Laplace equations, for both n = 2 and
n = 3, increases near a boundary convex segment and, conversely, the spacing
decreases when the boundary segment in concave (see Fig. 6.1). It is shown
further that similar facts are also valid for the grid hypersurfaces related
to the solution of the Beltrami equations in arbitrary n-dimensional regular
surfaces S*™.

Throughout this subsection we assume g, 1 < ig < n as a fixed index, i.e.
the summation in the formulas with iy repeated is not carried out over this
index.

AR
VAR

CRLARLALTRA R

0

“\%\\
Y

Fig. 6.1. Grid rarefaction (clustering) near convex (concave) boundary segments

Relative Spacing Between Coordinate Surfaces

Let s',...,s™ be an arbitrary local coordinate system of an n-dimensional
regular surface S*" represented by (5.1). We first consider in the surface S*"
a family of the coordinate (n — 1)-dimensional hypersurfaces s = const.
Analogously to the specification by (4.12) we can readily find that the vector
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n;, lying in the tangent n-dimensional plane to S*" and which is expressed

in the form
1
/gio’bo
ST

is a unit normal to the coordinate hypersurface s = cy. Here g% is the
(i7)th element of the contravariant metric tensor of S*™ in the coordinates
s',...,s™ and the values of g¥ and x,; are considered at the points of S™
for which s% = ¢g. Indeed

g%, j=1,...,n, (6.96)

n;, =

1

1 o
2 2 7
n;, - Xgx = —— g X+ Xgk = gsoxﬂgﬂc = —=0
/ 42020 'LO'LO / ZQZQ
gSZI) gs:c gSZI)
Jhk=1. ;
i.e. n;, is orthogonal to the coordinate surface sio = cp in S*". Further
1
% iok
ng, - N4, = /793% si * —F—=0sx Xsk
Z010 Z0743
gSCE gSCE
1
_ i0J tok xS __ _
- iozogs‘gvgs(;?gjk_:[? j?k_17"‘7n7
ST

i.e. n;, is a unit vector.

Let us denote by I, the distance between a point on the hypersurface
s = ¢p and the nearest point on the hypersurface s*® = ¢y + h in S*". We
have

I = (0, - Xgi0 )h + O(h?) = h——ex - Xgio + O(h?)

1
ST

1
& 95 + O(h%) = hF+O(h2), j=1....n.
953"

1
gsa:
V gsm

So the quantity 1/4/g’2% with 4 fixed reflects the relative spacing between

=h

the corresponding points on the coordinate hypersurfaces s = ¢y + h and
s" =cp on S*" (see Fig. 6.2 for n = 2).

Rate of Change of the Relative Spacing

The vector n;, is orthogonal to the coordinate hypersurface s = ¢y in S*"
and therefore the derivative of 1/4/¢%" in the n;, direction is the rate of

change of the relative spacing between the coordinate hypersurfaces s =
const. Using (6.96) we obtain

d ( 1 )_ 1 g0l 8( 1 >
dn; ioi! ioi 0sI ioi
o % [gioio” /gl Vg 607
1 v(io 1 > . 1 ( )
= T — ST, —F/——1 » J=4L...,,
/gioio /gioio
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x3

A‘]
x.'.'

Fig. 6.2. Spacing of the coordinate lines s> = const on the regular surface

where V( , ) is the Beltrami’s mixed differential parameter. On the other
hand

d ( 1 )__ 1 d gioio

dn; ivio ) inioy3 dn, "

Bio g a9y (gigio)® T (6.98)
S wi—gloo . j=1,...,n.

2g)? " 0

Availing us of (4.25) in this equation yields

d ( 1 ) Lo il o ,
= ———gogirio  gl=1,...,n. (6.99)
o, \ ) GEE
Note this equation is valid for an arbitrary coordinate system s',... ,s™.

Relations to the Mean Curvature

In order to connect the rate of change of the relative spacing of the co-
ordinate hypersurfaces with geometrical characteristics we need to con-
sider the following general situation in the theory of matrices. Let (a;;),
i,j=1...,n,n2>2, be a nondegenerate symmetric matrix of rank n and
(@), 4,5 =1,...,n, be its inverse matrix. Let a’® # 0 for some fixed index
ig, 1 < iy < n. Define a matrix (b/) where

b = W(a“ﬂoa” —aa™), d,j=1,...,n. (6.100)
Let (azg) and (b% ) be the (n — 1) x (n — 1) matrices obtained by deleting the
igth row and igth column of the matrices (a;;) and ("), respectively.
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Theorem 5. The matriz (b;)) is the inverse of (a;}).

Proof. Tt is sufficient to show that

al%bll =6}, i,j,l=1,...,n, andi,j,l #io . (6.101)
Here and further the entries ¢ = 1,... ,n, and ¢ # k mean i = 1,... ,k —

Lk+1,...,n.
From (6.100) we readily see

biok:bkiOZOy k:1,~-~an7
therefore
bml

o
alb!’ = a;m

1503 , 4,5,L,m=1,... ,n, and i,7,0 # i .

Since (6.100)

i i
opml _ o oml MM igm jiol
aimb™ = ajma aioioa a
=0l — gl =46 i lm=1,...,n, and i, # i,
G;’L(’ZO

i.e. (6.101) is valid. This proves the theorem. [J

Now we apply the matrix consideration given above to the matrix (g;’)
which is the covariant metric tensor of the regular surface S*™ in the coordi-
nates s',...,s™.

Designate by (gz;’) the matrix obtained by deleting the ¢oth row and igth
column of (g7°). It is clear that (g;‘;’) is the covariant metric tensor of the co-

ordinate hypersurface s = ¢j in the coordinates s', ... ,s?o—1 slotl g7,
The matrix which is inverse to (gzg) is the contravariant metric tensor of
this coordinate hypersurface s = ¢y in the same coordinates s',... s 1,
stotl . s" Let this matrix be designated by (gzg) Since

10%0 __ i s
gsgco - det(gzg)/g 7é 0 ’

where g** = det(gj;’), we find, availing us of theorem 5,

gzg = giﬁ(ggﬁlog?x - géowlgéowj) ) 1,] = 17 cee N, and 1,7 # 10 -
ST
Therefore
95' 9% = g8 (g —g)), Gi=1,...,n, andi,j#ip.  (6.102)

Since
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iol ioj iO — iQk) iop iO ioio ioj iO _ ioio ioio iO
9sz Ysz T‘lj = 9sz sz Tkp + 2gsw sz Tioj sz Ysx Tioio ’

jak)lap:]-v"' y 1L, and kap#Zba

we obtain, using (6.102),

giolgiI T = gioio (g — g )Yys, + 29890 gl Vi, — gigiogigio Ty,
= gigiogli }'e — giciogiP10 (6.103)
Jkd,p=1,... ,n, and k,p # i .
Now we note that from (4.28)
70 = gl Xy Xy, KLp=1,...,n,

so, since (6.96),

0 _ 10%0 _
Yy =\ 9s2 ' Xshgp "m0, kyp=1,....,n,

where n;o is the unit normal to the coordinate hypersurface s = ¢y in S*".
Thus, in the designation (4.79),

100 =195 bk, k,p=1,...,n, and k,p # i, (6.104)

where
bip = Xghgp M0 , k,p=1,...,n, and k,p # io ,

is the (kp)th element of the second fundamental form of the coordinate hy-
persurface s = ¢ in $%". Therefore, using (4.81) and (6.104), we find

G T =\ 959 by = (n— 1)/ g5 Ko (%) | (6.105)
k,p=1,...,n, and k,p # i ,

where K, (%) is the mean curvature of the coordinate hypersurface s = ¢,
in S*" with respect to the normal n;,. Further, from (6.2), we obtain
94Ty = —AF[s°], jl=1,....n,
where A% is the operator of Beltrami in the metric of S*”. Substituting this
equation and (6.105) in (6.103) gives
GG = — g0 AB[S] — (0~ 1)(gig) Y Kon(°) . G1=1,..n.
Therefore, using (6.99), we conclude that the rate of change of the relative

spacing of the coordinate hypersurfaces s’ = const is expressed through the
mean curvature and the Beltrami’s second differential parameter as follows:



190 6 Inverted Equations

d 1 1 ... n-1 .
. ( — ) == A[s"] = ——Km(5") . (6.106)
0 \/ gsg;o ST \/ gsgco

The application of (6.97) to this equation gives the following relation between
the mean curvature of the coordinate hypersurface s*® = ¢y and the Beltrami’s
mixed and second differential parameters:

1 ) N A% [sh]
/gioio /gioio

Note the equations (6.106) and (6.107) are readily rewritten for the case
of the monitor surface S™, namely, it suffices to substitute s for sr in these
equations. In particular, when S™ is the monitor surface over S™ with a
scalar-valued monitor function f(s), i.e. S™ is represented by

=0. (6.107)

(= DK (s*) + V (5",

r(s): S" — R r(s) =[s, f(s)],

then, availing us of (6.92), we obtain that the equation (6.106) has the fol-
lowing specific form

Kn(s)  (6.108)

d 1 n n—1
() = e (S e — S
n;, i0%0 g g to%o
9Is 9s

where ¢° = 1+ foife, i=1,...,n, K,;,(S™) is the mean curvature of S™
in R"*! with respect to the unit normal (6.90).

Two-Dimensional Case

Let S%2 be an arbitrary two-dimensional regular surface. Since for the coor-
dinate line s = ¢g in S*2

K (s%) =0y, , (6.109)

where o, is the geodesic curvature of the curve s = ¢y in S*", the equations
derived from (6.106) in the two-dimensional case have the form

d 1 - 1 1.1 01
am () =~ -

v (6.110)
() = il - 2
932

dn, g5z V9Z
While equation (6.107) in the two-dimensional case yields
o1+ V(s 1/V/g5) + Apls'/ Vi =0,

(6.111)
o3+ V(s%,1/3/92) + Ag[s°]/ /92 = 0.
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Basic Relation to Grid Coordinates

Let us apply formulas (6.106) and (6.110) to the grid coordinates &!,... ,&n
in S obtained by the composition of the parametrization (5.1) and inter-
mediate transformation (5.2).

Basic Theorem

We designate by v, the rate of change of the relative spacing between the
grid hypersurfaces £P = const in S*™, i.e., analogously to (4.63),

d /1 Lt iy
= S () = PP lp=1,... .n, pfixed, (6.112
o dnp( /g’g”i’) (gfp)? Peedetls o I0E o pired, (G412)

here Tl’; is the Christoffel symbol of the second rank of S*™ in the grid co-

ordinates &%, ... €™, n, is the normal to the grid hypersurface £&” = const,
namely, similar to (6.96),

_ L 0 D —
n, = ppggma—gjx[s(é)] , Jp=1,...,n, pfixed. (6.113)
e

We see that if v, < 0(v, > 0) then the nodes of the coordinate grid cluster
(rarefy) in the n,, direction, i.e. v, is a measure of change of grid spacing. We
also call it a measure of grid clustering. The formulas (6.106) and (6.110),
rewritten in the grid coordinates, result in the following:

Theorem 6. Let x(s) in (5.1) and s(€) in (5.2) be nondegenerate transfor-
mations of the class C?[S™] and C%[Z™], respectively. Then

]_n—l

1
vy = _QWAIBKP K,&"), p=1,...,n, bpfized, (6.114)

gx 9ér

where A% is the operator of Beltrami defined by (5.3) in the metric of S™; the
function &P(s) is the pth component of the transformation £(s) : S™ — ="
inverse to (5.2); K., (€P) is the geodesic curvature of the curve &P = ¢y in
S*2 when n = 2, while K,,(£P), when n > 2, is the mean curvature of the
hypersurface EP = ¢y in S*".

Remarks

We assume here that the logical domain =" in the boundary value problem
(5.4) formulated for generating boundary conforming grids is a rectangular
n-dimensional parallelepiped 0 < ¢ < [;, i = 1,...,n, and the (n — 1)-
dimensional boundary plane £ = 0 or & = [; is mapped onto some (n — 1)-
dimensional segment of the boundary of S*".
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Formula (6.114) demonstrates how the measure v, of grid clustering near
a boundary hypersurface £&P = ¢y in S* depends on its mean curvature. In
particular, when the grid coordinate function £P(s), p = 1,... ,n, is subject
to the corresponding pth equation of the grid system

AL[E]=0, i=1,...,n, (6.115)

in the original metric of the physical geometry S*™ then (6.114) yields

-1
K€Y, p=1,...,n, plixed. (6.116)
/ pp
Iex
So the sign of v, is determined by the sign of K,,(£P). Note the equations
(6.115) proposed for two-dimensional domains by Winslow (1967) and for
surfaces by Warsi (1981) are the most popular for the generation of fixed
grids in domains and on two-dimensional surfaces.

If S*™ is a domain S™ with the Euclidean metric then the equations
(6.115) are the Laplace equations

_ 0 (o¢
oY <8sj
In the monographs of Thompson J.F., Warsi Z.U.A., and Mastin C.W. (1985)
and Liseikin V.D. (1999) there was proved that the nodes of the coordinate
grid obtained in S™ by the solution of the equations inverse to (6.117) on a
rectangular computational domain Z" : 0 < ¢ < l;, i = 1,...,n, cluster
near concave boundary segments of S™ and rarefy near its convex boundary
segments (see Fig. 6.1). However the formula (6.116) yields more strong con-
clusions for n-dimensional domains when n > 3. In order to formulate these
results we first note that the unit normal n,, specified by (6.113), in this case
is as follows

vp = —

V2]

):0, ij=1...,n. (6.117)

1 ; .
n, = ppggzsﬁj y b= 17 , o, pﬁxed,
\/ Yes
where oe ¢
pi _ YS YS S
gﬁs - 851’ 333 ) ]7]7 17 y 1.
Since 1
n, - Sep = >0, p=1,...,n, pfixed,

\/9er

the unit normal n, is directed to the interior of S™ at the points of the
boundary hypersurface (¥ = 0. Contrary, at the points of the hypersurface
&P =1, it is directed to the exterior of S™. Therefore the inequality v, >
0 (vp < 0) at the points of the boundary hypersurface {7 = 0 means that
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the grid nodes cluster (rarefy) near it. Contrary for the hypersurface £ =1,
in S™ the inequality v, > 0 (v, < 0) means rarefaction (clustering) of grid
nodes near it. Thus the nodes of the grid produced by the equations inverted
to (6.117) will also cluster (rarefy) near the boundary & = [, if this segment
is not concave (convex) but has the negative (positive) mean curvature, for
example, it is a saddle surface.

Formula (6.116) yields also a new result in the theory of surface grid
generation. Namely, the nodes of the coordinate grid on the surface S*2 gen-
erated through the equations inverse to (6.115) cluster (rarefy) near concave
(convex) segments of the boundary of S¥2. Figure 6.3 of the surface grid gen-
erated through the solution of equations (6.115) for n = 2 demonstrates node
clustering near its concave boundary segments. The right-hand part of Fig.
6.3 illustrates the grid in a parametric domain S2.

Fig. 6.3. A surface grid with clustering near concave boundary segments.

Application of Theorem to Beltrami Grid Equations

Formula (6.114) gives one an opportunity for finding explicitly the necessary
values of control functions in grid equations to provide the generation of
grids whose nodes cluster or rarefy, if it is required, near specified boundary
segments of an arbitrary physical geometry S*™.

We assume that the logical domain =" in the boundary value problem
(5.4) formulated for generating grids is the standard unit cube, i.e. 0 < £ < 1,
i=1,...,n. Besides this, let the (n — 1)-dimensional boundary plane ¢ = 0
or & =1 of ™ for some i, 1 < i < n, be mapped onto some segment of
the boundary of S™, i.e. the segment is an (n — 1)-dimensional coordinate
hypersurface. For the sake of definitiveness we consider further the boundary
segments & = 0 whose normal (6.113) is directed to the interior of the
physical geometry S*". So the condition v, > 0(v, < 0) at the points of
such a boundary segment means grid clustering (rarefaction) near it. For the
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segments with opposite direction of the normal (6.113) all results are readily
reformulated.

We establish in this section a relation between the Beltrami’s second dif-
ferential parameter Apg[¢?] with respect to the monitor surface S™ over S™
and the magnitude V?2[¢!] which, in fact, is also the Beltrami’s second differ-
ential parameter of ¢¢(s) with respect to the Euclidean metric of S™.

General Multidimensional Case

Let a grid in S™ be controlled by a monitor surface S™ over S™ represented
by a scalar-valued monitor function f(s), i.e.

r(s): 8™ — R"™ | r(st,... s =[sh .., 8" f(sY 8], (6.118)
and whose metric is borrowed from R"*!, namely,
9 =Te Ty =0i+ fafy, i,j=1...,n. (6.119)

This situation occurs when adaptive grids are generated by the numerical
solution of the inverted Beltrami equations in an n-dimensional domain X"
which is identified with S™.

Let some functions £%(s), i = 1,... ,n, comprise a new coordinate system.
We establish now a relation between V2[¢!] and Ag[¢!], where Ap is the
operator of Beltrami (5.3) with respect to the metric of the monitor surface
S, Expanding the differentiation in Ap[¢?] gives

1 8 a¢
1] — _ YL
— oIk k1YS
Is HsI sk + AB[S ]88k ’

i k=1,....,n.

As the covariant metric elements 93> ©J =1,...,n, are specified by (6.119)
so, in accordance with (5.68) and (5.69) for v(s) =1,

s _ sy _ of of . .
g _det(gij)_l""@@v h,j=1,...,n,

: ; 1 of Of .
Jjk _ <7 _
Js —6k——s—sj—5k, BLk=1...,n.

(6.121)

Therefore equations (6.120) with respect to the metric (6.119) have the fol-
lowing form

oy 1 0f 0f\ ¢ s
1] — J - ZJ I
Al = (6k gs 0si 83") 0si Osk +Apls ]3sk
v LOTOF P og
- [5] gsasjaskasjask B[S]ask7 Za]vk_la-“vnv
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o 0
2 _
where V = 557 95 550 J

nection between V2[¢!] and Ag[¢%]:

=1,...,n. These equations give the following con-

2rpit i w0 1 0f of ¢
VIET= Al - Al I35 + 5 57 B gsiae (6.122)

,5,k=1,...,n.0

Note the Laplace operator V2 is the Beltrami operator with respect to the
Euclidean metric in S™ therefore, from (6.2)

Ve = —gtlIy, Lk=1,...,n,

where the metric elements and Christoffel symbols are in the coordinates
€L ..., &" and defined by the formulas

; 0s* 9sk o

gif:sfi.sﬁjzaigiﬁa Za]akzla"'ana

y , . OEt o¢I

gé‘izvgzvé-J:aékaii’ 7/7]7]@:1””’ (6123)
. m a2l agm

7 = sgigi - V§ 76518538l s lm=1...,n,

here I'7?, 4,j,m = 1,... ,n, are the Christoffel symbols of S™ in the coordi-

nates ¢, ..., &7,

1=1

o¢t 8£i> 7

Ve = (831’“' T Qs™

yeee s T
Now, applying (6.2) to Ag[¢!] and Ag[s*], we find from (6.122)

o . 2 i
glgﬁy‘llj lJST‘lk 85 lj I iﬁﬁ 0 {

195k~ Il T s 9si Dk sidsE (6.124)
L kl=1...,n,

where & Tf], ST are the Christoffel symbols of the second kind of the monitor

surface S™ in the coordinates £1,... €™ and s',...,s", respectively, while
Ff] are the Christoffel symbols of the second kind of the parametric domain
S™ in the coordinates £!,...,¢". Note the equations (6.120), (6.122), and
(6.124) are valid for an arbitrary coordinate system &1, ..., £m.

Let now the coordinates &1,...,£™ be obtained by the solution of the
problem (5.4) with respect to the metric (6.119). Then applying (6.122) with
i = n and the condition Ag[¢™] =0 to (6.106) we obtain
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d 1 1 n—1
—(—==) = = V"] - K35(er
e Tgsn) V= )

_ L ofoy ok 10000 nd (6.125)

- - KSE n
gings Osi Osk 0sidsk  grn m(§")

ok JoT

jk=1...,n.

This formula establishes a connection between the rate of change of the rel-
ative spacing of the grid hypersurfaces £ = const in S™ near a hypersurface
" = ¢p and the monitor function and the mean curvature of this hypersur-
face.

Analogous formula, for the coordinate surfaces £ = const, is obtained
from (6.125) by substituting the fixed index i for n.

Now we establish a relation between the Christoffel symbols of the second
kind of the monitor surface S™ and domain S™ in the coordinates ¢!, ... ,&"
designated as 5T;k and I ;k, respectively. Using (4.48) with the identification
& = s' we find

10 0¢ e

gyjk: ;k gs@asp jk;(f)7 i7j7k7l7m:17~~- , T, (6126>
where
9%s™ ¢
V?k(f) = (feier — f&’F;k> = (fijﬁ’“ — fe LIk agim)

(6.127)
 (foer = O ik lm =1
7<f£J§k7@W)7 Ly,Rybym = 1,...,N,
is the mixed derivative of f[s(£€)] in the metric gff . Since ka( f) is a covariant
tensor of the second rank we obtain

Ost OsP

3 _
vjk(f) - fslf$1’@87@ )

Lk lLp=1,...,n.

Further for gék we have from (6.121) and (4.15)

Gk gt - LOF 08 O8O
¢ £ gs9sm 9sm 9st 9st 7 [

therefore
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. . J k
5= (0 e g i )
(Tt V)
ki 1 Of 8¢ Of ek
= Jea Tk T s 9sm 9sm Dl Ost Ik (6.128)
Lo o8 o
gs OsP OsP Os™mOs™
1 0f of 0*f of o¢
(g%)% Os™ Dst Os™st DsP DsP

Lk lmp=1,... n.

In accordance with (4.28)

syk __ 1 O°F Of
4 gs 0st0sI sk’

iL,ih,k=1...,n,

so using (6.2) and (6.121) gives

1 0%f of

_ Pl — — ,lm It

Apls"] s9s Hslpsm dsp
Lot - LT f of

g\ g8 Osl 9s™ ) Dstds™ OsP

L(BL_Laror 1 yor
~ ¢S \O9smPsm g5 Os™ Qs! OsmOsl ) OsP

7l7m7p:15"'7n7

and consequently equations (6.128) also have the form

i i o 1 0f 0¢l of EF
jkari gk i _ _ 3
e Tjr = 9es Lk Apls”] OsP g8 Os™ Os™ Os! sl ik

i7j7k’l7m7p: ]'7"' 7n7

which is equivalent to (6.122) and (6.124). Hence, in the case of the grid
coordinates, satisfying (5.4), we find

¢ 1 0f 0g of 0¢"

dsP g5 Bs™ Ds™ sl 9st IR (6.129)
i, 5, k,lmp=1,...,n.0

V2[E') = —Apls]

Availing us of (6.129) we also obtain another form of (6.125), assuming

n =1,
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1 1 J ko
d ( ) of 0&7 0f ¢ i

- g?sgS OsP OsP Ost Osl I

IEW LS sy 0

9és Os* \/E "

iaj7kal7p:1,~--,n, 7 fixed .

(6.130)

Using (6.92) and the relation

gradgi:,/ggsnfg, i=1,...,n, ifixed,

we conclude that

—-n

ost " \g®

where the quantity

i Na
AB[sk} 0¢ _ < gradf - nngm(Sm) , @

=1,...,n, ifixed,

K, (S™) = Bhk=1,... n,

1 ki
Wgsjfsksj ,

is, in accordance with (6.91), the mean curvature of the monitor surface S
in R"*! with respect to the unit normal (6.90). Therefore (6.130) also has
the following form

d 1 1 J ko
- SE( ‘_) Of 0¢’ 0f 0€” 1;
n; gézs

B g¢.g® 0sP OsP 9s' Os! gk
1 {nKm(S’”")

e °
g NG

i, 5, klL,p=1,...,n, 1fixed.

(6.131)

gradf - n}* + (n — DEE(ED)] |

Now we establish a relation between the mean curvature of the grid hy-
persurfaces £ = ¢y in S™ and &' = ¢y in S™. Let the mean curvature of this
hypersurface in S™ be designated by K7¢(¢%). For the sake of simplicity, we
assume ¢ = n.

We designate by g%, and g4, the contravariant metric elements in the
coordinates €', ..., €71 of the grid hypersurface £® = ¢y in S™ and on S™,
respectively. Then from (6.100) we obtain

nn _ij in jn)
)

ij 1 .
9sn = nn(ggsggs_ggsggs Z,_]:].,...,Tl—l,
Ges

ij nn  ij in j")
b

1 .
gm—gm(gg 9é — 9" 9 i,wj=1,...,n—1.
3

Since the elements of the covariant metric tensor of the grid hypersurface
£" = ¢y in 8™ in the coordinates ¢!,. .. ,&" are defined by
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of of _ s OFOf ..
gfj:rgz 1‘5_72551'-557 _g,g - 7”]:17”.7”_17

56 981 ~ %1 " i o
we also find from (5.67) and (4.15)

il jp 8f f
I

g;'Jn:ggmi ivj,kalvmap:]-a"'7nfla

where of of
n(f) =gkt =1,...,n—1.
V (f) S’rL agk agl I 7l ) 7n
Therefore, availing us of (6.105) and (6.126), we conclude that
1
KTE ny _ i ETn
m (5 ) (TL — 1)\/ggwgrn ij
1 . g o Of Of
— i _ il ogp 2 ZJ
n, 10f08",
x5+ g 0k o Ve ) (6.132)
V95 1 1 df o¢n g
— st n - Y Ys ici 17

1 il jpaf af

- - 2 24 n
1+V”(f)95”95”8§l oep ”} ’

ivj’l7p:]-,"~an_17 k=1,...,n,

where K3¢(£m) is the mean curvature of the coordinate hypersurface £ = ¢
in S™. O

Control of Grid Clustering near Boundary Segments

Let now the monitor function be specified as

f(S) = g[(p(s)] , seSs”, (6'133)

where ¢(s) is such scalar-valued function that the (n—1)-dimensional surface
defined from the equation ¢(s) = 0 coincides with the coordinate surface
&' = ¢o for some co. We designate this (n — 1)-dimensional surface by S~ 1.
We also assume that all expressions throughout this paragraph are considered
at the points of the surface SQO*I and

. . i . . 351 n—1
grad ¢(s) - VE'(s) = psr(s) 555 (s) > 0, s €557, (6.134)

iLWwk=1,...,n, ifixed.
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With these assumptions it is readily found that

n;* = grad /grad ¢l ,
gradf = g'grad ¢,
and, consequently,
grad f-n* = ¢'|grad o] .
Further, availing us of (4.106), we have

1

K n—1 _
m(Se ) = D) grad oF

(‘ps“psj Psisi — |grad SD‘QQOslsl) ,

iil=1,....n,

where K,,(S71) is the mean curvature of the surface S7.~1 in S™.

(6.135)

Analogously we can compute the mean curvature K,,(S™) of the monitor
surface S™ in R™*! with respect to the normal (4.77), using the formula

(4.83). For this purpose we find, taking advantage of (6.133),
fsi:g/¢5i7 izl""’”?
9*=1+V(f) =1+ (g)*|grad ¢|*.

Similarly
foisi =9 0sii + 9 sitpes , B,5=1,...,n,
SO
VA[fl =gVl + g |grad ¢|?,
foifos fsisi = (9')?0siss (¢ Psies + 9" st pss)

= (9')3psipsipsisi + (9')2g" |grad @|*, i,j=1,...

Availing us of these relations and (6.135), we obtain

1
v2[f] - ?fsifsjfsisj
g
1
= E{[l + (¢')?Igrad ¢|*)[g'V?[¢] + ¢"|grad ¢|*]
—(9')3psipsisisi — (9')%g" |grad o|*}

1

(6.136)

= —{9'V?[p] - (n — 1)(¢')°|grad K (Se, ") + g"|grad ¢f*}

g
ij=1,....n.

Hence (4.105) gives
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1
Kn(8™) = ——=75{9'VZ[¢]
n(g=)3/? (6.137)
—(n—1)(¢")*|grad > K (SZ 1) + ¢"|grad ¢[?}
Now using this equation we conclude that
n
——grad f-n*K,,(S™) + (n — 1)K, (S0
N (5™) +( JEKm(Se, )
ng'|grad ¢| 1
= 2 K (S™) + (n— 1)K (ST
N (™) +( JKm (Se,)
g'lgrad ¢l 2 ’ 2 (6.138)
= 7= 1{9' Vgl + ¢"|grad ¢|*}
(9°)
(¢')*|grad ¢[* noly i
+(n 1)(1 7 )Km(SCO ), i=1,...,n.
Further we note that in the case of (6.133) we obtain
ﬁ%ﬂg i fﬁ pjﬁ Ik i
dsv Osp Ol 0t %~ gerJes gt es T ik
OF N2 ij ik i sina (0?2 d 1
=7z ) 9es9eslin = (92" 55 ) ——¢ = 6.139
(ag ) (ag ) dn’ ( ﬁgg) (6.139)

y d 1
:ggs (f) 5( )7 Za]akalapzlvanaZﬁxed7
dn; /gi
Es

since (6.112) with p = i. Now, substituting (6.138) and (6.139) in (6.131), we
find

d /1 1
(=) =———bs.g(0).g"(O)], i =1,...,n, i fixed, (6.140)
dng /g, gt.9°
where

bls, 9'(0), 9" (0)] = g'(0)[grad ¢|{g'(0)V?[¢]
+g"(0)lgrad @[} + (n — 1)[1 + 2(g'(0))?|grad @|*|Km (Se,7) -

Thus the positive (negative) sign of the expression b[s, ¢’(0), ¢”’(0)] indicates
the grid clustering (rarefaction) near the coordinate surface ¢(s) = 0. If
this coordinate surface is a boundary surface of the domain S™ then the
quantity K, m(S]}O_l) is known and, by a suitable specification of the constants
a =¢'(0) and b = ¢g"’(0), we can realize the necessary sign of this expression.
Consequently the monitor function f = g(p) in (6.133) can be chosen, for
example, by

1
gle) = ap + §b¢2 : (6.141)
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Another example of the monitor function gives the following formula
a? b
9(e) =+ eXp(aso) -
Let ¢'(0) be specified such that ¢’(0) # 0 then
bls,4'(0),4"(0)] > 0
if

1
"(0)> max ——————— Dy, 6.142
g ( ) 5653071 g/(0>|grad 90‘3 1 ( )
where
Dy = [¢'(0)]*|grad ¢|V?[] + (n — 1)[1 + 2[¢’(0)]?|grad @|*| K (Sp ") ,

while
b[s,g'(0),9"(0)] <0

if
1
"(0) < min —————— D . 6.143
g"(0) sesnt g'(0)|grad ¢ 1 ( )
For example, assuming ¢'(0) = 1, we readily find that
b[s,1,¢"(0)] >0
if
g"(0) > max b 2 (6.144)
sesit lgrad P77
where
Dy = |grad ¢|VZ[g] + (n — 1)(1 + 2|grad ¢|*) Km(Se, ™) -
Analogously
b[s,1,¢9"(0)] <0
if
1 : 1
¢"(0) < min (6.145)

D,
sespt lgrad of?

Since the terms in the formula (6.140) are computed locally, we can choose
a single function of the form (6.133) to realize the necessary requirements of
grid clustering near opposite segments of the boundary of S™.

For example, let ¢ = ¢ and ¢ = ¢; be two opposite boundary segments
of S™ found from the equations o(s) = 0 and ¢;1(s) = 0, respectively. Then
assuming in (6.133) and (6.141)

©(s) = po(s)pi(s) ,

we can, analogously to (6.142) and (6.143), find ¢’(0) and ¢”(0) to provide
the necessary grid behavior near these boundary segments.
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Two-Dimensional Case

In the two-dimensional case the mean curvature in (6.130) is replaced by
the curvature of the corresponding curvilinear line, in accordance with the
relation,

where k; is the curvature of the curve £ = ¢g in S2. We find from (6.132), in
the two-dimensional case,

¢

g2 \/ 92290
o2 = — Ll = ES€%+@% (6.146)

922911 922911

where o5 is the geodesic curvature of the curve &2 = ¢y on S72, ky is the
curvature of the curve ¢2 = ¢g in S2, while

2
by 2 006 O Osm s,

Thus
9&
kg = 750'2 - b2 5 (6147)
\/953911
where
1 82 l K] 2
[ S S (6.148)

1
19¢1 Aol
g2g;s 08708 0t [ 220

is the curvature of the coordinate line £ = const in the parametric domain
S2. Substituting this expression in (6.110) gives

FRFEINIF

T
peEre

Fig. 6.4. Grid clustering (rarefaction) near a convex (concave) boundary segment
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Fig. 6.5. Examples of surface grids with node clustering near boundary segments.

d(l)zi ag?_\/g bs

Aplskl % o2+
s€ 22 k s&
dny* % Jg227 e 05" gglgli \/ 922 (6.149)
L ofor &
gizg® 01 Osk Dsidsk 7 T T
Since
b L opop Re 1 roe oy oo
922 9g2g° 0s7 sk DsiOs* n gsggggff Osk 9sk 9stOsm Q€ Q€L

8]" 8f 8262 .
_ Of 0f ¢ )
gllaSj 8Sk: a$j83k> ’ ]’k7l7m 1,27

so in contrast to (6.116) a sign of the change rate of the grid spacing
near a boundary segment in S? is not determined by the curvature of this
segment only; it depends as well on the derivatives of the monitor function
f(s). Therefore one can control the grid spacing near the boundary of S?
with a proper choice of this function.

ELE 3
gsg"n‘ o

T

Fig. 6.6. Triangular surface grids.
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Thus using (6.149) with the choice of the monitor function f(s', s?) and
the boundary transformation s(¢!, const) we can, in principle, provide grid
nodes clustering near the boundary curve £ = 0 on S or in S2, respectively,
regardless of its geometry in S2. Analogous results are obtained for the grid
lines near the boundaries ¢2 =1 and ¢! =1 and &' = 0.

Figure 6.4 demonstrates domain grids with the clustering (rarefaction)
provided near the convex (concave) segments of domains by monitor functions
of the form (6.133).

In the same way there is provided grid clustering (rarefaction) near bound-
aries of physical surfaces. Figures 6.5 and 6.6 demonstrate quadrilateral and
triangular surface grids generated without node clustering (left-hand) and
with node clustering (right-hand) realized by a function of the type (6.133)
near boundary segments.

Application to Diffusion Grid Equations

The second popular approach for generating grids is based on the solution of
diffusion equations

0 o€ .
@[w(s)asj}zo, ,7=1,...n, (6.150)

where w(s) > 0 is a diffusion function specified by the user to provide grid
control. Equations (6.150) were proposed for n = 2 by Danaev N.T., Liseikin
V.D., and Yanenko N.N. (1980) and Winslow A.M. (1981) for the generation
of adaptive grids in domains.

The transformed equations, for finding the intermediate map (5.2), in
which the dependent and independent variables are mutually altered have,
in accordance with (6.37), the following form

-0 1 95
kji‘ —_— = ] :1 “ e ~1 1
ggsaéj (w(s) ('9{’“) Oa jak7l b TL, (6 5)
where oek oei
g 0§ 0¢Y S
Jes = 957 D’ L,5,k=1...n.

If S*™ is a domain S™ with the Euclidean metric then the operator of
Beltrami Ap coincides with the Laplace operator V2 and besides this

P ogp
grad{p:(%,...,%)z,/ggnp, p=1,...,n, pfixed.

Therefore we obtain, if (6.150) is held,

/ PP
V2[eP] = e
w

gradw-n,, p=1,...,n, pfixed,
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and consequently formulas (6.114) and (6.150) yield

v, = L (lgrad w-n, —(n— 1)Km(fp)) )

\/9ew

The normal n,, and the mean curvature of the boundary of the domain
S™ is known beforehand so the characteristic v, of the rate of change of the
grid spacing near a boundary segment is defined explicitly by the diffusion
function w(s) in the vicinity of the segment. Thus the grid points cluster
(rarefy) near the boundary segment &” = 0 if w(s) is such that v, > 0
(vp < 0) in (6.152) at its points.

The specification of the diffusion function w(s) is facilitated if it is sought
in the form

(6.152)
p=1,...,n, pfixed.

w(s) = gly(s)]

where ¢(s) is a scalar-valued function such that the equation ¢(s) = 0 deter-
mines the boundary hypersurface £ = 0. The vector

grad ¢ = (Qg1,... ,Psn)

is orthogonal to this hypersurface and consequently parallel to n,. We assume
that ¢(s) is such that the both vectors grady and n,, are of the same direction,
ie.

=~ orado.
" = Jgrad o207

Since
grad w = g'grad o,

we readily obtain from (6.152)

1 /!
vp:7<%|grad ga|—(n—1)Km(§p)) , p=1,...,n, plixed.

\/95n
Thus v, > 0 (for grid clustering) if g(¢) # 0 and

!

-1
g (0) > max L
9(0) 7 sly@—o |grad ¢

Km(&¥),

while g(p) we can, for example, specify as

9(p) = 9(0) + ¢'(0)¢

or
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Note for the hypersurface ¢(s) = 0 in S™ the invariant K,,(¢P) can, in
accordance with (4.111), be computed by the following formula

Km(fp) =

_nil%( Vl(w)gpsj), j=1...,n,

where
v(@):(pskwsky k:l,,,_7n.

Analogously, with the help of a function w(s) = g[¢(s)] in diffusion equa-
tions (5.16) there is controlled the sign of the measure of grid clustering
near boundary segments of a regular surface S*”. Figure 6.7 illustrates sur-
face grids obtained by the numerical solution of equations (5.26) (left-hand)
and (5.16) (right-hand) with node rarefaction (clustering) near the boundary
segment "a”.

Fig. 6.7. Examples of surface grids generated through diffusion equations.

The approach for controlling grid behavior near boundary segments is
readily applied to the generation of meshes by the Poisson system (5.93). A
detailed description of how the source functions P* in (5.93) are specified for
this purpose is in the monograph by Liseikin (2004).

6.4 Practical Grid Equations

This section discusses in detail one-, two-, and three-dimensional grid equa-
tions adjusted to generating grids on the boundary curves and surfaces of
three-dimensional blocks and in the interior of the blocks. The equations are
considered with respect to both monitor surfaces and monitor metrics.
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6.4.1 Equations for Generating Grids on Curves
General Equation

Let a curve S*! in the k-dimensional space R* be represented as
x(s):[0,1] = R*, x=(z',...,2"). (6.153)

For a general monitor metric g° over S®!, in particular (5.58), one-
dimensional inverted diffusion grid equation is obtained from (6.22) as

el ) -

For the inverted Beltrami grid equation we have, assuming in (6.154) w(s) =

NG

(6.154)

d ds} - (6.155)

dé [\ng

Of course the equations (6.153) and (6.155) are also the corresponding
fluxes-sources one-dimensional grid equations.

Equation with Respect to the Metric of a Monitor Curve

Let f(x) = [f1(x),..., f!(x)] be a monitor function, determining the monitor
curve S over 1. Then S™! is parametrized by the following transformation
r(s): [0,1] — R™* | r(s) = {x(s),f[x(s)]}, (6.156)

consequently the covariant ¢° and contravariant g, metric tensor of S™! in
the coordinate s is

gs =TI I's = gws +f,-f, and gs = 1/gs ) (6157)
respectively, where
gms = X5 Xs (6158)

is the covariant metric tensor of S#1, while f, = df[x(s)]/ds. So the intermedi-
ate transformation s(¢) for generating a grid on S*! is subject, in accordance
with (6.11), to the following equation

d?s d/ 1
9 e = \Fd3<f 7.) = 7 = f) (6.159)

where g is the contravariant tensor of S™ in the grid coordinate &, i.e.

9 =1/9* . ¢* = g°(ds/d¢)’
Equation (6.159) is readily converted to
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d’s d/ 1 1 dsd
5 JES () oo B s 1
az ~ VY dg(@s) 2¢° A€ de7 (6.160)
and consequently to the following divergent form
d ds
— — ] = 1 .161
(V) =0, e, (6.161)

i.e. to the equation (6.155).
Simplified Equation

Note if k = 1 in (6.153), i.e. S*! is an interval [a,b], then x(s) in (6.153) is
a scalar function z(s) mapping the interval [0,1] onto [a, b] and consequently
the metric tensor ¢g° in the grid equations (6.159 — 6.161) has the form

gs = (.’)35)2 +fs : fs .
In particular, when z(s) = s, then
g.s =1+ fs ' fs 3

while the grid equation in this particular case is also, in accordance with
(6.5),

d?s  d*f[s(€)] df(s)
dez ez ds

=0. (6.162)

If the monitor function f(s) is a scalar-valued function f(s) then applying
(3.10) with the identification x = s and u = f we find

d2 d’f sd
g;@)] dsJ;(dz) fsdszzk“”fs”w(dé) fsdﬁz’

where k is the curvature of the monitor surface S™'. Substituting this expres-
sion in (6.162) gives the following one-dimension grid equation

2
j—;+k\/l+(fs)2fs<j—z_>2:(), (6.163)

for a scalar-valued monitor function.

A form of a curve grid equation similar to (6.162) can be obtained for
an arbitrary curve S%! parametrized by (6.153) if we, analogously to (6.74),
specify a monitor function f;(s) over S*! as

fi(s) = {s, flx(s)]} -

Then, similarly to (6.77), the curve grid equation is as follows:

Lo, S dxlo) , OGO ) _o g0
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6.4.2 Equations for Generating Grids on Two-Dimensional
Surfaces

Surface Grid Equations in General Monitor Metric

Inverted Diffusion Equations.

Let a two-dimensional surface S*2 in R* be represented by a parametrization
x(s):S? = R, x=(z',...,2"). (6.165)

The most general diffusion form of the two-dimensional surface grid equations
in an arbitrary monitor metric g; over S22 in particular (5.58), follows from
(6.12) as

m 623i 8 ii ..
wls(€)]ge oekogm @[w(s)gg 44 km=1,2, (6.166)

where

ij _ mp 0E 08

Je =95 Hgm gep’

The grid on S*? generated through the equations (6.166) (this system is

equivalent to the diffusive system (5.16) with n = 2) is obtained by mapping

a reference grid in =2 on S*? by the function x[s(€)] where s(&) : 52 — 52

is the intermediate transformation whose components s'(£), i = 1,2, satisfy

these equations. In the same way, the grid on S*2? is obtained by mapping

with x(s) the grid in S? found by the numerical solution of (6.166) on the
reference grid in Z2.

The coefficients g,/ in (6.166) can be found by two ways:

i?j’m’p: 172'

1. by expressing these elements through gfnp,

85, in the formulas for glgm through
0sJ
13

In the first way the quantities 9i;

Os™

o6

2. by expressing the elements

are computed by the formula

¢ s 0s™ OsP ..
gz]:gmpaigl@7 Z?J7mvp:1)"- y 1.
Note that, similarly to (2.21), in the two-dimensional case the elements géj
of the contravariant monitor metric tensor in the grid coordinates ¢!, €2 are
computed through the elements gfj of the covariant monitor metric tensor
(ggm) in the same coordinates ¢!, 2 by the formula

(=1 ¢

9 = e 95 i,j=1,2; i, fixed, (6.167)

where
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gt =det(gf) = g°J2, J= det(as )

g7
Now introducing the operator L? by the formula
2 2 2
2 ¢ 0“v ¢ 0“v I3 0“v
Lv] = gZZW — 297, DELE? + 911 9e20¢2 (6.168)
and taking into account that
L*[v] = g8 J?Lé[v] (6.169)

where L¢ is the basic operator defined by (6.9) for n = 2, we find from (6.166)
the following surface grid system

i _ 8 9
wls(OIL%[s] = g7 1* 5

In the second way we get, availing us of the identities (2.1)

[w(s)gl], i,j=1,2. (6.170)

1
km __ km _
g£ = ﬁb s k,m = 1,27
where
) 3—1 o 3—p
pEm — (—1)ktEmp glp s 5 klom,p=12km fixed.

9s 9E3—k ggs—m’

Thus from the equations (6.166) we also obtain the following equivalent dif-
fusion grid system
2 i
wls(€)]p"™ agakasgm = JQ%[w(s)g;Z], Qg kom=1,2, (6.171)

The transformed equations (6.170) and (6.171) are in fact the equations
(6.166) multiplied by g¢ and J?2, respectively. Though the equations (6.170)
and (6.171) are equivalent to the equations (6.166) if J does not vanish at
any point of =™, they are more convenient for solving by iterative numerical
methods because they do not include J as a denominator. Thus the numerical
solution of these equations can be fulfilled if the Jacobian vanishes in the
process of iterations.

Note the functionals of grid smoothness (5.32) and diffusion (5.52) as
well as the fluxes-sources equations (6.19), (6.23), and (6.28) include J as
a denominator. Therefore the process of finding the grid nodes through the
minimization of the functionals or through the numerical solution of the
fluxes-sources equations rules out any opportunity for the Jacobian to vanish
even at one point.

Inverted Beltrami Equations.

The inverted two-dimensional Beltrami surface grid equations are yielded
from (6.166), (6.170), and (6.171) by assuming in these equations w(s) = 1/g°.
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Fluzes-Sources Equations.

Since (2.1)
&P OEP 1
@asim — ﬁa'kma k7m7p = 1a27
where
o 3—k o 3—m
g = (—1)erm %5 G kym=1,2, km fixed,

a1 9l
so we get from the fluxes-sources diffusion grid system (6.23) the following
equivalent system for generating grids on two-dimensional surfaces
0 kmy 7 O Gpi OsP ivi Lo ds371
Wi g )98 = Ty {wls @) (2 5 — (D 5t 5 ) |
i, 5,k l,m,p=1,2 i fixed.
(6.172)

This system of equations is in fact the system (6.23) multiplied by J.
Another form of the fluxes-sources two-dimensional grid equations is pre-
sented by equations (6.29).

Inverted Beltrami Equations with Respect to the Metric of a
Monitor Surface

Let us consider here a monitor surface S™ formed by the values of a vector-
valued function f(x) = [f1(x),... , f!(x)] over a two-dimensional surface S*2
represented by (6.165). The monitor surface S™ is represented in the coor-
dinates s!, s? by the following parametrization

r(s): 8% = RF* | r(s) = {x(s),f[x(s)]}, s=(s*5?). (6.173)

Consequently for the elements g;° and gf; in the coordinates s', s% of the
covariant metric tensor of $%2 and S"2, respectively, we find

TS __ ) ) s
gij = Xgi *Xgi Zaj—1727

(6.174)
gz'sj:rsi'rsj:g?js-i-fsi-fsj, ’L’]:LQ
Analogously in the grid coordinates ¢!, £2
o =gt af{xa[zi(ﬁ)]} . 8f{>;[;(£)]} =12,
Ox[s(€)] Ox[s(&)] (6.175)
z¢ _ OX[S _OX|s o
gij - aé'l 8&-; ) ,] = 172 .

Using the description (6.168) of the operator L? we find from the grid
systems (6.11) and (6.73) with n = 2, suitable to generate grids on two-
dimensional surfaces, the following systems
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L*[s'] = 8 J?AR[s'], i=1,2, (6.176)

and

Of" i
b Isa

L2i+ SJ2A a _'_é)iji‘:O,
s+ g B[] gE*T,; (6.177)

bai7j7p:1727 a:]-a"'yly

respectively. Contrary to (6.11) and (6.73) these systems are nor divided by
J.

Similarly to (6.171) there are obtained the equations by multiplying (6.11)
and (6.73) with J2.

Simplified Equations

The equations (6.177) are simplified if the monitor function over 5% is chosen
in the form

f[x(s)] = [s,v(s)], v(s)=[v'(s),...,v'(s)]. (6.178)

The metric tensor of this monitor surface S™2 over S*2, formed by the monitor
function (6.178), coincides with the metric tensor of the monitor surface over
S? formed by the monitor function fi[s] = [x(s), v(s)] so, in accordance with
(6.78), the grid equations with respect to s?(£) are in this case as follows:

m
Oz OV rape) — o,
0s' s’ (6.179)

1=1,2, m=1,...k, p=1,...,1l.

LP[s'] + = L*[z™] +

Note the metric element gfj in (6.179) for the operator L? are computed by
the formula

¢ _ 05%(€) 9s*(§) | 0x™[s(€)] 9x™[s(§)] | OvP[s(€)] OvPIs(E)]
%= "o o o PR3] oEi aei
i,j,a=12, m=1,...k, p=1,...,1l.

If the surface S%2 lies in R® and is represented by a parametrization
x(s) = (s,2°(s)) = (s', 5%, 2%(s%, %)) (6.180)

then the simplified equations can be obtained for an arbitrary monitor func-
tion f(x) since the parametrization (6.173) of the monitor surface S™ has
the following form

r(s) = {s',s%,2°(s", s%), fx(s', s*)]} , (6.181)

i.e. 872 is also the monitor surface over the domain S2, formed by the values
of the vector-valued function
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g(s) = {*(s), f[x(s)]} -

Note a nondegenerate, smooth surface S*2 C R? is always represented
locally as the graph of a bivariate function, i.e. in the form similar to (6.180).
In the case of the parametrization (6.181) of the monitor surface S™ over 52
we can also generate grids on S*2 with the use of equations (6.78), for n = 2,
which analogously to (6.179) are converted to

6 2 8f 20491 _
aszL 2]+ 5 LM = (6.182)

where

dx®  9x®s] ofr  Of[x(s)] i=19

dst  9st 7 9st  9st T T
while the metric elements gfj in the description (6.168) of the operator L?
are as follows:

¢ _ 0s(§) 0s(§) n 92°[s(¢)] 0=°[s(€)] n Of[x(s(§))]  Of[x(s(€))]
Yii T e ogi o oci oEi o¢
i,j=1,2.

The form (6.180) of the parametrization of S2 allows one to include
the mean curvature K, of this surface into the grid equations with respect
to the metric of this surface, i.e. without a monitor function. Indeed the
parametrization (6.180) also represents the parametrization of the monitor
surface S™ over S? with a scalar-valued monitor function f(s) = x3(s).
Therefore, availing us of (6.93) for n = 2 and (6.169), we obtain the following
grid equations for generating a fixed grid on %2

ox3
I =1,2. 1
S =0, i=1, (6.183)

L*[s'] + 2/ 5 T’ K.

6.4.3 Equations for Generating Grids in Domains
Two-Dimensional Domains

There are two approaches for controlling the grid behavior in a two-dimensional
domain X2 C R?: with the use of monitor surfaces and monitor manifolds.

General Monitor Metric.

Two-dimensional domain grid equations in an arbitrary monitor metric g7
over the domain S? are naturally obtained from the equations (6.170),
(6.171), and (6.172) for two-dimensional surfaces, assuming in the corre-
sponding formulas g3 = 51 i, =1,2.
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FEquations with Respect to a Monitor Surface.

Let
f(x): X2 =R, x= (2%, f=(f...,fY,

be a monitor function over X2. Then the monitor surface S™ over X? is
parametrized as follows:

r(x): X% = R* | r(x) = [z}, 2% f(x)] .

Particular forms of the grid equations in the metric of the monitor surface
S"2 are obtained from (6.53) or (6.55) with n = 2 by the assumption z* = s¢,
i =1,2. Since (6.167), (6.169) the equations are as follows:

ofk
oz’

Lz + =—L*[f*) =0, i=1,2, k=1,...,1. (6.184)
Here the elements gfj of the metric tensor of S"? in the definition (6.168) of
the operator L? are computed by the formula

e _ o oum  OfMx(€)] Of*x(€)]

> = . - , - i, J,m =1,2 k=1,...,l.
gz] 8§l 65-7 851 aé-j ) Z?]’m ) ) ) )l

Analogously to (6.171) the equations (6.184) are also equivalent to

) L ()
acioem | dri. 9gigEm

i,jym=1,2 k=1,...,I. (6.185)

In the case f(x) is a scalar-valued monitor function f(x) over X2, the grid
equations are also represented by (6.93) with n = 2, s* = 2%, i = 1,2. So the
equations (6.184) have one more equivalent form

L2z 4+ 265 /X P Ko foi =0, i=1,2, (6.186)

where

¢ _ 0w ox™ | Of[x(€)] Of[x()
%7 ge ogr T g oe

g* = det(gfj) s =14+ () + (f2)?
! g
2Vg*

gki i k = 1,2, are the elements of the contravariant metric tensor of S"2
in the coordinates x!, 22. Since the elements 9> 65 = 1,2, of the covariant
metric tensor of S™2 in the coordinates x', 22, are expressed by

i,j,m=1,2,

K, = )Izjfm’“mi ) jakzlaza

95 =0+ foifui, 4,5=12,
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and analogously to (6.167),

g = (~1)HgE g%, 6i=1,2, i, fixed,
we find

Kp=-————B (6.187)

where

B = (1 +fz2fa:2)lezl - 2lefm2lez2 + (1 + fxlf:vl)fxzxz .

Thus equations (6.186) can be written in the following form

J’B
L+ (far)? + (f22)?

L*[z'] + fei=0, i=12. (6.188)

Three-Dimensional Domains

Analogously to the two-dimensional case discussed above we consider two
types of three-dimensional grid equations for generating grids in a three-
dimensional domain X? C R3.

Equation in General Monitor Metric
Inverted Diffusion Equations.

Three-dimensional inverted equations with respect to an arbitrary monitor
metric g3;, 4,7 = 1,2,3, over the domain S$3 and weight function w(s) > 0
are described by the formula (6.12) with n = 3. However for the purpose of
practical applications we, analogously to the two-dimensional cases consid-
ered above, change in two ways the coeflicients géj in the description of the
operator L¢ by multiplying them with ¢¢ and J?, in order the Jacobian J
was not included in the equations as a denominator. Such equations can be
solved by iterative methods if the Jacobian vanishes during some iterations
at the points of =". N

In the first way the elements of the inverse matrix (g?), 1,7 =1,2,3, can

be found from the elements of (gfj) by the following general formula

1 -
9¢ = gT(gf+1j+lgf+2j+2 - gf+1j+2gf+2j+1> , hi=L...,n,

(6.189)

in which any index, say ¢, is identified with ¢ & 3, so, for instance, gfs = ng.
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So the grid equations (6.12) with n = 3 are as follows

wls(@)| L[] = g*.% -2

@(w[s]ggi), i,j=1,2,3, (6190)

where

660 — o501 &*v
923913 — 912933 DELOE?

¢ ¢ ¢ ¢, O ¢ & g2 0%
"‘2[912923 - 922913]@ + [911933 - (913) ]W

5 € ¢ ¢ \2, 0%
L7[v] = [g52935 — (953) ]851851 +2

2
e ¢ ¢ ¢, 0 ¢

¢ v ¢ £\2 82’0
"‘2[912913 - 911923]@ + [911922 - (912) ]

0E39¢3
Analogously, we obtain equivalent equations, in the second way, expressing
in the contravariant elements

g __ _km 651 ﬁ
9 =95 pek gsm

the terms 0¢%/0s? by 0s*/0¢™, in accordance with formulas (2.2).

i7j7k7m = 172737

Inverted Beltrami Equations.

Three-dimensional inverted Beltrami Equations are obtained from the in-
verted diffusion equation (6.190) by substituting in these formulas /g% for
w(s).

Fluzes-Sources Equations.

Three-dimensional fluxes-sources equations for the general monitor metric
are of the form (6.19) with n = 3. Equivalent forms of these equations are
obtained by changing the terms 9¢'/0s’ and g? with the elements of the

matrix (9s°/0¢7) and (gfj), respectively.
Equations with Respect to a Monitor Surface.
Let a monitor function
f(x): X2 >R, x=(z',2% 2%, f=(fY...,fH,

over X3 have been specified. Then the monitor surface S™ over X3 has the
following parametrization

r(x): X2 = R r(x) = [z, 2%, 23, f(x)] .

The grid equations in X? are, for example, the equations (6.53) in which n =
3, 2" = s',i = 1,2,3, while the contravariant metric tensor (g¢'), 7,7 = 1,2,3,



218 6 Inverted Equations

of the surface S™ in the grid coordinates £, £2, €3, is the matrix inverse to
the covariant metric tensor (gfj), 1,7 = 1,2,3, where

g6 = 9zm(&) 9z™(E) | Of*[x(§)] 0f*[x(&)]
R SIS ¢! o5 7 (6.191)
ijym=1,2,3, k=1,...,1.

Thus the equations for gridding the domain X3 with the monitor function
f(x) : X3 — R! are transformed from (6.53) to

k
L3[xi]+L3[fk]gf.:o, i=1,2,3, k=1,...,1. (6.192)
xl

If f(x) is a scalar-valued monitor function then, analogously to the two-
dimensional case considered above, the grid equations are represented by
(6.93) with n = 3, s* = 2%, i = 1,2,3. Similarly to (6.186) these equations
also have the form, following from (6.93) for n = 3,

L3z + 3¢° V¥ P K foi =0, i=1,2,3, (6.193)
where, in accordance with (5.69) and (6.91),

g =1+ (facl)Q + (fac2)2 + (fw3)2 5

1 .
Km k3 xkxi '7k:172a37
3\/979x fk J J

%)

J = det(

Here g% j k = 1,2, 3, are the elements of the contravariant metric tensor of
573 in the coordinates x'!, 22, 3. These elements are computed, for example,
by the formula (5.68) with » = 3 in which s is identified with x, i.e.

S ; 1
g:c]:é‘f_ixfmﬂfm‘a ]aZ:17253
g



7 Numerical Implementation
of Grid Generators

The systems of grid equations (6.11), (6.12), and their modifications described
in Chap. 6 allow one to generate grids in domains or on surfaces in a unified
manner, regardless of their dimension. In particular, these systems can be ap-
plied to produce grids in spatial blocks by means of the successive generation
of grids on curvilinear edges, faces, and parallelepipeds, using the solution
at a step ¢ < m as the Dirichlet boundary condition for the following step
i+ 1 < n. Thus both the interior and the boundary grid points of a domain
or surface can be calculated by the similar elliptic solver.

This chapter reviews some finite-difference numerical algorithms for grid
generation based on the equations and functionals discussed in Chaps. 5 and
6.

In the chapter the following rule is observed: the indices related to the
numeration of cells and/or cell vertices are considered as fixed, i.e. the sum-
mation in formulas over such indices is not carried out.

7.1 Method of Fractional Steps

In this section we describe one version of the algorithm of fractional steps
proposed by Yanenko (1971). Other versions of this algorithm that can be
readily implemented for solving the resulting multidimensional grid equa-
tions, in particular, the popular ADI (alternating direction implicit) method
are reviewed by Kovenya, Tarnavskii, and Chernyi (1990), Fletcher (1997),
and Langtangen (2003).

7.1.1 One-Dimensional Equation
Here we consider a curve S*! specified by a parametrization
x(s):[0,1] = R* | x=(z*,...,2").

For generating a grid on the curve S*! we use the inverted equation (6.155), in
which ¢® is a monitor covariant metric over the curve, in particular, specified
in the form (5.58) for n =1, i.e.
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g° =z2(s)g** + F™(s)F™(s), m=1,...,1,

_ O0x ox

T 0s 0s’

rs
The metric g° can also be the metric of a monitor curve S™ prescribed by a
monitor function for controlling grid properties
f(x):GF - R, f=(f'...,fY,

where G* is a domain in R* containing S*!. As a result the monitor curve
S over S*! is parametrized by

r(s) - 0,1] = R™" . x(s) = (x(s), fx(s)]) ,

and consequently

s s _dx dx | dfx(s)] df[x(s)]
g9 =9 _XS.XS—’—fS.fS_ds.ds—i— ds  ds ’

Numerical Algorithm

The numerical grid on S®! is computed after solving the Dirichlet boundary
value problem with respect to s(§) for the equation (6.155), i.e.

d%(\/g’sj—z):o, 0<e<1,

s(0)=0, s(1)=1.

(7.1)

Namely, the grid nodes x;, j = 0,1,... , N, on S*! are defined by the relation
x; =x(s(jh)), j=0,1,...,N, h=1/N,
or by
x; =x(s;), j=01,...,N, h=1/N,

here s;, 7 = 0,1,... , N, is a difference function obtained by the numerical
solution on a uniform grid &; = jh, j =0,1,... , N, of the Dirichlet problem
(7.1).

Iterative Scheme

The nonlinear problem (7.1) is solved by an iterative process which is en-
gendered by the numerical solution of the following parabolic problem with
respect to a function s(§,t)
os 0 0s
3% (VT 5)

=0, 0<¢<1, 0<t<T,
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The problem (7.2) is approximated on the uniform grid (ih,n7) with
respect to s, 1 =0,1,... ,N,n=0,1,..., by the following natural stencil

n+1 n
S; — S _ n+1 n+1

= ﬁ[v?+1/2(8i+1 —s) -l 1/2(anrl nH)] )

Si—1

(7.3)
=0, s%h=1, s?=s0(ih), h=1/N,

V) = <\/g )+ o (T)) s i=0,1, N1, (7.4)

The scheme (7.3) is implicit. Its solution is obtained from the algorithm
which is expounded by the application to the following well-known difference
reference problem

Aptgitl — opttgntl L prtlgntl = —Fr . i=1,2,... ,N-1
) i—1 ) z—i— 4 (75)
sgtl=a, syl=0b.
The solution of (7.5) is found through the following recursive formulas
sptt =i o, i=1,..0  N-1, s =0, (7.6)
where
Bn+1
n+1 __ 7 s n+1
ai+1ic.n+1—a7.l+1AT.l+l, i=1,..., N—1, =0,
! ! ! (7.7)
An+1 n+1 n
Bl = i B J i i=1,...,N—-1, prl=a.
optt — it A+t
Thus assuming in (7.5) a =0, b =1, and
n+l _  n n+l _ . n n+l _  n n
AT = Vi_1/2 5 B = Vitv1/2 5 Ci = Vi_12 TV T 0, (7.8)

Fr=0s", 0=h%/r, i=1,...,N—1,

we obtain a solution of (7.3) at a step n+ 1 if it is known at the previous step
n. Note the values of the initial function s?, i = 0,1,... , N, are specified by
the user. Naturally it may be assumed that

s)=ih, i=0,...,N, h=1/N.

As an approximate numerical solution of (7.1) there is taken the solution
st i=0,1,...,N, of (7.3) at a step number n if
sntl _gn
max s = s <e, (7.9)
0<i<N T

for some sufficiently small € > 0.
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Step-by—Step Algorithm

The algorithm described above is presented here in a step-by-step manner.
Step 1.
Define an initial grid distribution of the parametric interval [0,1] by intro-
ducing a monotone difference function s?, i = 0,..., N, such that sJ = 0,
& =1.
Step 2.
Compute the difference function v?+1/2, i=0,...,N —1, by formula (7.4).
Step 3.
Compute the difference functions A}, B}, C}, F?, i =1,... ,N — 1, by for-
mulas in (7.8).
Step 4.
Compute the coefficients o} and 3}, i =1,..., N, by formulas in (7.7) with
a=0.
Step 5.
Compute the difference solution s}, i = 0,..., N, of the first step through
the formula (7.6) taking into account s§ = 0, sk, = b= 1.
Step 6.
Return to step 2 assuming s} = s
obtained at the step 5.

Continue until the tolerance requirement (7.9) is observed.

The algorithm described is readily reformulated for the numerical solution
of the inverted diffusion equation (6.154), namely, by substituting in (7.2) and

(7.4) ¢3/w(s) for \/g".

1

i =0,...,N, where s} is the solution

7.1.2 Two-Dimensional Equations

In this section a finite-difference numerical algorithm for generating grids in
two-dimensional domains and surfaces is described.

Algorithms for Generating Grids in Two-Dimensional Domains
Boundary Value Problem

Let us first discuss the grid algorithm for a two-dimensional domain S2. We
shell use for the logical domain =2 the unit square: 52 = {0 < ¢!, €2 < 1}.
Let the transformation s(§) for generating a grid in S? be specified on the
boundary of 52, i.e. there is a map

p(£) : 052 - 857, o= (p',¢°) (7.10)

which is continuous on 9=2. Note the one-dimensional transformation on
any segment of 52 can be computed by the algorithm described in Sect.
7.1.1. The generation of a grid in S? is based on the numerical solution of the
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Dirichlet problem for the most general systems of inverted diffusion equations
(6.170) or (6.171). In particular, the boundary value problem for the system
(6.170) has the following form

A 9 .
wls(@e) = o g5 e ] i =12,
s
(7.11)
51(5) 8:2: @i(é)v Z:1a27
where
82’0 82’() 821)
_ £ 3 £
L? ['U] = 922@ — 2975 DELDE? + 911 DE2DE? . (7.12)

As another equivalent system of the inverted diffusion grid equations in
(7.11) there can be the system (6.171).

Assuming in (7.11) w(s) = /g% yields also the boundary value problem
for finding grids by the inverted Beltrami equations.

Parabolic Equations

The nonlinear boundary—value problem (7.11) is solved by an iterative pro-
cess. For this purpose (7.11) is replaced by the following boundary-value
parabolic problem with respect to the functions s?(¢1,£2,¢), i =1,2:

asi % s 0 ij .o
5 = wls(§)]L?[s'] — g J2@[w(5)gs]] . i, =1,2,
SHE ) =¢i(E), €€8E2, t>0, (7.13)

s'(€,0) = 55(¢) , &€ =7,
where s{(&) is the i-th component of the initial transformation
so(€) 1 22 > 5%, s0(€) = [s0(£), 55(8)];

specified by the user.

The solution s(&, t) satisfying (7.13) aspires to the solution of (7.11) when
t — oo. Therefore an approximate solution of (7.11) is obtained from the
solution of (7.13) computed for some sufficiently large value ¢t = Tp.

Initial Transformation
The initial transformation
s(£,0) =so(€): 5% — 52

can be found by propagating the values of p(&) = [p'(£),¥?(€)] from the
boundary points into the interior of the domain =2, for example, if =2 is a
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unit cube through the formula of the Lagrange two-dimensional transfinite
interpolation. This formula has the following recursive form for the compo-
nents s*(&,0) of the mapping so(&):

Fi(gh,6%) = a(€)9(0,6%) +aiy (€)¢'(1,€7)
s'(€1,€%,0) = F'(€',6%) + apu(62)[¢' (€1, 0) — F*(¢4,0)] (7.14)
+aly (E2)[pH(EN 1) — Fi(eh,1)], i=1,2, ifixed,

where the functions o} ;(s), 0 < s < 1, (referred to as blending functions) are
subject to the following restrictions

abs(0) = af;(1) = 1, afy(1) = al,(0) = 0. (7.15)
In particular for the simplest expressions of the blending functions
agi(s) =1—s, aj(s)=s,
satisfying (7.15) we find from (7.14)
Fi(gh€?) =(1-€)9'(0,67) +&'¢'(1,67)
5i(€17€2)0) - Fi(§17€2) + (1 - 52)[<)0i(§130) - Fz(gl’o)] (716)
+&%pi(¢h, 1) — Fi(el, 1)), i=1,2.
Tterative Algorithms for Generating Quadrilateral Grids

Let us introduce, for convenience, new dependent variables s(&,t) = s1(&,¢),
v(€,t) = s2(&,1), gem = ggm, k,m = 1,2. With respect to the corresponding
discrete vector-valued function s™ = (s?j7 v?j), 0<i<N,0<j<Ny0<n,
the problem (7.13) is approximated on the rectangular grid (ihy, jha, n7),
hy = 1/Ni, hy = 1/N, in the logical domain =2 x [0,7], where =2 is a
square (Fig. 7.1), by the scheme

n+1/2 n
i ~ i n n n n n
% = w(s™)ijlga2(s™)ij L (s" /%) — 2g12(s™) ;M (s™)
+911(8")i;Si5(s™)] + Pij(s™) (7.17)
1<i<N;—1, 1<j<Ny—1, n>0,
nHl/2
% = w(s")ij[g22(s™)ij Ly (v" /%) = 2g15(™) i3 My (")
(7.18)

+911(8")i5Si; (v™)] + Qiz(s™)

1<i<N -1, 1<j<Ny—1, n>0,



7.1 Method of Fractional Steps 225

(1]

el |1 [ir

3(0....N,) il j 1] i+l j

11 i1 it g1

[

oy

(0. Ny)

W

Fig. 7.1. Two-dimensional quadrilateral stencil for finite differences

1/2
snfl _ S”"‘ /

Y B n). Q.. (sntl _ on
pn gui(s )Z]SU(S s"), (7.19)

1<i<N;—1, 1<j<Ny—1, n>0,

1/2
ntl _ ntl/

[
17 1) _ n lsl n+l _ . n
. gll(s )J ](v v ) ’ (720)
1<i<N -1, 1<3<Ny—1, n>0,
where 92 +
Zi41j — 4Zij Zi—1j
Li’ z) = 5
]( ) (h1)2

M it lj4+1 — Zi—1j41 — Zitlj—1 T Zi—1j-1
(@) = 4hihy ’
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Zij+1 — 22ij + Zij—1
Sij(z) = ’ (hg)JQ —,

Py(s) = {07 o (sl (7))

)

w1 05°" 0

={g07(-1) 9651 ogl [wemat ]},

)

_ (gsJ)__[v?j+1 — Vi1 w(sn)i+1jg;1(sn)i+lj — w(sn)ifljg_}.l(sn)iflj
Y 2hs 2h

Uy — Vi w(s™)ij1g5" (8™)ijr1 — w(s™)ij—19s" (8M)ij—1
o, 2y

S~ STi—1 w(s™)it1957 (8™ )it1y — w(s™)i—1;95% (8" )i—1y
2ho 2h

Sty — Sty w(s™)ij41982(s™)ij41 — w(sn)ijflgsm(Sn)ijfl]
2h1 2ho ’

Qu (") = {47 rlu(s)gt (5701}
S3—k
— {0 S e

1

(gsJ),,[”?jH —Vij1 w(s™)ir195 (8™)it1j — w(s™)i—1595°(8")i—1;
" 2hs 2h,

U Vi w(sM)ij1957 (8™ )it — w(s™)ij—1957(8™)ij—1
2h1 2ho

S = 8- w(s™)it1957 (8™ )iy — w(s™)i—1957 (8™ )i—1y
2h2 2hl

Siv1y — Sic1y w(s™)ijp192 (8" )ijp1 — w(S")ij—lggz(sn)“‘l]
2h, 2hs ’
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s L — 8T L \2
911(s")ij = g11(8")ij (M)
2h

n n n n
205, (s™):; Siv1y — Si—1j Vit — Yi-1y
123w 2hy 2hy

ol =t N2
+1 —1
(et

n — g . g™ — gn
grals™yy = gy (s7)yy o2 Bt 2 B
) 11 ) th 2h2

n n n n
+gt (Sn)usi—o—lj = 515 Vij41 — Vij—1
1237 74 2h, 2hs

n n n n
tgs [Sn]usij-&-l — Sij—1 Vig1j — Vicyy
1215w 2hs 2hy

n n n n
+gS (Sn)””iﬂj —Ui_15 Vij41 — Vij—1
2w 2hy 2hs ’

sm. — 8 \2
goals"liy = gha(s") (FH L)
2ho

n n n n
+2g° (Sn)usz’j%»l — Sij—1 Yij41 — Vij—1
1A= 2hs 2hs

A — 2
+1 —1
+ol" (<)

1<i<Ni—1, 1<j<Ny—1, ki=12.
Algorithm for Computation

The solution of the scheme described above is obtained by applying succes-
sively formulas (7.6) and (7.7) for the solution of the reference difference
problem (7.5). Namely, assuming

AZ.H/Q _ 922(Sn)ij 7 BZ+1/2 _ 922(5”)2-3- ’
CiH 2 = 2gay(s™)i + 01, 01 = (hn)?/7 (7.21)

Fli = 01875 — 2g12(8™)i3 M5 (s™) + g11(s™):5Si;(s™) + Pij(s™)

we obtain, in accordance with (7.6) and (7.7), a solution of (7.17) for each
fixed number j, 0 < j < No,
n+1/2 n+1/2 n+1/2 n+1/2
Sij /2= ai+1j/ 5¢+1j/ +Bi+1j/ )
o (7.22)
i=1,...,Ni—1, sy /?=0¢l(1,jh),
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where
n+1/2
a’ﬂ+1/2 _ Bij
i+l T n+t1/2 n+1/2 ,n+1/2

Cij —ay; Aij (723)

i=1,..., N—1, a;l;rl/zz()’
n+1/2 on+1/2 n

ﬁn—&-l/Z o A’Lj BU + F

i+l CZH/Z _ a7;+1/2AZ+1/2 ’ (7.24)

izla"'aN1_17 6n+1/2 1(0’jh2)'

Analogously the solution of (7.18), for each index j, 1 < j < Ny — 1, is
expressed by the following recursive formula
vn+1/2 n+1/2 n+1/2 + 6n+1/2

ij i+1j H—lj i+l
(7.25)

i=1,... ,Ni—1, vy? =01, jh),

n+1/2 and ﬂn+1/2

where OEy 15

with
a?jl/z = 0 ) ﬂn+1/2 - @2(07jh2) )

are computed by (7.24) and (7.25), respectively,

n+1/2 n+1/2 n
Az’j+ 2 — 922( )z] s Bij+ /2 = 922(5 )ij s
(7.26)

C’TL.Jrl/z = 2g22(sn)ij +601, 6= (h1)2/T ’

)

Flt = 01075 — 2g12(s™)ij M5 (v™) + g11(8™)i5 S5 (v™) + Qiz(s™) -

In order to compute (7.19) by (7.6) we assume, for each fixed i, 1 <14 <
Nl - ]-7

AR = gi1(s™)i; . BET = gu(s™)i . CET = 2g11(s™)ij + 02,
0y = (ha)?/7, (7.27)
FETY2 = 0557742 — g1y (s7)i835(s) -

In accordance Wlth (7.6) and (7.7) we find the solution of (7.19)

S(L_Jrl _ an+1 n+1 +ﬁn+1

Y 1%+ R (7.28)
j=1,...,No—1, s”+1 pl(ih1, 1),
where
n+1
aph = ot _BZnHAnH , (7.29)
ij i g .

j=1,...,No—1, a'=0,
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An+lﬂn+1 + Fn+1/2

ﬂn+1 _
gl ondl _ gntl Anﬂrl ’ (7.30)
1] 1]

j=1,...,Ny—1, ﬂ"+1—<p1(ih1,0).

Analogously the solution of (7.20) for each fixed index i, 1 <i < Ny — 1,
is expressed by the recursive formula

n+l _ _n+l_ n+l n+1 n+1
v =aghav B, vy, = ¢ 2(ihy, 1), (7.31)

where oz"Jrl and ﬂfjﬂ are computed by (7.30), and (7.31), respectively, with
02 = (hz) /7,

aft =0, Bt =¢3(ih,0),

AL =g (s™)ij . BT =gua(s™)iy . Ol =2g11(s")ij + 02, (7.32)

}7;7',—’_1/2 = 921};?_1/2 — gll(Sn)ijS(’Un) .

Fig. 7.2. Stages of the iterative generation of a quadrilateral grid with the use of
a singular initial grid

An approximate solution of (7.13) is the solution s, at a step n such that

1 n+1 n\2 n+1 n\2
max — T g2 4 (pltT — )2 < .
0<i<N;,0<j<Na T (535 siy)® + (v RIS (7.33)

for some sufficiently small £ > 0.
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2
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i (0,...N2) AY /\/ JAVAVAVAN
‘ /\/\/\/\tnﬂ/!rfl /N \
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z«;l 1(0,...Np)

(1]

Fig. 7.3. Two-dimensional triangular stencil for finite differences

Step—-by—Step Algorithm

The numerical algorithm described above is a sequential process. The details
of the algorithm are presented here in a step-by-step manner.

Step 1.

Define an initial grid distribution, using the formulas (7.14) or (7.16), by

introducing two difference functions s - and vw, 0<i< Ny, 0<j< N,

such that
(ng’vgj) s(0, jh2) , (S?V1j7v?\/2j) = S(l,jhg) )
( 505 U ) (Zhlv ) ) (S?N27U?N2) = S(ihlv 1) .

Step 2.

Compute the functions g1 (s? )5 g12(s? )5 gaa(s? ) g(s?j)7 M;;(s%), M;;(v),

P;;(s%), Qij(s°).

Step 3.

Compute s?;rl/2 using (7.22 — 7.24).

Step 4.

Compute v?flm using (7.25 — 7.26).

Step 5.

Compute so+1 using (7.28 — 7.30).

Step 6.

Compute 'u0+1 using (7.31 — 7.32).

Step 9.

Return to step 2 assuming (s;, v);) = (sj;,v};), where s}; and v}; are taken
from steps 5 and 6.
Continue until the tolerance (7.33) is observed.
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This algorithm is readily transformed for the numerical solution of the
grid equations (6.171), as well as of the inverted Beltrami equations simply
by substituting in the above formulas /g% for w(s).

Figure 7.2 demonstrates some steps of the grid generation in a two-
dimensional domain by the solution of the inverted Beltrami equations with
the iterative algorithm described. The initial grid is singular (all its interior
nodes merge into one node lying outside of the domain).

Generation of Triangular Grids

The numerical algorithms described for generating quadrilateral grids are
naturally applied to the generation of triangular grids when the logical do-
main is a symmetric trapezoid. The scheme, similar to that in Fig. 7.1, is
demonstrated in Fig. 7.3.

An example of a triangular domain grid generated by such algorithm is
exhibited by Fig. 7.4. As well as in Fig. 7.2 the initial grid is singular. All
its interior points are placed into three points, two of them lie outside of the
domain.

Algorithm for Generating Grids on Two-Dimensional Surfaces

In the same way as for domains there are generated grids in a two-dimensional
surface S*2 represented as

x(s): 8% - R, x=(z',2%,2%), s=(s',5%), (7.34)

by solving the boundary value problem for the inverted diffusion equations
(6.170) and (6.171) as well as for the corresponding inverted Beltrami equa-
tions with respect to a monitor metric g;; over Se2,

Fig. 7.4. Stages for generating a triangular grid by using a singular initial grid
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Fig. 7.5. Adaptive surface grids generated with the use of a monitor function. The
boundary grid nodes in the left figure are generated without the use of the monitor
function

Similarly to the case of a two-dimensional domain we also choose a square
or trapezoid for the logical domain =2. We also assume that the boundary
transformation

P(€): 052 = 08%, o= (p",¢"),
which is continuous on =2, has been specified on the boundary grid points

of 52, for example, by computing it through the algorithm described in
Sect. 7.1.1.

Fig. 7.6. A triangular adaptive grid on a conical surface

The grid on S*? is obtained by mapping with x(s) the grid nodes com-
puted in S? through the numerical solution of the Dirichlet problem with
respect to s(&€) for the inverted grid equations.

Figures 7.5 and 7.6 illustrate surface grids generated by the algorithm.

7.1.3 Three—Dimensional Equations

For generating grids in a three-dimensional domain S® C R? with the use of
the inverted diffusion equations with respect to a monitor metric g3;, 1,5 =
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1,2,3 we formulate the following boundary value problem for the equations
(6.190)

wls@ILls] = ¢° o 5 [w(e)ad] 15 =1,23,
s (7.35)
s©) ], = ®,
where
i 821)
L] = 9°9¢ peipgs

ooy — (657 9%y +2lgbt, — bt v
22933 923 DELDET 923913 — 912933 DELDE?

e ¢ ¢ ¢, 0N ¢ ¢ ¢ 2 0%
"‘2[912923 - 922913]851353 + [911933 - (913) ]852852
0%v 0%v
+2[gf2gf3 - 9%1933] DE2083 + [951952 - (9%2)2] 23083

Analogously to the solution of (7.13) we find a solution of (7.35) as a limit
with ¢ — oo of the solution of the corresponding parabolic problem

0s’ . B) g
= s - ¢ [l ig =123,
s(§,t) =p(§), £€0Z%, t>0, (7.36)

s(£,0) =s0(§), &e€Z=°.
Initial Transformation
The initial transformation
s(£,0) =s0(§): 2% — 83

can be found by propagating the values of ¢ (&) into the interior of the unit
cube 53, for example, through the formula of Lagrange transfinite interpo-
lation. In particular, for the simplest expressions of the blending functions

agi(s)=1-s, aj;(s)=s,

we find from (1.10)
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Fi(€,€%,6%) = (1-€1)¢'(0,6%,6) + 19" (1,6%,€7)
F3(€',€%,8%) = F{(§,6%,6) + (1 - )[¢'(¢,0,€°)
—F{(£5,0,8%)] + ¢ (¢, 1,€7) — F(¢',1,€%)]

o' (€1,€%,8%) = F3(€1,€2,€%) + (1 - &) [p'(¢1,€2,0)

—Fj(&4,62,0)] + 3o (€4, €2,1) — Fi(¢h,e2,1)], i=1,2,3,

(7.37)

A numerical algorithm for solving the problem (7.36) is formulated anal-
ogously to the two-dimensional algorithm reviewed by formulas (7.17-7.20),
namely, by splitting the process of the numerical solution into a series of

one-dimensional algorithms. In particular assuming

(1) =s'(&,1), v(& 1) =5&1), pE 1) =5(&1),

the problem (7.36) with respect to the difference variables s};, 0 <14, 5,1 < N,
0 < n, representing s(&,¢) is approximated at the points (ih, jh,lh,n7), h =

1/N, by the scheme:

n+1/3 s™ 1
id 9441 n n
% =72 (a1 (s} %) + 20 Das(s7h)
+a*Daa(s});) + 20*°Dag

+2a"°Das(s}y;) + a**Dss(s]y;)] + P (s},

1<i,j)l<N—-1, n>0, ifixed,

Sn+2/37 n+1/3 1

il il 1

() - ] :ﬁ[@22D22(3?j—}_ _S:‘le)]7
1<i,j,l<N-1, n>0, jfixed,

2/3
sn+1 _ 87_1+ /

a5l ijl 1 n n
% — ﬁ[a33D33(5iﬁ—1 o Sijl)] ’
1<i,j,l<N—-1, n>0, I[fixed.

where
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D11(zij1) = zit1ji — 22iji + zic1ji s, 1 <4,5,l <N -1,

1 ..
D12(zi51) = Z(zi+1j+1l — Zi_1j41 — Ziglj—u + Zi—ij—u) , 1< 4,5, <N -1,

D22 (2iji) = zij+u — 221 + zij—u, 1<4,5,l< N -1,

Dss(zij1) = ziji+1 — 22iji + ziji—1, 1<4,j,l <N -1,

1 .
D13(zij1) = Z(Zi+1jl+1 — Zi—1ji+1 — Zit1ji—1 + Zi—1ji-1) , 1 <4, 5, Il <N -1,
1 .
D2s(zij1) = Z(Zz‘j+1l+1 — Zij41i—1 — Zij—14+1 + Zij—u-1) , 1 <4,j,l <N -1,
" =(w(s)gf g™, 1<i g l<N-1, km=123,
1/.n s 72 8 1m\n ..
P (Sijl) :_[g J as_m(w(s)gs )]ijl ’ 1§’L7J7ZSN_17 m:1a273'

Similar expressions are written out for computing the variables v(€,t) and

p(&,1).

An example of a three-dimensional spatial grid generated with the use of
this scheme is demonstrated in Fig. 7.7. The grid adaptation in the vicinity
of a sphere is provided by the weight function w(s), where

R? - 0.0625)
0.0001 ’
R? = (s' = 0.5)2 + (s — 0.5)% + (s — 0.5)2

w(s) = 0.8 eap|3 eap(~

Analogously, assuming in (7.35) w(s) = /g%, we get a numerical algorithm
for solving the Dirichlet boundary value problem for the three-dimensional
inverted Beltrami grid equations.

Fig. 7.7. Three-dimensional grid with node
clustering in the vicinity of a sphere
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7.2 Method of Minimization of Energy Functional

This section describes another finite-difference grid generation algorithm
based of the minimization of the functional (5.32). Following to Charakhch’yan
and Ivanenko (1988,1997) who originated it the algorithm is first expounded
for the two-dimensional version of the functional in the Euler metric, i.e.

=2

where J = z¢y, — z,y¢, and then an explanation is given how it can be
generalized to monitor metrics and other dimensions. Note the functional
(5.32) in the Euler metric g5; = 5;, i,7 = 1,2, becomes the functional (7.38)
when the following designations

¢=¢ E=n s&n) =xEn)yEn)

are assumed.

By the algorithm the functional (7.38) is approximated by a discrete func-
tional I"[]. This is made by approximating the integrand of (7.38) at each
grid cell of the logical domain 52 and then carrying out summation over all
cells.

7.2.1 Generation of Fixed Grids

The problem of grid generation is treated as a discrete analog of the problem
of finding the components z(£,n) and y(&,7n) of the intermediate transforma-
tion s(&,n) producing one-to-one mapping of the logical square

0<éE<], 0<n<l

onto a physical domain X2.
Instead of the logical square on the plane £,7n the parametric rectangle

1<&é< N, 1<n< M.

is introduced to simplify the computational formulas. This rectangle is asso-
ciated with the square grid (;,7n;) on the plane &, 7 such that & =14, n; =
j,i=1,...,N; j=1,..., M.

It is readily shown that if a smooth mapping of one domain onto another
with a one-to-one transformation between boundaries possesses a positive
Jacobian, then such a mapping will be one-to-one. Hence, the grid coordinate
system, generated in the domain X2, will be non-degenerate if the Jacobian
of the mapping s(&,n) = [z(&,n) , y(&§,n)] is positive:

J = xeyy — xpye > 0. (7.39)

Thus, the problem of the construction of the grid coordinates in the domain
X? can be formulated as the problem of finding a smooth mapping of the
parametric rectangle onto the domain X2, which satisfies the condition of the
Jacobian positiveness.
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Formulation of Discrete Functional

Let the coordinates (z,y);; of grid nodes be given. To construct the mapping
z"(&,n) , y"(&,n) of the parametric rectangle onto the domain X? such that
zh(i,7) = z;; and y"(i,j) = y;; quadrilateral isoparametric finite elements
are used. The square cell numbered as i + 1/2,j + 1/2 on the plane £, 7 is
mapped onto the quadrilateral cell on the plane z,y , formed by the nodes
with coordinates (x,v)j, (2,9)ij+1, (€, ¥)it1j+1, (T,y)i+1;. The cell vertices
are numbered from 1 to 4 in the clockwise direction. The node (i, j) corre-
sponds to the vertex 1, node (4,j + 1) to vertex 2 and so on. Each vertex is
associated with a triangle: vertex 1 with Ayyo, vertex 2 with Aj23 and so on.
The doubled area Ji, k = 1,2, 3,4, of these triangles is introduced as follows

Je = (-1 — o) Ykt1 — Yk) — Wr—1 — Ur) (Thp1 — i)

where one should put k —1=4ifk=1,k+1=1if k = 4.
The functions " , y" for i < € <i+1, j <n < j+1 are represented in
the form

a™(&m) = 1 + (x4 — 21)(€ =) + (w2 — 21)(n — §)
(@3 — 4 — 22 + 1) (§ — 1) (1 — J),

y"(&m) = y1+ (ya —y)(€ =) + (y2 —y1)(n — )
+(ys = ya — y2 +y1) (€ — ) (n — j).

Each side of the square is linearly transformed onto the appropriate side of the
quadrilateral. Consequently, the global transformation z” , 5" is continuous
on the cell boundaries. To check the one-to-one property of the transformation
(7.40) we write out the expression for its Jacobian

h_ hoh  hoh_ Ty — w1+ AN —j) x2 — 1 + A(§ — 1)
7 _xﬁy”_x"yﬁ_det(y4—y1+B(n—j)yz—y1+B(§—i) ;

(7.40)

where A = 23 — 24 — 29 + 21, B = y3 — y4 — Y2 + y1. The function J" is
linear, not bilinear, since the coefficient before {7 in this determinant is equal
to zero. Consequently, if J* > 0 at all corner points of the square, it does
not vanish inside this square. At the corner node 1 (£ =4, n = j) of the cell
i+1/2,7+ 1/2 the Jacobian equals

Jh(iaj) = (74— wl)(yz - y1) - (y4 - y1)($2 — 1),

i.e. Jh(i,j) = J; is the doubled area of the triangle /412, introduced above.
From this follows that the condition of the Jacobian positiveness zy, —

x;‘y? > ( is equivalent to the system of inequalities

[']k]i+1/2j+1/2 >0, k=1,2,3,4,i=1,...,N —1; j=1....,M—1.
(7.41)
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If conditions (7.41) are satisfied, then all the grid cells are convex quadri-
laterals. The set of grids satisfying these inequalities is called a convex grid
set and denoted by D. This set belongs to the Euclidean space RN , where
Ny = 2(N —2)(M — 2) is the total number of degrees of freedom of the grid
equal to twice the number of its interior nodes.

Finaly the problem is formulated as follows. The convex grid, satisfying
inequalities (7.41), must be generated in the domain X? for the given coor-
dinates of the boundary nodes.

The mapping z(&,7) , y(£,7n) is approximated by functions x"(¢,7) |
y"(¢,n) introduced in (7.40). Substituting those expressions in (7.38) and
replacing integrals over square cells by the quadrature formulas with nodes
coinciding with the grid vertices on the plane &, ), the following discrete ana-
log of the functional (7.38) is obtained:

—1M-1 4

1
Z Z 4 Elit1/z j41/2 (7.42)

i=1 j=1 k=1
where F}, is the integrand evaluated in the & - th grid node as

Fr, = [(@pe1 — 21)* + (xr — 25-1)® + (W1 — ve)® + (e — y—1)?17;
(7.43)

and Jy is the doubled area of the triangle introduced above.

Notice some properties of the function (7.42). For this purpose we intro-
duce a parametric rectangle 0 < £ < 1,0 < n < a, wherea« = (M —1)/(N—-1)
is the constant, instead of the unit logical square as a domain of integration
in (7.38). In this case the continuous limit of the expression I" /(N —1)? when
N, M — oo in such a way, that (M — 1)/(N — 1) = o = const, will be the
functional (7.38).

It is readily obtained the following identity

[e3

/ af +yE +xp + Yy — 2(Teyn — TnYe) + 2(Teyy — TnYe)
0

déd
7 gdn

Q

O\HO\H

0

From this follows that the functional (7.38) has a lower bound equal to 2.
If this minimum is attained, the mapping s(§,7) is conformal:

Le=Yn, Tn= —Ye.

To obtain the corresponding property of the discrete analog (7.42) of the
functional (7.38) consider one term in (7.43) for k = 2. We can assume that
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x2 = 0 and y2 = 0 since (7.43) contains only finite differences of the grid
node coordinates. In this case we obtain the following identity
2 +yi+ a3+

T1Y3 — T3Y1

Fy =

22 +y + 23+ y2 — 2(z1ys — x3y1) + 2(T1y3 — T3Y1)
T1Ys — T3Y1

_ 2 2
_ (@1 —y3)* + (@3 +u1) ey
L1Y3 — L3
From this follows that the function I" /(N — 1)? has on the set D a lower
bound equal to 2(M —1) /(N —1). If this minimum is attained, the coordinates

of the grid nodes satisfy a discrete analog of the conformal conditions

1 = Y3, 3 = —Y1-

If these conditions are satisfied for all cells, each grid cell will be a a square.

Note, that the function (7.42) is not convex and, in principle, multiple
solutions may exist.

The function I" possesses also the following very important property. If
G — 0D for G € D, where 0D is the boundary of the set of convex grids
D, i.e. if at least one of the quantities Jj tends to zero for some cell while
remaining positive, then I"(G) — +oo. In fact, suppose that J, — 0 in
(7.43) for some cell, but I" does not tend to +oco. Then the numerator in
(7.43) must also tend to zero, i.e. the lengths of two sides of the cell tend to
zero. Consequently, the areas of all triangles that contain these sides must
also tend to zero. Repeating the argument as many times as necessary, we
conclude that the lengths of the sides of all grid cells, including those at the
boundary of the domain, must tend to zero, which is impossible.

Thus, if the set D is not empty, the system of algebraic equations

Ry=+—=0,Ry=7—=0, i=2...,N-1;j=2....M—1,
(7.44)

has at least one solution which is a convex grid. To find it, one must first
find a certain initial grid Gy € D, and then use some method of uncon-
strained minimization. Since the function (7.42) has the infinite barrier on
the boundary of the set D, each step of the method can be chosen so that
the grid always remains convex. Note, that in the common case the discrete
grid-generation equations (7.44) may have multiple solutions, but numerical
experiments have not met such opportunity.

Method of Minimization

First there is considered a method for minimizing the function (7.42) assum-
ing that the initial grid Gy € D has been found. Suppose the grid at the



240 7 Numerical Implementation of Grid Generators

[-th step of the iterations is determined. For finding the grid nodes at the
(I 4 1)-th step the quasi-Newtonian procedure for each interior node can be
used:

T
TR, + Bz, Vs i) T oy (Vi — Y5
8RJ ! (7.45)
Y o l4+1 l Y, l+1 Iy _
TR, + 3fcij( o~ Ti) @(92] —yi;) =0

where 7 is the iteration parameter. Note, that (7.45) is not the Newton -
Raphson iteration because only a part of the second derivatives of (7.42) is
taken into account. The rate of convergence for (7.45) is low by comparison.
At the same time the Newton - Raphson method gives much more complex
system of linear equations at each iteration.

Each of the derivatives in (7.45) is the sum of twelve terms, in accordance
with the number of triangles containing the given node as a vertex. Rather
than write out such cumbersome expressions, the first and second derivatives
of the terms in (7.42) are considered:

OF, Th—1 — Tk Yk+1 — Yk
2 — F] 7.46
Oxp_1 Jk A (7.46)

and so on. Arrays storing the derivatives of the function (7.42) were first
cleared, and then all grid triangles were scanned and the appropriate deriva-
tives added to the relevant elements of the arrays.

Now an algorithm is suggested for the choice of the iteration parameter
7 in (7.45), which was used only for the problems with moving boundaries.
Recall, that the minimized function (7.42) has the infinite barrier on the
boundary of the set of convex grids D. Since if the initial grid Gy is convex the
iteration (7.45) gives, as a rule, a convex grid for any 7 < 1. But in extreme
cases when Gy is very close to the boundary of the set D, the grid G(r)
can cross the boundary of the set in the first iterations (7.45). Clearly, such
condition is fatal for the method because the same barrier on the boundary
of the set D does not allow the iterations to return into the set D in the
following iterations. To avoid this, a certain basic parameter 7( is chosen so
that G(70/2) € D and G(19) € D. In the beginning 7o = 1. If the above-
mentioned conditions are violated, we put 79 = 1/4 or 79 = 1/2, depending
on whether the grids G(79/2) or G(79) leave the set D, and so on.

In fixed boundary problems the simple choice 7 = const - 7g is used. For
time-dependent problems with moving boundaries a version of the method
of parabolas was developed. As the controlling quantity the squared residual
of the equations (7.45)

W => (R2+R});
i,
was used. The parabola W (7) is constructed from the grids obtained for
7 =0,7 = 7/2 and 7 = 79 . The parameter 7 is then chosen so that
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W (T) = min in the interval 67 < 7 < a7y . The parameter 6 ~ 0.1 is given a
priori and bounds the value of 7 away from zero. The parameter o bounds 7
above, i.e., prevents a very large extrapolation along the parabola. If 79 = 1,
i.e., if the boundary of the set D is not crossed, we put a = 2. If 79 < 1, then
a = 1. Finally, if the algorithm gives 7 < 7¢/2, the condition I"(y/2) < I"(0)
is checked. In the cases when this condition is found to be valid, 7 = 79/2
was put.

For one iteration of the above method a measurement of the computa-
tional cost gives the value of about double (but not three times) the cost of
the simple iteration. The reason is that the second derivatives of the function
(7.42) are not used in calculating W while they are used in (7.45) to calculate
the direction of minimization.

The algorithm described can be used only if the initial grid is convex.
Otherwise, it is necessary either to obtain a convex grid by another algo-
rithm as a preliminary stage of the method or to modify the computational
formulas. The first approach is based on the minimization of the following
function

2

—1M-1

4 2
> (le= lisrys saja) o (D = max(0, ), (7.47)

=1 k=1

i=1

<

for some given € > (0. This is accomplished by the gradient method with a
suitable choice of the iteration parameter. The iterative process is broken
off as soon as all inequalities (7.41) are satisfied. This method was used
by Charakhch’yan (1993, 1994) for studying gas dynamics problems with
moving boundaries when the initial interior grid nodes for minimizing (7.47)
were taken from the previous time step. As a result, the initial grid is either
convex or such that a convex grid is obtained after a few iterations.

In fixed boundary problems, the starting grid may be non-convex, con-
taining numerous self-intersecting cells. In such case the preliminary stage
of the method based on minimizing (7.47) can be unsuitable. Therefore an-
other approach had been developed by Ivanenko (1988). The computational
formulas (7.45) were modified so that the initial grid need not belong to the
set D of convex grids. The quantities J; appearing in the expressions for R,
R, and their derivatives are replaced with new quantities i

j* Ji ika>6,
L if Jp <e,

where € > 0 is some sufficiently small quantity.

It is quite important to choose an optimal value of € so that the convex
grid is constructed as fast as possible. The method used for specifying the
value of € is based on the computation of the absolute value of the average
area of triangles with negative areas

e = max[aS/(N + 0.01), €],
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Fig. 7.8. Grids in a model domain (a) and for computing a cumulative jet (b).

where S is twice the absolute value of the total area of triangles with negative
areas, and IV the number of these triangles. The quantity ¢; > 0 sets a lower
bound on € to avoid very large values appearing in the computations. The
coeflicient « is chosen experimentally and is in the range 0.3 < a < 0.7.

In practical implementation, an arbitrary set of grid nodes can be marked
as movable during iterations, while all other nodes are considered as sta-
tionary. All the terms in the function (7.42) which become independent
on movable nodes are excluded from computations. Since the boundary
nodes are always marked as stationary, four terms in (7.42) correspond-
ing to "corner” triangles {(1,2);(1,1);(2,1)}, {(N — 1,1);(N,1);(N,2)},
{(17 M- 1); (1a M)a (27 M)}) and {(Nf 17 M)7 (Na M)a (N’ M- 1)} are always
excluded from computations. As a result, the method becomes applicable to
those domains for which the angle between two intersecting boundaries is
greater than or equal to 7, despite the fact that the corresponding grid cell
becomes non-convex regardless of the positions of interior nodes.

Examples of the grids generated by this method are exhibited in Figs.
7.8 and 7.9. Figure 7.9 demonstrates the application of the algorithm to
generating a grid for computing a high-velocity impact of a thin foil (a) upon
a conical target C'D (Lomonosov, Frolova, and Charakhch’yan (1997)).

7.2.2 Adaptive Grid Generation
Numerical Algorithm

One approach of adaptive grid generation is based on the minimization of
the functional (5.32) in the metric of a monitor surface.

Let the monitor surface be defined by a function z = f(x,y) where f € C.
The expressions for the covariant elements and Jacobian of the monitor metric
in the grid coordinates &,n are as follows:
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Fig. 7.9. A fragment of the grid (right-hand) in the vicinity of the point E (left-
hand).

951 =9gn (%)2 + 29?23_?2—2/ +9§2<g—§>2 )
952 = gh (2_2)2 + zgfzg_ig—z +g§2(g—z)2 )

9¢ = (I)°¢> = (J)*[1+ (f2)* + (f,)°];
where
9T1:1+(fm)27 9T2:fmfy7 932:1+(fy)2'

Substituting these expression in (5.32) for n = 2 we obtain the functional

I =

/1 / (a2 + 0D+ )]+ (2 + U1+ (1)) + 2y o) o
5 4 T+ (P + ()72 |
(7.48)

Now we again consider the grid (z,y);;, ¢ =1,...,N; j=1,..., M and,
to simplify the computational formulas, the parametric rectangle 1 < £ <
N, 1 < n < M substitutes for the unit square 0 < £ < 1, 0 < n < 1. The
functional I, is approximated by the function

4
1
Iy = Z : Z 1 [Filit1/2 j+1/2 (7.49)

Fy, =

Di[1+ (f2)7] + D2[1 + (f,)7] + 2Ds(f2 )k (fy)r (7.50)
— , .

Te[l+ (fo)i + (f)R]?

where
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D, = (ac 11— .CCk)2 + (:Uk+1 — Tk 2,
Dy = (yr—1—Yk)* + (WYr+1 — yr)>,
D3 = (zr—1 — ) (k-1 — Y&) + (Tr1 — Tk) Yrt1 — Y&

(
T = (-1 — ) Wrs1 — Uk) — (Tra1 — ) (Yr—1 — Uk)-

Derivatives (fz)r and (fy)r in the k-th cell vertex are equal to the corre-
sponding values of derivatives, evaluated at the grid node 7j

(Fa)is ~ (fivrg = fic1) Wiger — Yij—1) — (figer — fij—1) Wir1; — Yi-1j)
e Tit15 — mi—lj)(yijﬂ - yij—l) - (mij+1 - mij—1)<yi+1j — Yi— 11)’

) — ( )

) —( )

— (fij+1 — fij—l)(xi-l—lj — Xi—1j
— (@1 — i) (Wit — Vi
(7.51)

- (
(fy)” _ Efl-&-lj - fi—lj)($¢j+1 — Tij—-1

Tit1j — xiflj)(yijJrl — Yij—1

These formulas must be modified for the boundary nodes. Indices, "leaving”
the computational domain must be replaced by the nearest boundary indices.
For example, if j = 1, then (¢, 5 — 1) must be replaced by (i, 5).

Function (7.49) possesses the same property as the function (7.42):
ING) — 400 if G — 0D for G € D where D is the set of convex grids,
0D is the boundary of the set.

As before, equations (7.45) are used to minimize the function I. Quan-
tities (fz)i; and (fy):; are assumed to be parameters and therefore all their
derivatives in (7.45) vanish. Note that if (f;);; and (f,);; vanish, the function
I reduces to the function I" (7.42).

The adaptive grid generation algorithm is formulated as follows:

1. Generate a grid for the given domain using unconstrained minimization
algorithm described.

2. Compute the values of the control function at each grid node. The
result is f;;.

3. Evaluate derivatives (f;);; and (fy);; using the formulas (7.51).

4. Make one step in the minimization process for the function I" using
equations (7.45) and compute new values of x;; and y;;.

5. Repeat starting with Step 2 to convergency.

It is important that at each step of the iterative process the grid remains
convex.

Redistribution of Boundary Nodes

There are several ways to redistribute the grid nodes along the boundary 0X?
of the domain X? during adaptation. The simplest one is a fixed position of
every point on 0X?2, referred to as “fixed position.” However if some phys-
ical quantities are not smooth (e.g. shock waves), then some instability in
the mesh generation and, consequently, in the physical problem solution near
the points where the discontinuity joins X2 may arise. In some methods,
called as “unconstrained minimization”, the boundary nodes are treated as
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interior and the vectors of their shift are projected onto X2. This way can
be used only if the discontinuity is nearly orthogonal to dX?2. If not, then,
when condensing, the boundary nodes overlap, adjacent cells degenerate, and
modeling breaks. The next method referred to as “1-D minimization” relies
on using the 1-D functional along X 2. This method is more robust than the
two ones discussed above and can usually be used for adaptation. However,
the 1-D and 2-D functionals are as a rule inconsistent. By this reason the
parameters of adaptation for the interior and boundary nodes should be se-
lected separately. It requires additional work when modeling unsteady flow
problems.

In the method suggested by Azarenok (2002) instead of (7.49) there was
minimized the function

N—-1M-1 4
Z Z Z (Fili1/254172 + Z NijGij = Iy + Z AijGij, (7.52)
i=1 j=1 k=1 ijeL ijeL

where the constraints G;; = G(z;5, yi;) = 0 define 0X2, Ai; are the Lagrange
multipliers, and L is the set of the boundary nodes. The function G(z,y) is
assumed piecewise differentiable, so the function I holds the infinite barrier
on the boundary of the set of convex grids as I does if f € C!.

If the set of convex grids is not empty, the system of the following algebraic
equations

oIl G, oIl 0G;;
r — 4 )\z 2= = < >‘z Jo= ’ ij — Yy
R 0z, + Aij O, 0, Ry Ouis + Aij Dy 0, Gi; =0
(7.53)

has at least one solution that is a convex mesh. Here \;; = 0 if ij ¢ £ and
the constraints are defined for the boundary nodes ij € L.

Consider the method of minimizing the function (7.52) assuming the grid
to be convex at the [th step of the iterative procedure. The quasi-Newton

procedure to find the coordinates xlj'l, yij'l from the system (7.53) was used:
ORy | 141 l OR; | 141 I ORs 141 l
Tt gy T T ) gy W )+ gy T = A0
oR, OR 8R
R +1_ 1 y o141 l )\l+1 AL )=0
Thy + axéj (.’E wzg) + 8y8 (yzg y )+ aA” ( ’L]) ’
% a (%]
TGij t 5 J (i — i) 8?413] (yi; " — ¥i;)=0,
where
OR, o’I" 0%*Gj OR, o’I" 0%*Gj
=53 TS5, = T
61‘,‘]‘ alfij alfij 8yij (9331‘]'6:1/1‘]' 6$ij8yij
oR, o021 0*Gj oR, o2Ir 0%G

(9:17”- o (9a:ij8yij + ij(’?xijf)yij ’ 8yij o 8yl2j + “ 8y12] ’
OR, 0Gy;  OR, 9Gy
8/\” - &rij ’ 8>\” o 8y¢j ’
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I+1

Resolving the last equation of (7.2.2) with respect to y;;

stituting it in the two remaining equations, the system
I+1 !
aii a12 Tig  — Ty \ _ [ Q13
a1 a22 /\éj‘1 — )\lij azs )’

OR, OR, 0Gi /aGij

— yﬁj and sub-

is obtained, where

e Owij - Oyij Oxj yij
12 — ax” )

OR, G,
" {9% ]/ 0yi
. _OR, OR,0Gy ]Gy
2 81‘@‘ ayij 8;21']' 8yi]’ ’
22 — 6y” ’

B OR, ., [ 0Gy
ags = T |:ayzj GU/ ayij Ry:| .

Denoting A = aj1a22 — a12a21, A1 = a13022 — Az3a12, Ny = 11023 — 21413
(since G;; = 0, the terms a;3, ags are simplified), we obtain
+1 _ 1 I+1 _ I

I+1

while y;; is determined from the third equation of (7.2.2). If the constraints

are resolved in y in the form G(z,y) =y — g(x) = 0, then
(9Gij _ 891'3' 8GU -1
8xij B 8:751-]- ’ 8yij N

)

and the upper formulas are simplified. Analogously the constrains may be
resolved in  in the form G(z,y) = x—g(y) = 0. Note the equation G(z,y) = 0
can be locally resolved by one of these two forms.

If X2 is specified by parametric functions z = z(t), y = y(t) or tabular
values (z,y);;, the following algorithm can be used. Assume the index j is
fixed and i is variable. When calculating the coordinates of the (ij)th node,
in the interval (z;_1;,;1+1;) we construct an interpolating parabola t = t(z)
using the values in three nodes (i—1j), (ij), and (i+1j). From (7.54) we

compute an intermediate value i‘éjl, further from the interpolation formula
we determine t;; = t(iijl) and final values xéjl, yfj'l from the parametric

formulas.
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Another way for redistributing the nodes along X2, given as parametric
functions or by tabular values, employs an unconstrained minimization of the
function in a parametric form and is based on solving the following system
of algebraic equations, referred to as “parametric minimization,”

oL Oy
Ri=R,— +R,— =0
! oty "o,
via the quasi-Newton procedure
ORy 111 4
TR, + ot (tij —t;;) =0. (7.55)
Here
OR, _ OR, (0w 2+ OR, (dyi; \> [OR, | OBy ) 0z Oy
8tij 89%- 8tij 8yij 875”‘ 8yij 8.’Eij 8152‘]‘ 875”‘
0w, 0%y; oI oI
R, Y +R 2 R, = , R, = .
- 8@2;' T 8@2;' 3931‘;‘ Y 8yij

To the analytical control functions both the constrained and parametric min-
imization give similar results. Real-world 2-D flow computations have shown
that it is better to perform adaptation along the boundary using constrained
minimization (7.2.2) since the procedure (7.55) may not ensure consistent
redistribution of the nodes in X? and on 0X?2.

The use of the constrained minimization without adaptation (i.e. when
f=const.) means that we seek the conformal mapping z(&,7),y(£,n) of the
parametric rectangle onto the domain X2 with an additional parameter, the
so-called conformal modulus.

Application to Unsteady Gas Dynamics Problems

The calculation of hydrodynamical problems on the adaptive moving meshes
requires special conservative numerical schemes which update directly the
flow parameters on the moving mesh at the new time level. Another way,
when interpolation of parameters from the fixed mesh to the moving one
is used at every time step, smears the singularities in the solution causing
decrease of accuracy of modeling. We describe here a modification of the
Godunov’s scheme of the second-order accuracy in time and space on moving
meshes, suggested by Azarenok (2000), to compute a two-dimensional gas
flow in the Euler approach.

System of Equations

Two-dimensional equations of gas dynamics, namely, the laws of conservation
of mass, momentum, and total energy are written in the integral form which
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can be derived by transformation of the volume integrals in the space (z, y,t)
to the surface integrals by virtue of the Gauss’s theorem:

do Oda 0b
/ (m + 5t ay> an = @Sadxdy + adydt + bdtdz =0,  (7.56)
2

where (2 is an arbitrary control volume in space (z,y,t), 912 is the boundary
of £2,

P PU2 pu

o— | PY . a= pu”+p , b= PU;J
pU puv pv° +p
E u(E + p) v(E + p)

Here u and v are the velocity components, p and p are the pressure and den-
sity, E=p[e+0.5(u?+v?)] is the total energy, while e is the specific internal
energy. The equation of state is p=(y—1)pe where ~ is the ratio of specific
heats. Denote the vector-valued unknown function as f = (u,v,p,p) . The
conservation laws (7.56) hold for any functions f both smooth and discon-
tinuous describing an ideal gas flow.

Numerical Scheme

Let a curvilinear moving grid in the z-y plane be introduced with the coordi-
nate lines &, 7, the (i+1/2, j+1/2)th cell of which at the time range (¢, ")
is shown in Fig. 7.10 by a domain {2 in R space (,y,t), being a hexahedron
with planar top and bottom faces. The bottom (top) face of the hexahedron
(2 is the control volume at the time " (¢"+1).

t 1 4
//
y // n+1
2 1]
x 7
/
1
o
2 ,
, n
2 7/
i+1j i+1j+1

Fig. 7.10. Hexahedron {2 in R space with bottom (1234) and top (1'2’3’4’) faces,
being the cell of the 2D moving mesh at the time ¢t and t" !, respectively.
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Integrating (7.56) over the boundary 942 of the hexahedron gives a cell-
centered finite-volume approximation of the governing gas dynamics equa-
tions

‘7?:11/2j+1/2A1’2/3’4’ - ‘7?+1/2j+1/2A1234
(7.57)

+Qu11rar + Qazze + Qoo + Qzanry =0,
n
i+1/25+1/2
t"+1 and ¢" in the center of the top and bottom faces, respectively; Aq/or3/4/
and Ajs34 are the areas of the corresponding faces. Each of the four vec-
tor values Qui1/4r; Qassrar; Qa9 and Qs4qr3 is the amount of the mass,
momentum, and energy which flows into and out the quadrilateral cell 1234
within time At = ¢"+! — ¢" through the corresponding moving edges of the
cell.

For example, the vector-valued quantity @Q;59/1/ that is the change of the
parameters due to the flux through the edge 12 within time At is given by

n+1 .
where "' /2j+1/2 and o are the average values of o at the time

_ on+1/2 sy n+1/2 Lyt n+1/2 stz
Qi1 = °'¢+1/2jA122/1/ + ai+1/2jA122’1’ + bi+1/2jA122/1” (7.58)
n+1/2 n+1/2 n+1/2 . o
where o, ') J25> Fit1 /250 and b; | /2 Are calculated using the parameters f =

(u,v,p,p)" in the center of the face 122/1’; i.e. at the mid-point of edge 12
at the time t"*1/2 (or at the mid-point of edge 172”); A%, ..., AY%,. .., At%,..,
are the areas of the projections of the face 122’1’ onto the coordinate planes
z-y, y-t, and t-z, respectively, given by

Aty = [ dody = 05[(ox —21)lax ) ~ (o = 22) g — )]

12211/

Azlj§2’1’ = / dydt = 05At(y2/ + Yo — Y1 — yl,)7
12211/

Ay = / dtde = —0.5At(xor + xo — 21 — T1/).
12211/

These expressions are obtained from the formula for area of the quadrangle
1234
Ajo3s = A(T1, Y15 T2, Y23 T3, Y35 T4, Y4)

=0.5[(z3 — 1)(ya — y2) — (za — z2)(y3 — y1)] ,
when passing its contour in the anticlock-wise manner.
The values f?fll/Q j+1/2 are updated by two stages using a predictor-
corrector procedure. At the first stage (predictor) we compute the interme-

diate values F177 /5412 at the (n+1)th level by using (7.57).
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Let us consider the curvilinear coordinate £. Assume the function f
to be linear within the cell (i+1/2,j+1/2) in the {-direction. The values
Fiiv12 and fi' 1.0, specified at the left and right ends of the segment
((2,74+1/2), (i+1,74+1/2)) at the time ¢, are defined as

%4_1/2 = f?+1/2 Jj+1/2 0-55f?+1/2h?+1/2 )
Fivijrie = Fiviye o2 t 0~55f?+1/2h?+1/2 .

Here 0 f7' /2 18 the "effective” derivative in the ¢-direction, while the spac-
ing hi /2 is the length of the underlying segment. Note that ¢ £}, /2 and
h?+1/2 are the notations for (6 f¢)iy1/2j11/2 and (h?)i+1/2j+1/27 respectively.
When determining §f7, /5, to suppress spurious oscillations in the vicinity
of discontinuities, the monotonicity algorithm should be applied. The spacing
h?+1/2 is given by

h?+1/2 =

n n n n 2 n n n n 2
0-5\/(371'4-1]' T T T xij+1) + (yi+1j T Yt — Yij yij+1) .

By analogy the values fi';,o; and f};/5;,, are calculated at the left
and right ends of the segment in the n-direction in the cell. Note, since we
interpolate f along the curvilinear coordinate lines £ and 7 the order of inter-
polation, in general, is less then 2 and equal 2 only if the mesh is rectangular
and quasiuniform.

In order to find the values Q;55/1, We substitute in (7.58) the determined
values of f at the mid-point of the lateral edge 12 of the quadrilateral 1234,
i.e. at the time ¢™ instead of the ones at the time t"+1/2. The values Q;,/4/,
Q53595 and Q5445 can be found in a similar way. Finally, from (7.57) we

obtain the intermediate values ff:ll/Qj +1/2 at the (n+1)th level.

We now discuss the second stage, corrector. For this purpose we set the
effective derivatives at t"T! equal to the ones at t", i.e. 5_)2?:11/2:5]”?“/2.
Then the values in the center of the faces 122’1’ and 344’3’, namely, at the
mid-point of the edges 12 and 34 at the time ¢"*1/2 are

1/2 sn+1 n n
f%j_l//z = 0'5[f?+1/2j+1/2 +Fiv1/2541/2 — 0-55f?+1/2(h¢+1/2 + hirll/g)] )

n+1/2 n wn+1 n n n
fi:ljil/? = 0'5[fi+1/2j+1/2 +fi+1/2j+1/2 + 0‘55fi+1/2(h7;+1/2 + hi:ll/Q)] .

We can obtain f?_;l/;j and f;fll/;j 41 in a similar way. These four vector
values are used as the pre-wave states in the center of the corresponding
lateral faces of the hexahedron for the Riemann problem.

Let us consider the face 122/1". To get the postwave states £"/2 in the

center of this face (for brevity we omit subscripts i, j), i.e. at the mid-point of
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the segment (1”,2"), we solve the Riemann problem with the pre-wave states
(r,p, p)"1/? at this point on the both sides of the face. One state (r,p, p)iﬂ/2

relates to the underlying hexahedron and the other (r,p, p)’iﬂ/ % to the hex-
ahedron adjacent to the face 122’1’ (corresponding to the (i+1/2,j—1/2)th
cell). Here r"*1/2 is the normal component of the velocity to the segment
(1”,2"). We also use the tangential components of the velocity ¢"*/? on
those sides. The normal and tangential components of the velocity are given
by

Tn+1/2 — nwun+1/2 + nyvn+1/2 , qn+1/2 — un+1/2 _ nwvn-&-l/Q

Ny ,
where ng,n, are the components of the outward unit normal vector to the
segment (1”,2").

After solving the Riemann problem, the post-wave values (r,p, p);?_l/ 2
in the face center are defined. The post-wave tangential component of the

velocity qgﬂ/ % is given by

ntl/2 . -
q17;+1/2 _ {Q+ if w12 < deont ’ (759)

"% otherwise |

where dcont is the contact discontinuity speed in the Riemann problem, w12
is the velocity of the edge 12 in the normal direction to this edge, and
qiﬂ/ 2, qﬁﬂ/ % are the pre-wave tangential components of the velocity in the
underlying hexahedron and in the one adjacent to the face 122'1’, respec-
tively. This condition expresses the fact that the tangential component of the
velocity is discontinuous across the tangential discontinuity. The velocity w2

can be derived from the equality
Atllﬂ2// W12 = Afgzlll ; (760)

where [;/75 is the length of the segment (1”,2"). Next we restore the Carte-
sian components of the post-wave velocity in the center of the face 122’1’

u?}l%+1/2 _ nzrg—&-lﬂ + nyqz—Fl/Z : vz+1/2 _ nyr71;+1/2 . nzqg—&-lﬂ .
Given the post-wave values (u, v, p, p)%ﬂ/z in the center of the face 122’1,

we calculate Q49,1 via (7.58). Similarly we treat the Riemann problem in
the center of the other three faces to obtain Q 411/, Qa33/9/, and Qsuur5/-

The final values of f?j’ll/Z j+1/2 at the time ¢"*! are obtained by using
(7.57). This scheme is of the second-order accuracy in the domains of smooth
flow provided that the mesh is quasiuniform and close to rectangular.

Riemann Problem on the Moving Mesh

To demonstrate how to take into account the movement of grid nodes let
us consider the midpoint of the segment (1”2"”) within the time interval
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Fig. 7.11. Five possible cases of location of the segment ((z, y)fﬁ_/f/z, (z, y)?ﬁ_l/z)

in the wave pattern. Points 1,...,5 indicate the location of the point (ij+1/2) at
t" ™!, The axis | with zero at the point (ij-+1/2) is aligned with the normal vector
towards the segment (1”,2") (in the direction £ > 0) at the time ¢"**/2.

(t7+1/2 ¢ +1) (see Fig. 7.11). Assume that after solving the Riemann prob-
n+1/2
ij+1/2
There are 5 cases of location of the segment ((z, y);}ill//zz, (z, y)?jfl /2) in the
wave pattern depending on the velocity wis of the edge 12. As the post-wave

values (r, p, p)?;l/2 we take:

lem at the point (z,y) we have the wave pattern depicted in Fig. 7.11.

1. (r,p, ,o)’;;rl/2 = (r,p, p)T_LH/2 if wio < dgn, where dg), is the speed of the

left shock in the [-axis direction.

2. (r,p, p)?;l/Q = (r,p, ,o);H'l/2 if  dgn < wio < deont, Where the vector
n+1/2

(r,p, p)3 defines the flow parameters behind the shock, deopnt is the
speed of the contact discontinuity which equals to the velocity u in that

domain.
3. (r,p, ,o)?;rl/2 = (r,p, ,o)gﬂ/2 if  deont < w1z < df.) where the vector

(r,p, p)gﬂ/ ? defines the parameters in the domain between the contact
discontinuity and left characteristic of the rarefaction wave expanding
with the speed d'ft

rar*

4. (rp,p)? = pla) if d¥ < wyy < dEM ie. we calculate the
flow parameters in the rarefaction wave using the similarity variable o =
1/(t — t"*t1/2). Here d'8" is the speed of the right characteristic in the
rarefaction fan.

1/2 1/2 .

5. (r,p, p)?{r /2 = (r,p, p)i+ 20wy > dreht

Note that in the first-order Godunov’s scheme the above algorithm is applied

at the time ¢™.
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Stability condition

To demonstrate how the stability condition on moving mesh is obtained let
us consider the one-dimensional case with the (i4+1/2)th cell depicted in
Fig.7.12. At the nth time level in this cell, the local time step is determined
by

h?+1/2

Ati_;’_l/g = dTght 5 (761)

T J—

where d;? " and défl are the extreme right and left wave speeds at the points
x; and x}', |, respectively, obtained by solving the Riemann problem at /2]
w; is the velocity of the node z;, i.e. the slope of the intercell boundary
(z',x7*1). The condition (7.61) implies that we estimate the time within
which the left-going characteristic (in the linearized analysis this is a straight
line), emanating from the (i+1)th node, arrives at the ith node moving with
the velocity w;, as well as the time within which the right characteristic,
emanating from the ith node, arrives at the (i+1)th node moving with the
velocity w;y1. From these two time steps we take the minimal one. The
resulting time step over the mesh is given by

At = Cefl min Ati+1/2 . (762)

The coefficient c.q is a correction to the non-linearity of the Egs. (7.56). To
calculate the node velocity w;, on one hand it is necessary to know the time
step At, and on the other hand to take into account that w; participates in
determining At. By these reasons at the time level n+1 we use /At obtained
at the preceding level n. The coefficient c.q<1, usually about 0.5, may be
corrected during the computation.

n+1

n+1/2

i i+1/2 i+1

Fig. 7.12. Computing cell of 1D moving grid at the time t" and t" 1!

In the 2D case the choice of the admissible step At may be estimated in
the energetic norm to the underlying Eqs. (7.56) written in a differential form
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as a t-hyperbolic by Friedrichs’s system. The step At in the (i+1/2, j+1/2)th
cell (see Fig.7.10) is given by

where

At A
Ativi/2j4172 = N AT (7.63)
. I
At = rght 1ft
max(dM — W23; —d23 —+ ’lU14)
/" B’
At = T o ; (7.64)
maX(d12 — W3y4; —d34 =+ w12)
L Aqa34
05\/(1”4 t a3 —x1 —22)? + (Ya +yz —y1 — y2)27
" Aq234

0.5y/(@3 + 22 — 24— 1) + (Y3 + Y2 — Y2 — y1)2

=
s

Fig. 7.13. Supersonic flow in the mach wind tunnel containing a step. The bound-
ary nodes are distributed using constrained minimization. Adaptive mesh with frag-
ments I, II, 1] near the boundary and IV comprising the triple point.

Here At and At" are the admissible time steps to the one-dimensional
scheme in the ¢ and 7n-direction, respectively; h ;h are the “average heights”
of the bottom face 1234, and w is the velocity of the corresponding cell
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edge. For example, wyo is the velocity of the edge 12 in the normal direction
determined via (7.60). Next, d:5™ and d8™ are the “extreme right wave”
speeds defined from solving the Riemann problem to the faces 122’1’ and
11’4’4, respectively; d12f§ and dlgfi are the “extreme left wave” speeds to the
faces 233'2" and 433’4/, respectively.

The resulting time step over the mesh is given by

At = Cefl n};n Ati+1/2j+1/2 .

7.2.3 Numerical Examples

Robustness of the adaptive mesh method is demonstrated in the two numer-
ical examples.

The first is a test presented by Fig 7.13 of the planar unsteady supersonic
flow in the wind tunnel containing a step (for details see Colella and Wood-
ward (1984)). This test was performed by Azarenok and Ivanenko (2002) on
the adaptive grids by applying the above flow solver when as a monitor func-
tion f in (7.48) there was used the modulus of velocity |V|. The boundary
nodes were adapted by applying 1-D minimization. One of the main difficul-
ties was to capture the triple point, caused by the irregular reflection of the
bow shock from the top wall, with clustered grid lines that required especial
efforts.

The use of constrained minimization for the boundary nodes allows both
to eliminate the above difficulty connected with capturing the triple point (see
fragment IV of the mesh in Fig. 7.13) and to perform robust node clustering
in the domains where the shocks are attached to the boundary or reflected
from it (see fragments I — ITI). The shock waves are smeared over 2 to 3
cells. There is also demonstrated compression of grid lines to the contact
discontinuity emanating from the triple point.

The second example is related to modeling motion of a detonation wave.
The adaptive mesh, obtained when modeling the unstable detonation wave
motion (for details see Azarenok and Tang (2005)) is presented in Fig. 7.14.
The pressure is used as a monitor function. To perform a stable mesh adap-
tation there was also employed the constrained minimization for the redistri-
bution of boundary nodes. The figure exhibits clustering of the grid lines to
the main incident shock and transverse waves.

The calculations related to Fig. 7.13 and 7.14 were carried out by B.
Azarenok.

7.3 Generation of Multi-Block Grids

The numerical algorithms described above are formulated for generating a
local single-block grid. This section reviews some approaches for extending
the algorithms for generating multi-block grids.
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Fig. 7.14. Adaptive mesh (a) and its fragments (b), (¢).

In the commonly applied block strategy, the physical geometry is divided
into a few contiguous subgeometries referred to as blocks, which may be con-
sidered as the cells of a coarse, generally unstructured grid (see Fig. 7.15 for
a tokamak-related domain). And then a separate structured or unstructured
mesh is generated in each block. The union of these local grids constitutes a
mesh referred to as a multi-block grid. The main reasons for using multi-block
grids rather than single-block grids are that

(1) the physical geometry is exceedingly complicated, having a multiply con-
nected boundary, cuts, narrow protuberances, cavities, etc.;

(2) the physical problem is heterogeneous relative to some of the physical
quantities, so that different mathematical models are required in different
zones of the geometry to adequately describe the physical phenomena;

(3) the solution of the problem behaves non-uniformly: zones of smooth and
rapid variation of different scales may exist;

(4) opportunity to apply parallel algorithms.
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Fig. 7.15. Block structure for the tokamak-edge region.

7.3.1 Block-Structured Grids

If meshes in all blocks are structured then the multi-block grid can be con-
sidered as locally structured at the level of an individual block, but globally
unstructured when viewed as a collection of blocks. Such grids are called
block-structured grids. Thus a common idea with a block-structured grid
technique is the use of different structured grids, or coordinate systems, in
different zones of the physical geometry, allowing the most appropriate grid
configuration to be used in each zone.

Block-structured grids are considerably more flexible in handling com-
plex geometries than structured grids. Since these grids retain the simple
regular connectivity pattern of a structured mesh on a local level, these
block-structured grids maintain, in nearly the same manner as structured
grids, compatibility with efficient finite-difference, finite-volume, or spectral
element algorithms used to solve partial differential equations. However, the
generation of block-structured grids may take a fair amount of user interac-
tion and, therefore, requires the implementation of an automation technique
to lay out the block topology.

The blocks of locally structured grids in a three-dimensional region are
typically homeomorphic to a three-dimensional cube, thus having the shape
of a curvilinear hexahedron. However, some domains can be more effectively
partitioned with the use of cylindrical blocks as well. Cylindrical blocks are
commonly applied to the numerical solution of problems in regions with holes
and to the calculation of flows past aircraft or aircraft components (wings,
fuselages, etc.). For many problems it is easier to take into account the shape
of the physical geometry and the structure of the solution by using cylindrical
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Fig. 7.16. Computational domains adjusted to the physical domains

blocks. Also, the total number of blocks and sections might be smaller than
when using only blocks homeomorphic to a cube.

Topology of the Grid

The correct choice of the topology in a block, depending on the geometry
of the logical domain and the qualitative type of the transformation of the
region onto the block, has a considerable influence on the quality of the grid.
There are two ways of specifying the computational domain for a block:

(1) as a complicated polyhedron which maintains the schematic form of the
block subdomain (Fig. 7.16);
(2) simply as a solid cube or a cube with cuts (Fig. 7.17).

separatiix

divertor plate  sopapamix drvertor plate

.
- - ;
G L. sevape-off layer

3. puavate E 1 core private
flux ! finx

Tokamak-Edge Region Smgle Block with Cuts

Fig. 7.17. A single-block topology for the tokamak-edge region.
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With the first approach, the problem of constructing the grid transforma-
tion is simplified, and this method is often used to generate a single-blocked
grid in a complicated domain. The second approach relies on a simplified
geometry of the computational domain but requires sophisticated methods
to derive suitable grid transformations.

In a block which is homeomorphic to a cylinder with thick walls, the
grid topology is determined by the topology of the two-dimensional grids in
the transverse sections. In applications, for sections of this kind, which are
annular planes or surfaces with a hole, wide use is made of three basic grid
topologies: H (Fig. 7.18), O (Fig. 7.19), and C (Fig. 7.20).

In H-type grids, the computational domain is a square with an interior
cut which is opened by the construction of the coordinate transformation and
mapped onto an interior boundary of the block. The outer boundary of the
square is mapped onto the exterior of the block. The interior boundary has
two points with singularities where one coordinate line splits. H—type grids
are used, for instance, when calculating the flow past thin bodies (aircraft
wings, turbine blades, etc.).

In O-type grids, the computational domain is a solid square. In this case
the system of coordinates in the block with a hole is obtained by bending the
square, sticking two opposite sides together and then deforming. The stuck
sides determine the cut, called the fictive edge, in the block. An example of
O-type grid is the nodes and cells of a polar system of coordinates. The O-
type grid can be constructed without singularities when the boundary of the
block is smooth. Grids of this kind are used when calculating the flow past
bulky aircraft components (fuselages, gondolas, etc.) and, in combination
with H-type grids, for multilayered block structures.

The computational domain is also a solid square in a C-type grid, but
the mapping onto the block with a hole involves the identification of some
segments of one of its sides and then deforming it. In the C-type grid, the
coordinate lines of one family leave the outer boundary of the block, circle
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Fig. 7.18. H-type grid
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Fig. 7.19. O-type grid

the inner boundary and return again to the outer boundary. There is one
point on the inner boundary which has the same type of singularity as in the
H-type grid. The C-type grids are commonly used in regions with holes and
long protuberances.

The O and C-type techniques in fact introduce artificial interior cuts in
multiply connected physical geometries to generate single block-structured
grids. The cuts are used to join the disconnected components of the boundary
of the geometry in order to reduce their number. Theoretically, this operation
can allow one to generate a single coordinate transformation in a multiply
connected physical geometry.

The choice of the grid topology in a block depends on the structure of the
solution, the shape of the physical geometry, and, in the case of continuous or
smooth grid-line communication, on the topology of the grid in the adjacent
block as well. For complicated physical geometries, such as those near aircraft
surfaces or turbines with a large number of blades, it is difficult to choose the
grid topology of the blocks, because each component of the system (wing,

Fig. 7.20. C-type grid
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fuselage, etc.) has its own natural type of grid topology, but these topologies
are usually incompatible with each other.

Conditions Imposed on Grids in Blocks

A grid in a block must satisfy the conditions which are required to obtain
an acceptable solution. In any specific case, these conditions are determined
by features of the computer, the methods of grid generation available, the
topology and conditions of interaction of the blocks, the numerical algorithms,
and the type of data to be obtained.

One of the main requirements imposed on the grid is its adaptation to the
solution. Multidimensional computations are likely to be very costly without
the application of adaptive grid techniques. The basic aim of adaptation is
to enhance the efficiency of numerical algorithms for solving physical prob-
lems by a special nonuniform distribution of grid nodes. The appropriate
adaptive displacement of the nodes, depending on the physical solution, can
increase the accuracy and rate of convergence and reduce oscillations and the
interpolation error.

In addition to adaptation, the construction of locally structured grids of-
ten requires the coordinate lines to cross the boundary of the domain or the
surface in an orthogonal or nearly orthogonal fashion. The orthogonality at
the boundary can greatly simplify the specification of boundary conditions.
Also, a more accurate representation of algebraic models of turbulence, the
equations of a boundary layer, and parabolic Navier—Stokes equations is pos-
sible in this case. If for grids of O and C-type the coordinate lines are orthog-
onal to the boundary of each block and its interior cuts, the global block-
structured grid will be smooth. It is also desirable for the coordinate lines
to be orthogonal or nearly orthogonal inside the blocks. This will improve
the convergence of the difference algorithms, and the equations, if written in
orthogonal variables, will have a simpler form.

For unsteady gas-dynamics problems, some coordinates in the entire do-
main or on the boundary are required to have Lagrange or nearly Lagrange
properties. With Lagrangian coordinates the computational region remains
fixed in time and simpler expressions for the equations can be obtained in
this case.

It is also important that the grid cells do not collapse, the changes in the
steps are not too abrupt, the lengths of the cell sides are not very different,
and the cells are finer in any zone of high gradient, large error, or slow con-
vergence. Requirements of this kind are taken into account by introducing
quantitative and qualitative characteristics of the grid, both with the help of
coordinate transformations and by using the sizes of cell edges, faces, angles,
and volumes. The characteristics used include the deviation from orthogonal-
ity, the Lagrange properties, the values of the transformation Jacobian or cell
volume, and the smoothness and adaptivity of the transformation. For cell
faces, the deviation from a parallelogram, rectangle, or square, as well as the
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ratio of the area of the face to its perimeter, is also used. A detailed review
of these grid characteristics is given in the monograph of Liseikin (1999).

Communication of Adjacent Coordinate Lines

The requirement of mutual positioning or “communication” of grids in the
vicinity of adjacent grid blocks and fictive edges or faces can also have a
considerable influence on the construction of locally structured grids and on
the efficiency of the numerical calculations. The coordinate lines defining
the grid nodes of two adjacent blocks, in general, need not have points in
common, and can join smoothly or nonsmoothly (Fig. 7.21). If all adjacent
grid blocks join smoothly, interpolation is not required. If the coordinate lines
do not join, then during the calculation the solution values at the nodes of one
block must be transferred to those of the adjacent block in the neighborhood
of their intersection. This is done by interpolation or (in mechanics) using
conservation laws.

R R

Fig. 7.21. Types of interface of grid lines between contiguous blocks (a discontin-
uous; b, ¢ nonsmooth; d smooth)

The types of interaction between adjacent grid blocks and in the vicin-
ity of fictive edges or faces are selected on the basis of the features of the
physical quantities in the region of their intersection. If the gradient of the
physical solution is not high in these zones and interpolation can, therefore,
be performed with high accuracy, the coordinate lines do not need to join.
This greatly simplifies the algorithm for constructing the grid. If there are
high gradients of the solution near the intersection of two blocks or in the
neighborhood of fictive edges or faces, a smooth matching is usually per-
formed between the coordinate lines. The problem of smooth matching was
typically overcome by an algebraic technique using Hermitian interpolation,
or by elliptic methods, involving a choice of control functions. A combination
of Laplace and Poisson equations, yielding equations of fourth or even sixth
order, was also used for this purpose. A distinctive feature of these approaches
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is that the boundaries of joint blocks or fictive intersections as well as grid
distribution on these geometries remain fixed.

o,
(1]
b

By C‘J.

A, D

A F D

Fig. 7.22. Scheme for generating smooth grids by computing the common points
of the adjacent blocks through grid equations

Approaches to Smoothing Grids

In this section we describe two novel iterative approaches for providing
smooth matching of grid lines across adjacent blocks. These approaches are
readily applied to generating smooth grids in the vicinity of fictive edges of
faces as in the case of O- or C-types of meshes. The essential difference from
the previous methods for generating smooth block-structured grids is that
the current approaches are based on the computation of both the position
of the joint boundary segments of the blocks and grid distribution in these
segments. The position of the segments and grid distribution are found 1)
through the numerical solution of grid equations and 2) by the interpola-
tion from the nodes of the grid hypersurfaces neighboring the joint boundary
segment.

Computation Through Grid Equations.

The idea of this version of the approach is demonstrated in Fig. 7.22 rep-
resenting a two-block structured scheme for generating smooth quadrilateral
grids in a domain X?2. The left-hand block of the domain is bounded by
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Fig. 7.23. Examples of nonsmooth and smooth triangular grids.

the curves Ay By, B1Cy, C1D1, and D1 A;. Similarly the right-hand block
is bounded by the segments AsBs, BsCs, CsDs, and DyAs. The curves
C1D; and By As are identical presenting the joint boundary of the blocks.
By the iterations the grid in the domain X? is computed independently at
each block via solving numerically by the methods described in Sects. 7.1-7.3
the Dirichlet boundary value problem for grid equations at the nodes of the
corresponding logical domains =% and =3 with the identical boundary node
distribution at joint segments in X2. These segments and their grid points
are found in the process of iterations by solving the boundary value problem
at the points of a new logical domain ABCD.

Thus, during the first iteration we specify the joint boundary segment
AyBy = DOy in X2, the grid nodes at this segment, and the transformation
at this nodes from the grid points of the segments C;D; and As By of the
corresponding logical domains =2 and =%. Then we compute independently
the grid nodes in the both blocks of X? through the grid equations. Having
done this we choose in the both blocks the corresponding grid lines AB and
CD, for example, neighboring the joint boundary line C1D; = BgA,. After
this we solve numerically the boundary value problem for the grid equations
at the points of a new logical domain ABCD. The number of the points at

i
5
f

L

Fig. 7.24. Examples of nonsmooth and smooth quadrilateral grids.
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Fig. 7.25. Examples of nonsmooth and smooth C-type grids.

the segments AD in the domain X? and in this new logical domain coincides.
The boundary points at the segments AB and C'D in the logical domain are
mapped at the computed points of the corresponding segments AB and C'D in
X?2. The transformation of the boundary points at the segments AD and BC
coincides with the initial boundary transformation from the corresponding
points of the segments AyD;, AsBs and B1C;, BsCs. In particular, the
points E and F' are mapped at the points C7 and D;, respectively. By the
computation the points of the segment EFF in the new logical domain are
transformed at the points of a new joint boundary segment (dotted line)
of two new blocks. Then the iterations continue up to satisfy a tolerance
condition. Similarly, there are generated smooth block-structured triangular
grids.

Figures 7.23, 7.24, and 7.25 demonstrate nonsmooth grids (left-hand)
computed in two-dimensional domains without the use of the smoothing
algorithm and smooth grids (right-hand) found by the application of the
algorithm.

Analogous procedure is formulated for generating smooth block-structured
surface and three-dimensional domain grids. Figure 7.26 exhibits nonsmooth
(left-hand) and smooth (right-hand) grids on a surface.

Fig. 7.26. Examples of nonsmooth and smooth surface grids.
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An essential feature of this approach is that the equations for generat-
ing grids in the blocks and for computing new joint boundary segments of
the blocks are the same. So such a smoothing process does not breach the
properties of the grids realized by particular monitor metrics.

Computation by Interpolation

Fig. 7.27. Scheme for generating smooth grids by interpolation.

In this approach the grid point at the ¢-th level of a new joint boundary seg-
ment (dotted line in Fig.7.27) is computed by the following procedure: after
computing the grid points at both blocks having a joint boundary line with a
grid node D we choose at the i-th level of grid lines two points neighboring the
previous joint segment point D of one block (the points B and C in Fig. 7.27)
and one neighboring a point of another block (point F in Fig. 7.27). Through
these points we draw a smooth line, for example, a circle segment. The i-th
level of a new joint boundary point E will lie on this segment. Its position at
the segment is defined from the relation CE/EF = AB/BC, where A is the
third grid point of the first block computed at the i-th level (overline means
the distance between the corresponding points). When all grid points of the
new joint boundary segment are found by such way then the grid points in
the blocks are found independently by solving grid equations. The process
continues up to satisfy a required tolerance.

Figure 7.28 illustrates an O-type nonsmooth (left-hand) and smooth
(right-hand) surface grids generated by this approach.

Similarly there are generated smooth block-structured three-dimensional
domain grids.
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Fig. 7.28. Examples of nonsmooth and smooth surface grids.

7.4 Application of Layer-Type Functions to Grid Codes

Formulations of general monitor metrics (5.58) as well as of the metrics
(5.73) and (5.101) for generating field-aligned and balanced grids rely on
some weight functions whose role is both to specify metrics and to determine
the influence of individual metrics on the resulting mesh. This section reviews
the application of some basic layer-type univariate mappings to defining the
weight functions.

7.4.1 Specification of Basic Functions

A suitable set of weight functions can be formulated by using three basic
functions @;(x,€),i = 1,2,3,2 > 0, 0 < ¢ < 1 which model locally the
qualitative behavior of solutions to singularly perturbed problems along a
coordinate transverse to the layers of their rapid variation.

The first function is the familiar exponential layer-type mapping

o1(x,€) = exp(—bz/e*¥), k>0, b>0, (7.65)

representing a layer-type function of the first order. The following mapping
is a power function, namely,

ckb
= — k>0 b>0 7.66
@2(1:’5) (Ek +£E)b ) > U, > U, ( )
The third mapping is a logarithmic map
In(1 -k
() = BUFTED) (7.67)

In(1+ek) "’
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The interval where any function ¢;(z,e), ¢ = 1,2,3, provides a rapid
stretching of the coordinate z coincides with the interval where the first
derivative with respect to x of this function is large. The first derivatives of
the basic functions are

dey

1 (z,€) = —be F exp(—bx /") , k>0, >0,
dey bek?

dx (x75) (€k+x>b+1 ’ > 0’ >07
d§03 1

) = k

PP oL Y gy >0,

Thus the lengths of the intervals of the rapid transition of the functions equals
to
z1 = C1efln(e™), g = Coe®/ Ot g = C5/In(1 + %),

respectively. The intervals [0, z1], [0, z2], and [0, z3] are referred to as layers
of singularity of corresponding functions ¢;(z,¢), i = 1,2,3.

The quantities k& and b in the expressions for the functions ¢;(x,e) are
positive constants that control some characteristics of the functions and the
layers of their singularity. In particular, the number k exhibits the scale of
a layer. The constant b controls the type of stretching nonuniformity and
the width of the layer. The parameter ¢ provides the major contribution to
determining the slopes of the functions in the vicinity of the point = = 0.

The basic functions ¢;(z, ), i = 1,2, 3, have the boundary layers of rapid
variation near the point x = 0. It is evident that the procedures of scaling,
shifting, and matching can yield layer-type functions with arbitrary boundary
and interior layers as well. These procedures are described in detail in the
monographs by Liseikin (1999, 2001a).

Originally the layer-type functions ¢;(x,e) were used in the so called
stretching method for specifying grid node clustering in the zones of boundary
and interior layers for the numerical solution of singularly perturbed problems
(see Bakhvalov (1969) and Liseikin (2001a)).

7.4.2 Numerical Grids Aligned to Vector-Fields
Application to Formulation of Field-Aligned Monitor Metrics

For generating numerical grids in a domain X", aligned to a vector-field B,
there, in accordance with Sect. 5.3.3, can be used the contravariant metric
components (5.77). For specifying these components two vector-fields B; and
B, may be chosen by

B, =B, B;=kD,

where D is orthogonal to the field B, k is a small positive function. Thus the
contravariant components of the monitor metric for generating field-aligned
grids in the domain X™ are as follows:
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J =¢€(s)0) + B'B) + K*D'DY, i,j=1,... ,n. (7.68)

s

Since the vector field B is orthogonal to D and |B| = |D| we find from (5.79)
gs = det(gi?) = [¢(s) + [BI]le(s) + KB, (7.69)
Taking into account that for n = 2
B'B’ = |B|*§; - D'D’, i,j=1,2,

the contravariant metric components (7.68), for n = 2 and | = 2, are as
follows:

2 = [€(s) + [B?)g} + (2 ~ 1) D' DY )

= [e(s) + K*B)0j + (1 = k*)B'BY, i,j = 1,2, '
i.e. of the form (5.77) for [ = 1. So, availing us of (5.81) yields that the
covariant components of the monitor metric in the Cartesian coordinates

s!, s? are expressed in both forms
1 , E2—1 o
b (5Z - DlD]:I’ '7 j = 1727
95 = (s) + BP 5 e(s) + K2[BP? "

X | e (7.71)

s . 4_731'33} =12
9ij e(s)+k2\B|2[J e(s) + BJ? » hI=5H%

Thus the covariant metric components in the grid coordinates &1, £2 are as

1 Os Os k2 -1 0s™ __OsP
| L. m ]
Y e(s) +[BIPLOET 06T e(s)+E2BI2T 96t 0&
_ 1 [85 S 0s 11— k2 m 0s™ py} (7.72)
€(s) + kB2 LOg" 061 e(s)+ (B2 9t 9L )
iaj7m7p = 172

For generating a grid with the requirement that grid coordinates are
aligned with the vector field B , we assume k ~ 0.01 —0.1 and €(s) as a func-
tion with small positive values when |B| ~ 1, while €(s) ~ 1 when |B| = 0.
The second condition for e(s) is stipulated by the effect of the solution of
inverted diffusive equations: the grid cells become very small at the points
where all elements g/ are small. The functions €(s) satisfying these proper-
ties are formulated through the boundary layer-type functions (7.65)—(7.67)
assuming €(s) = ¢(|B(s)|?,d), where

Mezp(—z/d),
o(x,0) =4 Mé*/(6+2)*, a>0,
M1n(§ +z)/1Iné,
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Fig. 7.29. Field-aligned grid (right-hand) for a symmetric vector field.

forz >0, 0<6d<<1, M = const. These boundary layer-type functions
help solutions of grid equations switch from one mode to another.

In the case of a two-dimensional domain X? and a square logical domain
Z2, the boundary conditions at the points of the boundary segments £2 = 0; 1

of the logical square =2, are found iteratively to satisfy the requirement of
orthogonality

0s 0s

oEr oez

The conditions at the boundary points of the other coordinate family can be
either specified as fixed or they can be specified at one segment ¢! = const
and computed iteratively at the points of the another segment to satisfy at
these points the requirement of grid lines alignment with the vector field

Bs = [B' +sgnB'o(|B'[*,0), (1 - ¢(IB'[*,0))B).

This vector field is introduced to rule out, at the corresponding boundary
points, the direction (0, B?) parallel to the boundary segment ¢! = const for
a coordinate curve £? = const emanating from this segment.

Fig. 7.30. Field-aligned grid (right-hand) for a vector field with two islands.
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Fig. 7.31. Field-aligned grid (right-hand) for a nonsymmetric vector field.

Numerical Experiments

Figures 7.29-7.32 demonstrate isocontours (left-hand) of a vector field B in a
two-dimensional domain X? and pictures (right-hand) of the corresponding
grids. The vector field B is formed by a model function (s) via the relation

oY o
B=(——,-—). 7.73
( 05?2’ 651> (7.73)
This vector field is subject to the natural equation for magnetic fields divB =
0. In addition, for such a vector field, D = grad . Thus, in this case, the
equations (7.72) become

2 _
¢ 1 Js Os k*—1 81/}01/)}’ =19

% ds)+BPLag 9 e(s) + WIB 0¢T 07

With these covariant components the two-dimensional diffusion equations
(7.11) have the following form

B ETATET RN, Al
N B R )

PR A
AT A
gul B

Fig. 7.32. Example of a triangular field-aligned grid.
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025t H%st 025t .
wis(®) (s perger ~ 290 pepe + Shipgge) = K0 (0T
where
. J)?2 o -
K= U5 (o)l
J (0s® 0 . 0s* 0 il
= G a9~ ger pa )]

ost 0 o Os! .
~9e per 0O+ G WG, hi=12

Equations (7.74) become the inverted Beltrami equations after substitut-
ing /g5 = 1//gs for w(s).

Analogously there are written out the inverted diffusion grid equations in
the form (6.171) and corresponding inverted Beltrami grid equations.

The equations (7.74) were solved by the numerical algorithms reviewed
in Sect. 7.1.2. There were used the following expressions for €(s) and ¥ (s):

0.05 exp(—|BJ|?/0.1), Fig. 7.29;
0.3 2
015 (57 w130
€(s) = ) :
0.051n(0.005 + |B|?)/In(0.005), Fig. 7.31;
B| :
0.1exp( 0.07), Fig. 7.32.

B(s2)(1 — B(s2))[(s! — 0.5)2 + 2(8(s%) — 0.5)2],  Fig. 7.29;
B(s2)(1 — $(s2))[(s! — 0.5)2 — 6(¢(s2) —0.5)%],  Fig. 7.30;

¥(s) = 3 @(s?)(1 = ¢(s?))[(s* — 0.5)% + 2(¢(s?)
— 0.5—0.251)2], Fig. 7.31;

B(s2)(1 — ¢(s2))[(s! — 0.5)2 + 1.5(¢(s2) — 0.5)?], Fig. 7.32.

where

#(s*) = 0.5 {1 + tanh(82 (120'5)} :
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Fig. 7.33. Grids for the tokamak—edge region.

An example of a field-aligned grid for the tokamak edge region is exhibited
in Fig. 7.33 (right-hand). The left-hand picture demonstrates an initial grid
presented by A. Glasser. Originally grids for the tokamak edge region were
performed by Petravic (1987) and Rognlien, Xu, and Hinmarsh (2002).

7.4.3 Application to Grid Clustering

The basic layer-type functions ¢;(z,e), ¢ = 1,2, 3, can also be used to pro-
duce grid clustering in the vicinity of a hypersurface defined by the equation
¢(s) = 0. For this purpose one can specify a monitor metric in the form
(5.95) proposed for generating grids adapting to the gradient of a function
f(s) that has large variation near the hypersurface. One of such functions
is defined by the formula f(s) = tanh[¢(s)/d], that includes the layer-type
map ¢1(z,d). Figure 7.34 (a) demonstrates a grid with node clustering near
the curve ¢(s) = 0. Figure 7.34 (b) shows grid clustering near two curves
¢1(s) =0 and ¢o(s) =0.

. 0.05 tanh(%), (a);
0.06 tanh(%féz)) +0.08 tanh(qﬁ;‘(ls)), (b):

where
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Fig. 7.34. Triangular adaptive grids.

é(s) = 100(s* — 0.5)2 + 16(s> — 0.5)% — 1,

#1(s) = (s —0.5)? + (s — 0.5)% — 0.5,

¢a(s) = 52 — 0.5 — 0.8 sin(6(s' +0.3)).

Another metric for providing grid clusstering is defined by the formula
(5.99): - 4
g;] :LU[Z(QZS)](S;, 17] = 17 1y

where the function z(¢) is formulated by the basic layer-type mappings
oi(z,e), i = 1,2,3. Figures 7.35 and 7.36 exhibit domain grids generated
through such metric by the numerical solution of the inverted diffusion grid

equations. Remind, in accordance with Sect. 5.1.5 the three-dimensional dif-
fusion equations are the Beltrami equations in a modified metric.
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Fig. 7.35. Examples of quadrilateral adaptive grids.
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For Fig. 7.35 there was assumed
exp(—22/0.5), 2(s) = exp{—[#(s)]?/0.001},  (a);

wlz(4)] = (%)2 2(s) = exp{—[4(s)]?/0.0005},  (b);
_ In{0.0005 + [#(s)]?} (o)

2exp(—27/0.3), (s) 1n(0.0005)

(s —0.5)2 — 0.8(s% — 0.5)2 — 0.05, (a);

d(s) = { (st —0.5)2+ (s2 —0.5)2 — 0.0625, (b);

s —2(st —0.5)2 - 0.2, (¢).
Figure 7.36 demonstrates two-dimensional and three-dimensional adaptive

grids in the case
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Fig. 7.36. Examples of triangular and hexahedral adaptive grids.

wlz(4)] = 0.5 exp [2 exp(—gi)sgl)],

o(s) = (s — 0.5)% + (s> — 0.5)% + (s° — 0.5)2,

which provides node clustering near central points of the geometries.

7.4.4 Application to Formulation of Weight Functions for
Generating Balanced Grids

The basic layer-type functions (7.65)—(7.67) are changing rapidly in a very
narrow zone when the parameter € is small. Therefore they allow one to for-
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mulate weight functions for localizing the contribution of the corresponding
terms of the metric elements (5.100) and (5.101) on the resulting quality of
the balanced grids, obtained by the numerical solution of the inverted Bel-
trami or diffusion grid equations.

For computing the balanced numerical grids, that are field-aligned and
adaptive to the values of one function and to the variations of another func-
tion, there was used formula (5.101) for the contravariant metric elements of
the monitor metric, written in the following form

g9(s) = (1= a)gil + a((1 = Agidy, + Bglh)s ij =10 .
gal_(sl ( )+BZBJ7 gZJ;iU:(S;:fl(ng))

1 0f2(p2) 3f2(902)
1+ |grad fa(p2)? Ost OsJ

ij _ st
adg = 9;

R T
: ST

- : i ..I.J
HH T i
e i HT‘-me

Fig. 7.37. Examples of balanced numerical grids.

Some two-dimensional balanced grids in a square domain X? are shown
in figure 7.37. These grids were generated through the solution of equations
(7.11) by the finite-difference algorithm described in Sect. 7.12. First picture
of the figure demonstrates the grid aligned to a vector-field B formulated by
(7.73) and adapted to the values of a function ¢;(s). Second picture demon-
strates the grid aligned to the same vector-field and adapted to the gradients
of a function fs[pa(s)]. Third picture demonstrates the grid aligned to the
same vector-field and adapted to the values of one function and the gradi-
ents of another. These grids were generated with the help of the following
functions and parameters
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filer) = (%)37 p1(s) = (0_0(;'7(_):1%2;,

fa(p2) = 0.05tanh(0¢%>, 0a(s) = R? — 0.2,

R? = (s' = 0.5)2 + (s — 0.5)2,

(s) = v(s*) (1 — v(s?))[(s* — 0.5)* +2(v(s?) — 0.5)?],

v(s?) = 0.5 [1 + tanh(82 (120'5)],

0.3 6
1) QZE(S)Z(W> , B=1,

0.3 8
2) a:E(S):<W|B|2>7 ﬁzO,

3 a=c(s) = (gryge) - 4= ea(-()?/01)
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Covariant derivative 77

Critical point 134
Curvature
Gaussian 90
geodesic 85
mean 85,90, 108

principal 107,112
Curve

length 43
parametrization 43,55
quality 55
Cylindrical block 257
Domain

decomposition 32
parametric 35,118

physical 10

Energy density 134
Equation

algebraic 10
boundary layer 261
diffusion 128
fluxes-sources 165
gas-dynamics 247
generalized Laplace 122
hyperbolic 26
inverted 161
Navier—Stokes 261
parabolic 24
parametric 61
Poisson 24,155
Serret—Frenet 57
Equidistribution principle
Euclidean

metric 135

space 135

Euler theorem 11

Function

124
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admissible 29
blending 23
control 25
exponential 267
harmonic 134
layer-type 267
logarithmic 267
monitor 70,71

power 267
weight 71,124
Functional

descrete 238

diffusion 139

energy 134

of grid smoothness 134
Fundamental form

first 64

second 90, 106

Gauss relation 51
Grid

balanced 158
block-structured 257
boundary-conforming 12,19
boundary-fitting 12
Cartesian 19
coordinate 18,19
deformation 10
field-aligned 151
moving 19
multi-block 255
nodes 8
organization 12
quality 22

size 10

smoothing 263
structured 18,19
topology 258,259

Intermediate transformation 120

Intersection 107
Intrinsic geometry 63
Inverse 36,40, 56

Jacobi matrix 35
Jacobian 38

Layer width 268
Left-handed orientation 38

Length 56

Manifold
monitor 71,119,141
Riemannian 68
Mapping approach 17,118
Maximum principle 24
Measure
of grid nonalignment 152
of grid nonuniformity 154
of line bending 58
of relative clustering 84
of relative spacing 83
Method
algebraic 22
differential 22
finite-difference 12
finite-volume 12
hybrid grid 28
hyperbolic 27
minimization of functional
variational 22
Metric
diagonal 130
monitor 140
spherical 130

Orthonormal basis 58

Problem
boundary value 129
well-posed 28

Product
cross 46
dot 38

tensor 49

Radius of curvature 57
Rate of twisting 59
Right-handed orientation 38

Source term 25

Specification
explicit 5
implicit 5

Surface

minimal 108
monitor 70,108, 136
multidimensional 61
regular 61

236, 239



warping 107

Tangent n-dimensional plane
Tensor

component 75
contravariant 65, 76
contravariant metric 44
covariant 75
covariant metric 42,63
invariant 81

metric 38

mixed 76

of mixed derivatives 77
of order zero 75
product 86

62

Index

rank 75

surface metric 63
Torsion 58,59
Triad 48
Turbulence 10,261

Vector

basic 88

basic normal 63
binormal 57
curvature 56
normal 39,49, 63
tangent 62
tangential 37, 38,55
unit normal 85
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