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Preface to the Second Edition

This second edition of A Computational Differential Geometry Approach to
Grid Generation is significantly expanded by new material that centers on
the recent advances in grid generation technology based on the numerical so-
lution of Beltrami and diffusion equations in monitor metrics. It gives a more
detailed and practice-oriented description of the monitor metrics for provid-
ing the generation of adaptive, field-aligned, and balanced numerical grids.
New finite-difference codes are described for generating both structured and
unstructured surface and domain grids. Numerous applications of the codes
for the generation of numerical grids with individual and balanced proper-
ties in surfaces and domains, in particular, in the tokamak-edge region are
demonstrated. The new edition also boasts examples of the implementations
of the grid generation codes in the codes for the numerical investigations of
gas-dynamics and magnetized plasmas problems.
Grid technology, which has had a significant impact on the efficiency of

numerical codes, remains a rapidly advancing field of computational physics
and applied mathematics. New achievements are being added by the creation
of more sophisticated techniques, modification of the available methods, and
implementation of more subtle tools as well as the results of the theories of
differential equations, calculus of variations, and Riemannian geometry in the
formulation of grid models and analysis of grid properties.
The development of comprehensive differential and variational grid gener-

ation techniques reviewed in the monographs of J.F. Thompson, Z.U.A. Warsi,
and C.W. Mastin, P. Knupp, and S. Steinberg, and V.D. Liseikin has been
largely based on a popular concept in accordance with which a grid model
realizing the required grid properties should be formulated through a lin-
ear combination of basic and control grid operators with weights. A typical,
basic grid operator is the operator responsible for the well-posedness of the
grid model and construction of unfolding grids, e.g., the Laplace equations
(generalized Laplace equations referred also to as second-order Beltrami equa-
tions) or the function of grid smoothness, which produces fixed non-folding
grids while grid clustering is controlled by source terms in differential grid
formulations or by an adaptation function in variational models. However,
such a formulation does not obey the fundamental invariance laws with re-
spect to parameterizations of physical geometries and frequently results in



VI Preface to the Second Edition

cumbersome governing grid equations. Besides this, the choice of the weight
and control functions for providing well-posedness, grid non-degeneracy, and
adaptation is largely based on unreliable theoretical assumptions borrowed
from one-dimensional models.
The current book revises this popular concept and pursues a more up-

dated and somewhat revolutionary one based on the general fact that an
arbitrary one-to-one, smooth multidimensional coordinate transformation de-
riving a numerical grid in a domain or on a surface is realized by a solution of
a system of the Beltrami equations in a suitable monitor metric specified in
the physical geometry. The system can be interpreted as the multidimensional
equidistribution principle in which the monitor metric tensor is an extension
of a scalar-valued weight function. With this interpretation for a mathemati-
cal model for generating grids in domains or on surfaces, one need only choose
the Beltrami equations, without any complementary control operators that
worsen the model, while the required grid properties are realized through the
specification of suitable metric tensors.
Thus the single Beltrami mathematical model provides a real foundation

for the solution of the challenging problem of the development of compre-
hensive grid generators. Consequently the efforts of research should be di-
rected towards implementing this model into grid technology by developing
approaches for formulating metrics in physical geometries and establishing
necessary relations between them and the required grid properties for the
purpose of setting up an adequate control of the grid quality by the choice
of the suitable metric.
One natural approach for formulating metric tensors and corresponding

tensor-valued weight functions is based on the notion of a monitor surface
over the physical geometry that undergoes a gridding process. The monitor
surface is defined as the graph of some (in general vector-valued) function
that takes into account the behavior of the physical solution. This monitor
surface, having an inherent metric tensor that can be considered as the very
tensor-valued weight function, is suitable for generating adaptive grids with
the use of a smoothness functional (which is the functional of energy) whose
Euler–Lagrange equations are, in fact, equivalent to the Beltrami equations
in the metric of the monitor surface. The resulting grid derived by this metric
tends to cluster its nodes in the zones of the large gradient of the function. The
approach for formulating the adaptive metric is readily extended to define
more general monitor metrics in domains or on surfaces, thus turning them
into Riemannian manifolds whose implementation in grid technology allows
one to generate grids satisfying the most broad mesh quality requirements.
In order to control the required grid properties by the monitor metrics,

one needs a knowledge of geometric characteristics of the monitor geometries
and their relations to the resulting grid behavior. This knowledge can be at-
tained with the aid of the theory of multidimensional differential geometry of
Riemannian manifolds adjusted to the features of grid technology. The theory
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of multidimensional differential geometry is really one of the most promising
branches of the pure mathematical field of science, capable of pushing grid
technology to a more advanced level in its development. Indeed, many notions
and characteristics of common surfaces, such as metric tensors, their invari-
ants, first and second fundamental forms, curvatures and torsions of lines, the
mean and Gauss curvatures, and Christoffel symbols, have already been used
by many authors as natural elements in defining grid quality measures and
formulating appropriate variational and differential grid techniques in a uni-
fied manner regardless of the geometry of the physical domains and surfaces.
A theory of more general geometric objects, such as regular multidimen-
sional surfaces and Riemannian manifolds implemented for generating grids
with necessary properties, is expected to become a highly beneficial tool for
boosting grid technology. The known relations and techniques of differential
geometry also present an efficient means for transforming and modernizing
the physical and grid equations into a suitable form. It is presumable that
the science of differential geometry will play in numerical grid technology
the same role played by the science of matrices in the theory of difference
approximations of boundary value problems.
Therefore, there is a need for a monograph that is essentially aimed at

providing deep and balanced insight into the fields of grid science, multidi-
mensional geometry adjusted to grid technology, and up-to-date achievements
of the applications of geometric tools to the creation of advanced grid tech-
niques. With this background the reader will be able to formulate and develop
well-posed grid models and algorithms and analyze grid properties with ge-
ometry related tools, thus taking part in the solution of the very challenging
problem of the development of advanced comprehensive grid generators.
This monograph gives an account of the geometrization of popular com-

prehensive grid methods and presents an important extension to the methods
related to the application of the technique of Riemannian manifolds to the
formulation of grid equations by developing some procedures for the con-
struction of monitor metric tensors. Contrary to classical geometric studies,
which center on geometric features and characteristics of specified Rieman-
nian manifolds, the problem of finding appropriate monitor metrics for pro-
ducing grid systems with the required properties is somewhat an inverse
problem of the creation of Riemannian manifolds with desirable geometric
characteristics. In accordance with the concept of the inverse problem, the
author of the monograph discusses rather thoroughly some new techniques
aimed at the construction of special monitor metrics in physical geometries.
The techniques are designed by generalizing the projection approach in which
the monitor metric in an n-dimensional physical geometry is borrowed from
a natural metric of the n-dimensional surface derived by a height monitor
function over the geometry. This technology allows the required metric to
be defined through the original metric of the physical geometry and certain
vector-valued functions.
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The book establishes and reviews some of the relations of the Riemannian
geometry for the purpose of obtaining new equations with implemented met-
ric characteristics aimed at facilitating the control of the generation of grids
with the required properties. Taking advantage of the relations established,
the author has converted the equations into a compact form convenient for
numerical treatment via the available algorithms.
The technique of multidimensional differential geometry is also applied

to study the qualitative effect of a general class of monitor metrics on the
resulting mesh. For this purpose a new characteristic of grid clustering is
formulated. Certain relations between this measurement and some geometric
characteristics of grid hypersurfaces and the monitor functions forming the
monitor metrics are established. The well-known results for grids generated
by inverted Laplace equations about node-clustering near concave boundary
segments of domains and node-rarefaction near convex boundary segments
are, using these relations, extended to arbitrary boundary segments and to
more general Beltrami equations in monitor metrics. On the basis of the
established formulas, the monitor functions are readily estimated in the in-
verted diffusion and Beltrami grid equations to provide grid clustering or, if it
is reasonable, grid rarefaction near arbitrary segments of physical geometries.
Some relations of the mean curvature of the monitor surfaces to the Bel-

trami equations for grid generation are exhibited. The book also includes
a chapter devoted to the implementation of the comprehensive grid equa-
tions and the energy functional into numerical codes and to the application
of the codes to the numerical solution of some gas-dynamics and plasma-
related problems.
Since grid technology has widespread applications to nearly all field prob-

lems, this monograph will be useful for a broad range of readers, including
teachers, students, and researchers as well as practitioners in applied mathe-
matics, mechanics, biology, medicine, and physics interested in the numerical
analysis of multidimensional field problems with complicated geometries and
complex solutions.
The book is divided into two parts. Part I of the book gives a geometric

background needed for the development of grid generators. The grid equa-
tions, codes, and applications are described in Part II.
Part I of the monograph includes Chaps. 1–4. Chapter 1 gives a general in-

troduction to the subject of numerical grids and methods of their generation.
Chapters 2–4 introduce the reader to multidimensional differential geometry
for the purpose of better understanding those of its techniques that are suit-
able for the implementation into advanced grid generation technologies. The
geometric implementation in grid technology pursued in the book assumes the
development of robust techniques for producing appropriate monitor metrics
over both physical domains and surfaces thus converting them into Rieman-
nian manifolds. The metrics should guarantee generation of grids with the
necessary properties through popular mathematical models.
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Part II of the book is devoted to the implementation of geometric tools
into the development of grid techniques and codes. It contains Chaps. 5–7.
Chapter 5 deals with fundamental elliptic grid models formulated through
the operators of Beltrami and diffusion and establishes compact formulas of
monitor metrics. Two-dimensional Beltrami equations in the natural metric of
a physical surface were originally proposed by Warsi for generating fixed grids
on the surface. The ordinary Laplace equations that are the Beltrami equa-
tions in the Euclidean metric were applied to generate fixed grids in domains
by Crowley and Winslow. One justification of the Beltramian operator is
demonstrated in Chap. 5 by the proof of the statement that an arbitrary non-
degenerate smooth transformation of a physical domain or surface is realized
as a solution of the Dirichlet boundary value problem for the system of Bel-
trami grid equations in some appropriate metric. The chapter also discusses
some variational and harmonic interpretations of the Beltrami equations, in
particular, a variational approach for generating harmonic maps through the
minimization of energy functionals, which was suggested by Dvinsky.
With the help of the geometric relations, established in Chap. 4, the grid

equations introduced in Chap. 5 are transformed in Chap. 6 to equations in
invariant forms with respect to independent logical variables. Special mon-
itor metrics over two-dimensional surfaces are designed that result in sim-
pler transformed equations, even in comparison with the equations that have
been used for generating fixed grids. The chapter also establishes relations
between the monitor functions and geometric characteristics of the Rieman-
nian manifolds produced and the coordinate lines and surfaces generated by
a corresponding mathematical model, for the purpose of realization of grid
control through a suitable specification of the monitor functions.
Chapter 7 gives a description of some computational codes for generat-

ing grids with the numerical solution in the logical domain of the elliptic
equations obtained in Chap. 6 by changing mutually dependent and inde-
pendent variables in the original Beltrami and diffusion equations. Some
numerical aspects related to the development of grid generation codes are
reviewed, in particular, the application of layer-type functions to formulat-
ing monitor metrics and description of two techniques for generating smooth
block-structured grids. Numerical results related to the application of the
grid technology advocated in the book to some gas-dynamics and plasma
problems are also exhibited in this chapter.
The book ends with a list of references.

Acknowledgement

The author is very grateful for helpful suggestions in geometry, algebra, and
numerical techniques made by his colleagues, Professors Borisov, Churkin,
Glasser, Kuzminov, Sharafutdinov, and Shvedov.
The author is also much obliged to the researchers who responded to his

requests and sent files of their papers and of pictures for figures, namely



X Preface to the Second Edition

B.S. Azarenok (Figs. 7.10–7.14), A.A. Charakhch’yan (Figs. 7.8–7.9), and
A.H. Glasser (Figs. 5.11–5.12). Figures 7.10–7.14 were published in Azarenok
(2000, 2002), 7.8 in Charakhch’yan and Ivanenko (1997), 7.9 in Lomonosov,
Frolova and Charakhch’yan (1997), and 5.10–5.11 in Glasser et al. (2005).
The work over the book was partly supported by the US Civilian Re-

search & Development Foundation (CRDF): Award NO RU-M1-2579-NO-04.
In particular, the efforts related to the development of grid generation codes,
computing figures of grids, and preparing the text of the book in Latex code,
made by I. Kitaeva, Yu. Likhanova, and D. Patrakhin, whom the author
thanks very much, were remunerated by payments from the CRDF grant.
Figures 5.6, 7.29 and 7.37 were published in Glasser, Liseikin and Kitaeva
(2005), 5.4, 5.8, 7.32 and 7.34 in Glasser et al. (2005).

Novosibirsk, March 2006 Vladimir D. Liseikin



Contents

Part I Geometric Background to Grid Technology

1 Introductory Notions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
1.1 Representation of Physical Geometries . . . . . . . . . . . . . . . . . . . . 5
1.2 General Concepts Related to Grids . . . . . . . . . . . . . . . . . . . . . . . 8

1.2.1 Grid Cells . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
1.2.2 Requirements Imposed on Cells and Grids . . . . . . . . . . . 10

1.3 Grid Generation Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3.1 Mapping Approach . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.3.2 Requirements Imposed on Mathematical Models . . . . . . 21
1.3.3 Algebraic Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22
1.3.4 Differential Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
1.3.5 Variational Methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

1.4 Comprehensive Codes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32

2 General Coordinate Systems in Domains . . . . . . . . . . . . . . . . . 35
2.1 Jacobi Matrix . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 35
2.2 Coordinate Lines, Tangential Vectors, and Grid Cells . . . . . . . 36
2.3 Coordinate Surfaces and Normal Vectors . . . . . . . . . . . . . . . . . . 38
2.4 Representation of Vectors Through the Base Vectors . . . . . . . . 40
2.5 Metric Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

2.5.1 Covariant Metric Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . 42
2.5.2 Line Element . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
2.5.3 Contravariant Metric Tensor . . . . . . . . . . . . . . . . . . . . . . . 44
2.5.4 Relations Between Covariant and Contravariant

Elements . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.6 Cross Product . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46

2.6.1 Geometric Meaning . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
2.6.2 Relation to Volumes . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
2.6.3 Relation to Base Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2.7 Relations Concerning Second Derivatives . . . . . . . . . . . . . . . . . . 49
2.7.1 Christoffel Symbols of Domains . . . . . . . . . . . . . . . . . . . . 50
2.7.2 Differentiation of the Jacobian . . . . . . . . . . . . . . . . . . . . . 52
2.7.3 Basic Identity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52



XII Contents

3 Geometry of Curves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.1 Curves in Multidimensional Space . . . . . . . . . . . . . . . . . . . . . . . . 55

3.1.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
3.1.2 Basic Curve Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

3.2 Curves in Three-Dimensional Space . . . . . . . . . . . . . . . . . . . . . . . 57
3.2.1 Basic Vectors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
3.2.2 Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58
3.2.3 Torsion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4 Multidimensional Geometry . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61
4.1 Tangent and Normal Vectors and Tangent Plane . . . . . . . . . . . 61
4.2 First Groundform . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63

4.2.1 Covariant Metric Tensor . . . . . . . . . . . . . . . . . . . . . . . . . . 63
4.2.2 Contravariant Metric Tensor . . . . . . . . . . . . . . . . . . . . . . . 65

4.3 Generalization to Riemannian Manifolds . . . . . . . . . . . . . . . . . . 67
4.3.1 Definition of the Manifolds . . . . . . . . . . . . . . . . . . . . . . . . 67
4.3.2 Example of a Riemannian Manifold . . . . . . . . . . . . . . . . . 70
4.3.3 Christoffel Symbols of Manifolds . . . . . . . . . . . . . . . . . . . 71

4.4 Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74
4.4.1 Definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 75
4.4.2 Examples of Tensors . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.4.3 Tensor Operations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 79

4.5 Basic Invariants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
4.5.1 Beltrami’s Differential Parameters . . . . . . . . . . . . . . . . . . 81
4.5.2 Measure of Relative Spacing . . . . . . . . . . . . . . . . . . . . . . . 82
4.5.3 Measure of Relative Clustering . . . . . . . . . . . . . . . . . . . . . 84
4.5.4 Mean Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85

4.6 Geometry of Hypersurfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
4.6.1 Normal Vector to a Hypersurface . . . . . . . . . . . . . . . . . . . 85
4.6.2 Second Fundamental Form . . . . . . . . . . . . . . . . . . . . . . . . 90
4.6.3 Surface Curvatures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
4.6.4 Formulas of the Mean Curvature . . . . . . . . . . . . . . . . . . . 91

4.7 Relations to the Principal Curvatures of Two-Dimensional
Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
4.7.1 Second Fundamental Form . . . . . . . . . . . . . . . . . . . . . . . . 106
4.7.2 Principal Curvatures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

Part II Algorithms and Applications of Advanced Grid Technology

5 Comprehensive Grid Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
5.1 Formulation of Differential Grid Generators . . . . . . . . . . . . . . . . 119

5.1.1 Beltramian Operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
5.1.2 Boundary Value Problem for Grid Equations . . . . . . . . . 120



Contents XIII

5.1.3 Interpretation as a Multidimensional Equidistribution
Principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

5.1.4 Realization of Specified Grids . . . . . . . . . . . . . . . . . . . . . . 125
5.1.5 Extension to Diffusion Equations . . . . . . . . . . . . . . . . . . . 128
5.1.6 Familiar Grid Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . 129

5.2 Variational Formulations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
5.2.1 Functional of Grid Smoothness . . . . . . . . . . . . . . . . . . . . . 132
5.2.2 Diffusion Functional . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 139

5.3 Formulation of Monitor Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . 140
5.3.1 General Formulas for Covariant Elements . . . . . . . . . . . . 141
5.3.2 Formulations of Contravariant Elements . . . . . . . . . . . . . 148
5.3.3 Specification of Individual Monitor Metrics . . . . . . . . . . 150
5.3.4 Monitor Metrics for Generating Balanced Grids. . . . . . . 158

6 Inverted Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
6.1 General Forms of Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161

6.1.1 Relations to Beltrami Equations . . . . . . . . . . . . . . . . . . . . 161
6.1.2 Resolved Grid Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 163
6.1.3 Fluxes-Sources Equations . . . . . . . . . . . . . . . . . . . . . . . . . . 165

6.2 Equations for Classical Monitor Metrics . . . . . . . . . . . . . . . . . . . 168
6.2.1 Domain Grid Equations for a Diagonal Monitor Metric 169
6.2.2 Domain Grid Equations with Respect to the Metric

of a Monitor Surface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 173
6.2.3 Surface Grid Equations for Some Special Monitor

Metrics . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176
6.2.4 Surface Grid Equations with Respect to the Metric

of a Monitor Surface . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
6.3 Role of the Mean Curvature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 182

6.3.1 Mean Curvature and Inverted Beltrami Grid Equations 182
6.3.2 Mean Curvature and Control of Grid Clustering . . . . . . 185

6.4 Practical Grid Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 207
6.4.1 Equations for Generating Grids on Curves . . . . . . . . . . . 208
6.4.2 Equations for Generating Grids on Two-Dimensional

Surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 210
6.4.3 Equations for Generating Grids in Domains . . . . . . . . . . 214

7 Numerical Implementation of Grid Generators . . . . . . . . . . . 219
7.1 Method of Fractional Steps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 219

7.1.1 One-Dimensional Equation . . . . . . . . . . . . . . . . . . . . . . . . 219
7.1.2 Two-Dimensional Equations . . . . . . . . . . . . . . . . . . . . . . . 222
7.1.3 Three–Dimensional Equations . . . . . . . . . . . . . . . . . . . . . . 232

7.2 Method of Minimization of Energy Functional . . . . . . . . . . . . . . 236
7.2.1 Generation of Fixed Grids . . . . . . . . . . . . . . . . . . . . . . . . . 236
7.2.2 Adaptive Grid Generation . . . . . . . . . . . . . . . . . . . . . . . . . 242
7.2.3 Numerical Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 255



XIV Contents

7.3 Generation of Multi-Block Grids . . . . . . . . . . . . . . . . . . . . . . . . . 255
7.3.1 Block-Structured Grids . . . . . . . . . . . . . . . . . . . . . . . . . . . 257

7.4 Application of Layer-Type Functions to Grid Codes . . . . . . . . . 267
7.4.1 Specification of Basic Functions . . . . . . . . . . . . . . . . . . . . 267
7.4.2 Numerical Grids Aligned to Vector-Fields . . . . . . . . . . . 268
7.4.3 Application to Grid Clustering . . . . . . . . . . . . . . . . . . . . . 273
7.4.4 Application to Formulation of Weight Functions

for Generating Balanced Grids . . . . . . . . . . . . . . . . . . . . . 275

References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 279

Index . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 289











1 Introductory Notions

This chapter gives an introduction to the subject of numerical grid technology.
It delineates the notion of grid cells, requirements imposed on grid properties,
and the most popular methods of a mapping approach.

1.1 Representation of Physical Geometries

The goal of advanced grid technology is the development of robust algorithms
and codes for generating grids in arbitrary spatial domains. A spatial domain

X3 ⊂ R3 , X3 = {x ∈ R3 ,x = (x1, x2, x3)} ,

is defined by a specification of a number of two-dimensional boundary patches
that bound it (Fig. 1.1). Let Sx2 be some such patch that is a surface in R3.
There are two ways for describing points of the boundary surface Sx2: 1)
implicit and 2) explicit. By the implicit way the points of the patch Sx2 are
found from some equation F (x1, x2, x3) = 0. In the explicit approach the
patch is specified by a nondegenerate parametrization

x(s) : S2 → X3 , s = (s1, s2) , x(s) = [x1(s), x2(s), x3(s)] , (1.1)

which is a one-to-one map between a two-dimensional domain S2 ⊂ R2,
referred to as a parametric domain, and Sx2.
In the same way there is specified a boundary curve Sx1 of a patch:

implicitly by two equations F1(x
1, x2, x3) = 0 and F2(x

1, x2, x3) = 0 or
explicitly through a nondegenerate parametrization

x(s) : [a, b]→ X3 , x(s) = [x1(s), x2(s), x3(s)] , (1.2)

between the parametric interval [a, b] and Sx1 (Fig. 1.1).
Analogous schemes (implicit and explicit) are applied to describing bound-

aries of two-dimensional domains.
Note the domain X3 itself is readily represented in the form (1.1) and

(1.2), as

x(s) : S3 → X3 , s = (s1, s2, s3) , (1.3)
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Fig. 1.1. Scheme for a representation of a domain as a curvilinear hexahedron

where S3 is X3 while x(s) is the identical transformation x(s) ≡ s. However
the domain may also have a general form of its representation (1.3) with the
parametric domain S3 different from X3. The representations (1.1–1.3) give
the full set of the explicit specifications of the domain X3 and its boundary.
Of these two ways for describing physical geometries the modern grid

technology relies only on the explicit specifications in the forms (1.1–1.3).
Thus the first inevitable step in the process of grid generation in a domain

X3 ⊂ R3 is concluded with preparing a working place for the application of
grid techniques, i.e. one must present an explicit representation ofX3 and the
boundary of X3 by choosing a set of surface patches covering this boundary
and the parametrizations of these patches and their boundary curves.
If the domain X3 is diffeomorphic to a three-dimensional cube then one of

the typical approaches to the specification of X3 concludes with considering
X3 in the form of a hexahedron with curvelinear faces, i.e. as a deformed
cube (Fig. 1.1). Thus there are chosen 6 patches on the boundary of X3

which represent 6 faces of the hexahedron. The intersection of two contiguous
patches forms an edge of the hexahedron. As a result there are 12 edges. The
intersections of contiguous edges form 8 vertices. The domain X3, its faces,
and edges should by specified by corresponding parametrizations (1.1–1.3).
In another consideration a domain X3 may be viewed as a curvilinear

tetrahedron, i.e. as a deformed three-dimensional simplex as in Fig. 1.2 (left).
Consequently, the boundary patches are triangular surfaces while their para-
metric domains may naturally be triangles. In the similar way the domain
X3 may be interpreted as one more solid, for example, as a curvilinear prism
(Fig. 1.2) (right). Analogously a two-dimensional domain X2 or surface Sx2

diffeomorphic to a square may be viewed as a curvilinear quadrilateral or
triangle.
If a physical domain is not diffeomorphic to an n-dimesional cube then, for

its representation, it is either divided into several subdomains called blocks,
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Fig. 1.2. Scheme for a representation of a globe as both a curvilinear tetrahedron
and prism

each of which is diffeomorphic to the cube, or imaginary faces are introduced.
Figure 1.3 demonstrates such representations of a two-dimensional ring.
Relying on the explicit representation of an arbitrary physical geometry

a physical domain, surface, or curve can be considered in a unified manner,
as a collection of geometric objects referred to as regular surfaces locally
parametrized as

x(s) : Sn → Rn+k, x = (x1, . . . , xn+k), s = (s1, . . . , sn), n ≥ 1 , (1.4)

where Sn is an n-dimensional parametric domain (an interval if n = 1), while
x(s) is a smooth vector-valued function of rank n at all points s ∈ Sn. We
shall designate by Sxn the regular surface parametrized by (1.4). Note, when
k = 0 then Sxn is a domain Y n ⊂ Rn.
We assume further throughout this book that we deal with an arbitrary

geometry Sxn represented explicitly by the parametrization (1.4).
Using the specification (1.4) of the physical geometry Sxn allows one to

generate grid points first on the parametric domain and then transforming
them through the parametrization of Sxn. With such consideration the pro-

Fig. 1.3. Representations of a two-dimensional ring as both two and one curvilinear
quadrilaterals
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cess of grid generation can be carried out uniformly both for the boundary of
a physical geometry and for its interior part. This scheme of grid generation
leads to the natural requirement for grid techniques that the grids generated
in the physical geometry for different parametrizations should be the same,
i.e. the grid algorithms should be invariant of parametrizations of Sxn.

1.2 General Concepts Related to Grids

By a grid in a physical geometry Sxn there is understood an algorithmically
described collection of elemental standard n-dimensional volumes covering or
approximating the necessary area of the geometry. The standard volumes are
referred to as grid cells. The cells have boundaries that are divided into a
few segments which are (n− 1)-dimensional cells. Therefore the cells can be
formulated successively from one dimension to higher dimensions.
The boundary points of the one-dimensional cells are the cell vertices.

These vertices are called the grid nodes.
This section discusses some general concepts related to grid cells and

grids.

1.2.1 Grid Cells

In general the grid cells are small curvilinear volumes having simple standard
shapes (Fig. 1.4 below). These curvilinear volumes are obtained by deform-
ing reference cells. Such reference cells common in practical applications are
demonstrated in Fig. 1.4 up.

Fig. 1.4. Typical reference (up) and corresponding standard (below) grid cells

Reference Cells

In one dimension the reference cell is a closed straight segment, whose bound-
ary is composed of two points referred to as the cell vertices.
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A two-dimensional reference cell is a two-dimensional equilateral polygon
whose boundary segments are one-dimensional reference cells referred to as
the edges of the cell. Commonly, the two-dimensional reference cells are con-
sidered in the form of equilateral triangles or squares. The boundary of a
triangular cell is composed of three edges, while the boundary of a square
is represented by four edges. These edges are the one-dimensional reference
cells.
By a reference three-dimensional cell there is meant a three-dimensional

equilateral polyhedron whose boundary is partitioned into a finite number
of two-dimensional cells called its faces. In practical applications, three-
dimensional reference cells typically have the shape of either equilateral tetra-
hedrons or cubes. The boundary of a tetrahedral cell is composed of four
triangular cells, while a cube is bounded by six squares. Some applications
also use for three-dimensional reference cells the cells in the form of prisms
having triangular top and bottom faces. Such prism has two triangular and
three square faces, nine edges, and six vertices. Note bees also prefer cells in
the form of prisms however with hexagonal top and bottom faces.

Standard cells

The edges and the faces of the reference cells are linear. The standard grid
cells being deformed reference cells have, as a rule, nonequilateral edges and
besides this they may be curvilinear. Thus, in general, the standard cells
have the form of curves and curvilinear triangles, quadrilaterals, tetrahedrons,
hexahedrons, and prisms as shown in Fig. 1.4 below.
The selection of the shapes shown in Fig. 1.4 to represent the reference

and standard cells is justified, first, by their geometrical simplicity and, sec-
ond, because the existing approaches for the numerical simulation of physical
problems are largely based on approximations of partial differential equa-
tions using these elemental volumes. The choice of cell shape depends on the
geometry and physics of the specific problem and on the method of solu-
tion. In particular, tetrahedrons (triangles in two dimensions) are well suited
for finite-element methods, while hexahedrons are commonly used for finite-
difference techniques.
The major advantage of hexahedral cells (quadrilaterals in two dimen-

sions) is that their faces (or edges) may be aligned with the coordinate sur-
faces (or curves). In contrast, no coordinates can be aligned with tetrahedral
meshes. However, strictly hexahedral meshes may be ineffective near bound-
aries with sharp corners.
Prismatic cells are generally placed near boundary surfaces which have

previously been triangulated. The surface triangular cells serve as faces of
prisms, which are grown out from these triangles. Prismatic cells are efficient
for treating boundary layers, since they can be constructed with a high aspect
ratio in order to resolve the layers, but without small angles, as would be the
case for tetrahedral cells.
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Triangular cells are the simplest two-dimensional volumes and can be pro-
duced from quadrilateral cells by constructing interior edges. Analogously,
tetrahedral cells are the simplest three-dimensional volumes and can be
derived from hexahedrons and prisms by constructing interior faces. The
strength of triangular and tetrahedral cells is in their applicability to virtu-
ally any type of domain configuration. The drawback is that the integration
of the physical equations becomes a few times more expensive with these cells
in comparison with quadrilateral or hexahedral cells.
The vertices of the cells define grid points which approximate a physical

geometry. Alternatively, the grid points in the physical geometry may have
been generated previously by some other process. In this case the construction
of the grid cells requires special techniques.

1.2.2 Requirements Imposed on Cells and Grids

The grid should discretize a physical geometry by displacing the standard
cells in such a manner that the computation of the physical quantities on
the geometry is carried out as efficiently as desired. The accuracy, which is
one of the components of the efficiency of the computation, is influenced by
a number of grid factors, such as grid size, grid topology, cell shape and
size, and consistency of the grid with the geometry and with the solution. A
general consideration of these grid factors is reviewed in this subsection.

Grid Size and Cell Size

The grid size is indicated by the number of grid points, while the cell size
implies the maximum value of the lengths of the cell edges. Grid generation
requires techniques which possess the intrinsic ability to increase the number
of grid nodes. At the same time the edge lengths of the resulting cells should
be reduced in such a manner that they approach zero as the number of nodes
tends to infinity.
Small cells are necessary to obtain more accurate solutions and to resolve

physical quantities on small scales, such as transition layers and turbulence.
Also, the opportunity to increase the number of grid points and to reduce
the size of the cells enables one to study the convergence rate of a numerical
code and to improve the accuracy of the solution by multigrid approaches.

Cell and Grid Deformation

The cell deformation characteristics can be formulated as some measures of
the departure of the cell from a reference one. Cells with low deformity are
preferable from the point of view of simplicity and uniformity of the con-
struction of the algebraic equations approximating the differential equations.
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Fig. 1.5. Normal (1), singular (2,3), and badly deformed (4) quadrilateral cells

Typically, cell deformation is characterized through the aspect ratio, the
angles between the cell edges, and the volume (area in two dimensions) of
the cell.
The major requirement for the grid cells is that they must not be folded

or degenerate at any points or lines, as demonstrated in Fig 1.5 (2,3,4). Un-
folded cells are obtained from the reference cells by a one-to-one deformation.
Commonly, the value of any grid generation method is judged by its ability to
yield unfolded grids in regions with complex geometry. A tougher condition
imposed on grid techniques also requires the generation of linear and convex
cells only. The grid deformity is also characterized by the rate of the change
of the geometrical features of contiguous cells. Grids whose neighboring cells
do not change abruptly are referred to as smooth grids.

Grid Consistency

By a consistent grid or a consistent discretization there is meant a collection
of n-dimensional strongly convex cells satisfying the following condition: if
two different cells intersect, then the region of the intersection is a common
face for both cells. This definition does not admit the fragments of discretiza-
tions depicted in Fig. 1.6 (2,3,4). If the union of the cells of the consistent
discretization constitutes a simply connected n-dimensional geometry Sxn,
i.e. a geometry which is homeomorphic to an n-dimensional cube, then, in
accordance with the Euler theorem,

Fig. 1.6. Admitted (1) and nonadmitted (2, 3, 4) intersections of neighboring
quadrilateral cells
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n−1∑
i=0

(−1)iNi = 1 + (−1)
n−1 ,

where Ni, i > 0, is the number of i-dimensional boundary faces of the domain
discretization, while N0 is the number of boundary vertices. In particular,
N1 is the number of boundary edges. This relation can be used to verify the
consistency of a generated grid.

Grid Organization

There also is a requirement on grids to have some organization of their nodes,
faces, and cells, which is aimed at facilitating the procedures for formulating
and solving the algebraic equations substituted for the differential equations.
This organization should identify neighboring points and cells. The grid or-
ganization is especially important for that class of numerical methods whose
procedures for obtaining the algebraic equations consist of substituting dif-
ferences for derivatives. To a lesser degree, this organization is needed for
finite-volume methods because of their inherent compatibility with irregular
meshes.

Consistency with Geometry

The accuracy of the numerical solution of a partial differential equation and
of the interpolation of a discrete function is considerably influenced by the
degree of compatibility of the mesh with the shape of the physical geom-
etry. First of all, the grid nodes must adequately approximate the original
geometry, that is, the distance between any point of the physical geometry
and the nearest grid node must not be too large. Moreover, this distance
must approach zero when the grid size tends to infinity. This requirement
of adequate geometry approximation by the grid nodes is indispensable for
the accurate computation and interpolation of the solution over the whole
physical geometry.
The second requirement for consistency of the grid with the geometry

is concerned with the approximation of its boundary by the faces (edges in
two dimensions) of the boundary grid cells, i.e. there is to be a sufficient
number of nodes which can be considered as the boundary ones, so that a
set of edges (in two dimensions) and cell faces (in three dimensions) formed
by these nodes models efficiently the boundary. In this case, the boundary
conditions may be applied more easily and accurately. If these points lie on
the boundary of the geometry, then the grid is referred to as a boundary-
fitting or boundary-conforming grid.

Consistency with Solution

It is evident that distribution of the grid points and the form of the grid cells
should be dependent on the features of the physical solution. In particular,
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it is better to generate the cells in the shape of hexahedrons or prisms in
boundary layers. Often, the grid points are aligned with some preferred di-
rections, e.g. streamlines. Furthermore, a nonuniform variation of the solution
requires clustering of the grid point in regions of high gradients, so that these
areas of the physical geometry have finer resolution. Local grid clustering is
needed because the uniform refinement of the entire domain may be very
costly for multidimensional computations. It is especially true for problems
whose solutions have localized regions of very rapid variation (layers). With-
out grid clustering in the layers, some important features of the solution can
be missed, and the accuracy of the solution can be degraded. Problems with
boundary and interior layers occur in many areas of application, for exam-
ple in fluid dynamics, combustion, solidification, solid mechanics and wave
propagation. Typically the locations where the high resolution is needed are
not known beforehand but are found in the process of computation. Con-
sequently, a suitable mesh, tracking the necessary features of the physical
quantities, as the solution evolves, is required.
A local grid refinement is accomplished in two ways: (a) by moving a

fixed number of grid nodes, with clustering of them in zones where this is
necessary, and coarsening outside of these zones, and (b) by inserting new
points in the zones of the physical geometry where they are needed. Local
grid refinement in zones of large variation of the solution commonly results
in the following improvements:

(1) the solution at the grid points is obtained more accurately;
(2) the solution is interpolated over the whole region more precisely;
(3) oscillations of the solution are eliminated;
(4) larger time steps can be taken in the process of computing solutions of
time-dependent problems.

Independence of Parametrizations of Geometries

If a grid algorithm uses parametrizations of a physical geometry Sxn in the
process of grid generation then, inevitably, this algorithm should be inde-
pendent of the choice of a parametrization. To clarify this we consider one
popular equidistribution approach for generating grids on curves (Fig. 1.7).
Let a curve Sx1 in Rn be specified by two parametrizations

x1(s) : [0, 1]→ R
n , x1 = (x

1
1, . . . , x

n
1 ) , (1.5)

and

x2(t) : [0, 1]→ R
n , x2(t) = x1[s(t)] , (1.6)

where
s(t) : [0, 1]→ [0, 1]

is a smooth one-to-one function connecting these parametrizations. The pop-
ular universal approach, based on the parametrization (1.5), for generating
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Fig. 1.7. Illustration for independence of grid generation of the choice of
parametrizations

grid nodes on Sx1, uses a solution of the following two-point boundary value
problem

d

dξ

[ds
dξ
w1(s)

]
= 0 , 0 < ξ < 1 ,

s(0) = 0 , s(1) = 1 ,

(1.7)

where w(s) > 0 is some function called a weight function. If s(ξ) is a solution
of this problem then the grid nodes xi, i = 0, 1, . . . , N , on the curve S

x1,
obtained by the method, are defined as follows:

xi = x1[s(ih)] , i = 0, . . . , N , h = 1/N .

Let now the parametrization x2(t) specified by (1.6) be used in the prob-
lem (1.7) with some weight function w2(t) for the generation of the same grid
nodes on Sx1. In this case the function t1(ξ) for which

x2(t1(ih)) = x1[s(t1(ih))] = xi = x1(s(ih)) , i = 0, 1, . . . , n ,

must coincide with t[s(ξ)], where s(ξ) is the solution of (1.7), while t(s) is
the inverse of s(t). Therefore the function t1(ξ) is a solution of the boundary
value problem

d

dξ

[dt1
dξ

ds

dt
w1[s(t1)]

]
= 0 , 0 < ξ < 1 ,

t1(0) = 0 , t1(1) = 1 .

Since the weight functions w1(s) and w2(t) for defining the same grid nodes
on Sx1 by the model (1.7) through the parametrizations (1.5) and (1.6), re-
spectively, are not independent but they should be connected by the following
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relation

w2(t) = w1[s(t)]
ds

dt
. (1.8)

If this relation is not satisfied, the grid nodes obtained with the help of the
solution of (1.7) may vary for different parametrizations of Sx1.
It appears that if we take for the weight functions related to the parametriza-

tion (1.5) and (1.6) the corresponding functions w1(s) =
√
gs and w2(t) =√

gt where

gs =
dx1
ds
·
dx1
ds

and gt =
dx2
dt
·
dx2
dt

is the covariant metric tensor of Sx1 in the coordinate s and t, respectively,
then the equation (1.8) is held since there is valid the obvious equation

gt = gs
(ds
dt

)2
.

The consideration given for the curvilinear curve also is actual for surfaces.
As well as in the one-dimensional case, the application of the elements of the
metric tensors of n-dimensional surfaces allows one to formulate grid equa-
tions which produce the same grid nodes for different surface parametriza-
tions.

Compatibility with Numerical Methods

The locations of the zones of local refinement are also dependent on the
numerical approximation to the physical equations. In particular, the areas
of high solution error require more refined grid cells. However, the error is
estimated through the derivatives of the solution and the size of the grid cells.
Thus, ultimately, the grid point locations are to be defined in accordance with
the derivatives of the solution.
In general, numerical methods for solving partial differential equations

can be divided into two classes: methods based on direct approximations of
the derivatives in the differential equation and methods that approximate the
solution of the continuum differential equation by linear combinations of trial
functions. Finite-difference methods belong to the first class. This difference
in methods has a direct impact on the construction of the numerical grid.
For the finite-difference methods it is desirable to locate the grid points along
directions of constant coordinates in the physical region in order to provide
a natural approximation of the derivatives: on the other hand, the methods
in the second class that approximate the solution with trial functions do not
impose such a restriction on the grid, since the approximate derivatives are
obtained after substitution of the approximate solution.
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1.3 Grid Generation Models

There are two fundamental classes of grid popular in the numerical solution
of boundary value problems in multidimensional regions: structured and un-
structured. These classes differ in the way in which the mesh points are locally
organized. In the most general sense, this means that if the local organiza-
tion of the grid points and the form of the grid cells do not depend on their
position but are defined by a general rule, the mesh is considered as struc-
tured. When the connection of the neighboring grid nodes varies from point
to point, the mesh is called unstructured. As a result, in the structured case
the connectivity of the grid is implicitly taken into account, while the connec-
tivity of unstructured grids must be explicitly described by an appropriate
data structure procedure.
Detailed descriptions of the most popular structured methods and their

theoretical and logical justifications and numerical implementations were
given in the monographs by Thompson, Warsi, and Mastin (1985), Knupp
and Steinberg (1993), and Liseikin (1999, 2004). Particular issues concerned
with the generation of one-dimensional moving grids, the stretching technique
for the numerical solution of singularly perturbed equations, nonstationary
grid techniques, and equidistribution methods for wave propagation prob-
lems were considered in the books by Alalykin et al. (1970), Liseikin (2001a),
Zegeling (1993), and Khakimzyanov et al. (2001), respectively.
A considerable number of general structured grid generation methods

were reviewed in surveys by Thompson, Warsi, and Mastin (1982), Thomp-
son (1984a, 1996), Eiseman (1985), Liseikin (1991b), and Thompson and
Weatherill (1993).
Adaptive structured grid methods were first surveyed by Anderson (1983)

and Thompson (1984b, 1985). Then a series of surveys on general adaptive
methods was presented by Eiseman (1987), Hawken, Gottlieb, and Hansen
(1991), Liseikin (1996), and Baker (1997). Adaptive techniques for moving
grids were described by Hedstrom, Rodrigue (1982) and Zegeling (1993).
Methods for unstructured grids were reviewed by Thacker (1980), Ho-

Le (1988), Shephard et al. (1988), Baker (1995, 1997), Field (1995), Carey
(1997), George and Borouchaki (1998), and Krugljakova et al. (1998). An
exhaustive survey of both structured and unstructured techniques has been
given by Thompson and Weatherill (1993).
The two fundamental classes of mesh give rise to three additional subdi-

visions of grid types: block-structured, overset, and hybrid. These kinds of
mesh possess to some extent the features of both structured and unstructured
grids, thus occupying an intermediate position between the purely structured
and unstructured grids.
The multiblock strategy for generating grids around complicated shapes

was originally proposed by Lee et al. (1980); however, the idea of using dif-
ferent coordinates in different subregions of the domain can be traced back
to Thoman and Szewezyk (1969). Some of the first applications of block-
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structured grids to the numerical solution of three-dimensional fluid-flow
problems in realistic configurations were demonstrated by Rizk and Ben-
Shmuel (1985), Sorenson (1986), Atta, Birchelbaw, and Hall (1987), and Belk
and Whitfield (1987).
The overset grid approach was introduced by Atta and Vadyak (1982),

Berger and Oliger (1983), Benek, Steger, and Dougherty (1983), Miki and
Takagi (1984), and Benek, Buning, and Steger (1985). The concept of blocks
with a continuous alignment of grid lines across adjacent block bound-
aries was described by Weatherill and Forsey (1984) and Thompson (1987).
Thomas (1982) and Eriksson (1983) applied the concept of continuous line
slope, while a discontinuity in slope was discussed by Rubbert and Lee (1982).
A shape recognition technique based on an analysis of a physical domain

and an interactive construction of a computational domain with a similar
geometry was proposed by Takahashi and Shimizu (1991) and extended by
Chiba et al. (1998). The embedding technique was considered by Albone and
Joyce (1990) and Albone (1992).

1.3.1 Mapping Approach

The process of grid generation on the physical geometry Sxn locally repre-
sented by (1.4) is generally carried out by the mapping approach that con-
cludes with finding an intermediate transformation

s(ξ) : Ξn → Sn , ξ = (ξ1, . . . , ξn) (1.9)

from a suitable computational (logical) domain Ξn to the parametric domain
Sn. Consequently the mesh points on Sxn are generated as images through

x[s(ξ)] : Ξn → Rn+k

of the nodes of a reference grid in Ξn which can be either structured or
unstructured (see Figs. 1.8–1.10).

Fig. 1.8. Illustration for quadrilateral grid generation by the mapping approach
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Realization of Grid Requirements

The notion of using an intermediate transformation to generate a mesh is
very helpful. The idea is to choose a computational domain Ξn with a sim-
pler geometry than that of the parametric domain Sn and then to find a
transformation s(ξ) between these domains which eliminates the need for a
complicated mesh when approximating the physical quantities. That is, if the
computational area and the transformation are well chosen, the transformed
physical boundary value problem can be accurately represented by a small
number of mesh points. Emphasis is placed on a small number of points,
because any transformed problem (provided only that the transformation is
nonsingular) may be accurately approximated with a sufficiently fine, simple
mesh. In practice, there will be a trade-off between the difficulty of finding
the transformation and the number of grid nodes required to find the solution
to a given accuracy.
The idea of using mappings to generate grids is extremely appropriate for

finding the conditions that the grid must satisfy for obtaining accurate solu-
tions of partial differential equations in the physical geometry Sxn, because
these conditions can be readily defined in terms of the transformations. For
example, the grid requirements described in Sect. 1.3.2 are readily formulated
through the transformation concept.
Since a solution which is a linear function is computed accurately at the

grid points and is approximated accurately over the whole region, an attrac-
tive possible method for generating grids is to find a transformation s(ξ)
such that the solution is linear in Ξn. Though in practice this requirement
for the transformation is not attained even theoretically (except in the case of
strongly monotonic univariate functions), it is useful in the sense of an ideal
that the developers of grid generation techniques should bear in mind. One
modification of this requirement which can be practically realized consists of
the requirement of a local linearity of the solution in Ξn.
The requirements imposed on the grid and the cell size are realized by

the construction of a uniform grid in Ξn and a smooth function s(ξ). The
grid cells are not folded if s(ξ) is a one-to-one mapping. Consistency with the
geometry is satisfied with a transformation x(ξ) that maps the boundary of
Ξn onto the boundary of Sn. Grid concentration in zones of large variation of
a function u(x) is accomplished with a mapping x[s(ξ)] which provides nearly
uniform variations of the function u[x(ξ)] at all points of the domain Ξn.

Coordinate Grids

Among grids, coordinate grids in which the nodes and cell faces are defined
by the intersection of lines and surfaces of a coordinate system in Sxn are
very popular in finite-difference methods. The range of values of this system
defines a computation region Ξn in which the cells of the uniform grid are
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rectangular n-dimensional parallelepipeds, and the coordinate values define
the function x[s(ξ)] : Ξn → Sxn.
In the case Sxn is a domain Xn ⊂ Rn the simplest of such grids are

the Cartesian grids obtained by the intersection of the Cartesian coordinates
in Xn. The cells of these grids are rectangular parallelepipeds (rectangles
in two dimensions). The use of Cartesian coordinates avoids the need to
transform the physical equations. However, the nodes of the Cartesian grid
do not coincide with the curvilinear boundary, which leads to difficulties in
implementing the boundary conditions with second-order accuracy.

Boundary-Conforming Grids

An important subdivision of grids is the boundary-fitted or boundary-
conforming grids. These grids are obtained from one-to-one transformations
s(ξ) which map the boundary of the domain Ξn onto the boundary of Sn.
The most popular of these, for finite-difference methods, have become the

coordinate boundary-fitted grids whose points are formed by intersection of
the coordinate lines, while the boundary of Sn is composed of a finite number
of coordinate surfaces (lines in two dimensions) ξi = ξi0. Consequently, in this
case the computation region Ξn is a rectangular domain, the boundaries of
which are determined by (n − 1)-dimensional coordinate planes in Rn, and
the uniform grid in Ξn is the Cartesian grid. Thus the physical geometry Sxn

is represented as a deformation of a rectangular domain and the generated
grid as a deformed lattice. These grids give a good approximation to the
boundary of Sxn and are therefore suitable for the numerical solution of
problems with boundary singularities, such as those with boundary layers in
which the solution depends very much on the accuracy of the approximation
of the boundary conditions.
The requirements imposed on boundary-conforming grids are naturally

satisfied with the intermediate coordinate transformations s(ξ).
The algorithm for the organization of the nodes of boundary-fitted co-

ordinate grids consists of the trivial identification of neighboring points by
incrementing the coordinate indices, while the cells are curvilinear hexahe-
drons. This kind of grid is very suitable for algorithms with parallelization.
Its design makes it easy to increase or change the number of nodes as

required for multigrid methods or in order to estimate the convergence rate
and error, and to improve the accuracy of numerical methods for solving
boundary value problems.
With boundary-conforming grids there is no necessity to interpolate the

boundary conditions of the problem, and the boundary values of the region
can be considered as input data to the algorithm, so automatic codes for grid
generation can be designed for a wide class of regions and problems.
In the case of unsteady problems the most direct way to set up a moving

grid is to do it via a coordinate transformation. These grids do not require
a complicated data structure, since they are obtained from uniform grids in
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Fig. 1.9. Illustration for triangular grid generation by the mapping approach

simple fixed domains such as rectangular ones, where the grid data structure
remains intact.

Shape of Computational Domains

The idea of the mapping approach is to transform a complex physical ge-
ometry Sxn to a simpler domain Ξn with the help of the parametrization
x[s(ξ)]. The region Ξn in (1.9), which is called the computational or logical
domain, can be either rectangular (Fig. 1.8) or of a different shape matching
qualitatively the shape of the physical geometry; in particular, it can be tri-
angular for n = 2 (Fig. 1.9) or tetrahedral for n = 3. Using such approach,
a numerical solution of a partial differential equation in a physical region of
arbitrary shape can be carried out in a standard computational domain, and
codes can be developed that require only changes in the input.

Shape of a Reference Grid

The cells of the reference grid in the computational domain Ξn can be rect-
angular or of a different shape. Schematic illustration of grid cells is presented
in Fig. 1.1. Note that regions in the form of curvilinear triangles, such as that
shown in Fig. 1.9, may be more suitable for gridding by triangular cells than
by quadrilateral ones.
The triangular grid such as in Fig. 1.9 can also be obtained by mapping a

rectangle Ξ2 onto the triangular parametric domain S2 provided the reference
grid in Ξ2 is not a structured one but it is obtained from a uniform grid in the
triangle T 2 which undergoes a deformation ξ(t) (Fig. 1.10). This deformation
is the inverse of the contraction t(ξ) of the rectangle Ξ2 along the horizontal
lines to transform it to the triangle T 2.
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Analogous scheme with a nonstructured reference grid in the logical do-
main Ξ3 having the shape of a three-dimensional rectangular parallelepiped
can be applied to the generation of tetrahedral grids.

Fig. 1.10. Illustration for generating triangular cells by the mapping approach
with a nonstructured reference grid

1.3.2 Requirements Imposed on Mathematical Models

The chief practical difficulty facing methods for gridding general physical
geometries is that of formulating satisfactory techniques which can realize
the user’s requirements. Grid generation technology should develop methods
that can help in handling problems with multiple variables, each varying over
many orders of magnitude. These methods also should be capable of gener-
ating grids whose node displacement is independent of parametrizations of
a physical geometry. The methods should incorporate specific control tools,
with simple and clear relationships between these control tools and charac-
teristics of the grid such as mesh spacing, skewness, smoothness, and aspect
ratio, in order to provide a reliable way to influence the efficiency of the com-
putation. And finally, the methods should be computationally efficient and
easy to code. Thus with the mapping approach a mathematical model for
generating grids through intermediate transformations between the compu-
tational and parametric domains, which is claimed to be a foundation of a
robust comprehensive grid generator, should satisfy the following fundamen-
tal properties:
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1. well-posedness of the mathematical problem formulated by this model for
the grid generator;

2. independence of the grid construction of a parametrization of the geome-
try;

3. malleability to a numerical implementation into an automatic code;
4. existence of a straightforward means for efficient control of the grid quality;
5. ability to obtain in a unified manner the domain and surface grids required
in practice.

A number of techniques for generating intermediate transformation have
been developed. Every method has its strengths and its weaknesses. There-
fore, there is also the question of how to choose the most efficient method
for the solution of any specific problem, taking into account the geometrical
complexity, the computing cost for generating the grid, the grid structure,
and other factors.
The goal of the development of these methods is to provide effective and

acceptable grid generation systems.
The most efficient numerical grids are boundary-conforming grids. The

generation of these grids can be performed by a number of approaches and
techniques. Many of these methods are specifically oriented to the generation
of grids for the finite-difference method.
A boundary-fitted coordinate grid in the physical geometry Sxn is com-

monly generated first on the chosen edges of Sxn, then on its faces, and finally
in its interior. Thus at each step the intermediate transformation s(ξ) in the
mapping approach is known at the boundary of the corresponding logical do-
main and this boundary map is extended from the boundary to the domain
interior. This process is analogous to the interpolation of a function from a
boundary or to the solution of the Dirichlet boundary value problem. On
this basis there have been developed three basic groups of methods for find-
ing the intermediate transformation s(ξ) : Ξn → Sn provided there exists a
boundary transformation

∂s(ξ) : ∂Ξn → ∂Sn .

These methods are

(1) algebraic methods, which use various forms of interpolation or special
functions;

(2) differential methods, based mainly on the solution of elliptic, parabolic,
and hyperbolic equations in a selected computational domain Ξn;

(3) variational methods, based on optimization of grid quality properties.

1.3.3 Algebraic Methods

In the algebraic approach the intermediate transformation s(ξ) which extends
the boundary mapping ∂s(ξ) : ∂Ξn → ∂Sn found on the previous step is com-
monly computed through the formulas of transfinite interpolation. There are
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two types of transfinite interpolations popular with grid generation: Lagrange
and Hermite.
In particular the three-dimensional Lagrange intermediate transformation

s(ξ) between the interior of the unit cube 0 ≤ ξi ≤ 1, i = 1, 2, 3, and the
parametric domain S3 is defined by the following recursive formula

F 1(ξ) = α
1
0(ξ
1)s(0, ξ2, ξ3) + α11(ξ

1)s(1, ξ2, ξ3) ,

F 2(ξ) = F 1(ξ) + α
2
0(ξ
2)s(ξ1, 0, ξ3) + α21(ξ

2)s(ξ1, 1, ξ3) ,

s(ξ) = F 2(ξ) + α
3
0(ξ
3)s(ξ1, ξ2, 0) + α31(ξ

3)s(ξ1, ξ2, 1) ,

(1.10)

where the univariate functions αik(ξ), i = 1, 2, 3, k = 0, 1, referred to as
blending functions, are subject to the relations of consistency

αi0(0) = 1 , α
i
0(1) = 0 ,

αi1(0) = 0 , α
i
1(1) = 1 .

Analogous formulas are held for the Hermite interpolation that matches at
the points of the boundary of Ξn the values of both the function s(ξ) and its
first derivatives in the directions normal to the boundary segments. A detailed
review of the Lagrange and Hermit techniques for generating algebraic grids
is presented in the monograph of Liseikin (1999).
Algebraic methods are simple; they enable the grid to be generated rapidly

and the spacing and slope of the coordinate lines to be controlled by the tan-
gential derivatives at the boundary points and blending coefficients in the
transfinite interpolation formulas. However, in regions of complicated shape
the coordinate surfaces obtained by algebraic methods can become degener-
ate or the cells can overlap or cross the boundary. Moreover, they basically
preserve the features of the boundary surfaces, in particular, discontinuties.
Besides this the algebraic methods of transfinite interpolation do not guar-
antee the independence of grid nodes displacement on parametrizations of a
physical geometry.
Algebraic approaches are commonly used to generate grids in regions with

smooth boundaries that are not highly deformed, or as an initial approxima-
tion in order to start the iterative process of an elliptic grid solver.
The construction of intermediate transformations through the formulas of

transfinite interpolation was originally formulated by Gordon and Hall (1973)
and Gordon and Thiel (1982). The Hermite interpolation was presented by
Smith (1982).
The multisurface method which allows for the specification of the inter-

mediate transformation s(ξ) at the points of some interior sections of the
physical domain was described by Eiseman (1980). The blending functions
were implicitly derived from global and/or local interpolants which result
from an expression for the tangential derivative spanning between the exte-
rior boundary surfaces. A two-boundary technique was introduced by Smith
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(1981). It is based on the description of two opposite boundary surfaces,
tangential derivatives on the boundary surfaces which are used to compute
normal derivatives, and Hermite cubic blending functions.
The construction of some special blending functions aimed at grid clus-

tering at the boundaries of physical geometries was performed by Eriksson
(1982), Smith and Eriksson (1987), and Liseikin (1998a,b). A detailed de-
scription of various forms of blending functions was presented in monographs
by Thompson, Warsi, and Mastin (1985) and Liseikin (1999).

1.3.4 Differential Methods

For gridding geometries with arbitrary boundaries, differential methods based
on the solution of elliptic and parabolic equations are commonly used. Such
equations generate smooth grids, allow for full specification of grid nodes on
the boundary of a physical geometry, does not propagate boundary singular-
ities into its interior, have less danger of producing cell overlapping, and can
be solved efficiently using many well-developed codes. The use of parabolic
and elliptic systems enables orthogonal and clustering coordinate lines to be
constructed, while, in many cases, the maximum principle, which is typical
for these systems, ensures that the intermediate transformations are nonde-
generate. Elliptic equations are also used to smooth algebraic or unstructured
grids.

Elliptic Equations

Originally the most popular elliptic equations with differential grid ap-
proaches were the generalized Poisson equations formulated with respect to
the components ξi(s) of the transformation

ξ(s) : Sn → Ξn (1.11)

that is the inverse of the intermediate transformation (1.9). The equations
for generating grids of the physical geometry Sxn include coefficients defined
by the elements

gxsij = xsi · xsj , i, j = 1, . . . , n ,

of the covariant metric tensor of Sxn in the parametric coordinates s1, . . . , sn.
A general form of these generalized Poisson equations is as follows:

∆B[ξ
i] = P i(s) , i = 1, . . . , n . (1.12)

Here ∆B is the operator of Beltrami defined at a function f(s) by the formula

∆B[f ] =
1
√
gxs

n∑
j=1

∂

∂sj

(√
gxs

n∑
k=1

gjksx
∂f(s)

∂sk

)
, (1.13)
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where gxs = det(gxsij ), while g
jk
sx is the (jk)th element of the contravariant

metric tensor of Sxn in the parametric coordinates s1, . . . , sn. The elements
gijsx, i, j = 1, . . . , n, comprise a matrix that is the inverse of the matrix formed
by the elements gxsij , i, j = 1, . . . , n. The terms P

i(s) in (1.12) referred to as
source terms or control functions are introduced to control the grid behavior.
A particular form of (1.13) for generating grids in a domain Sn ⊂ Rn is

given by the Poisson equations
n∑
j=1

∂2ξi

∂sj∂sj
= P i(s) , i = 1, . . . , n . (1.14)

The intermediate transformation s(ξ) = [s1(ξ), . . . , sn(ξ)] for generating
grids on a physical geometry Sxn is found from the solution of the Dirichlet
boundary value problem for the transformed equations obtained from (1.12)
by changing mutually dependent and independent variables. These equations
are of the form

n∑
i,j=1

gijξx
∂2sk

∂ξi∂ξj
= ∆B[s

k]−
n∑
i=1

P i
∂sk

∂ξi
, k = 1, . . . , n , (1.15)

where gijξx is the (ij)th element of the contravariant metric tensor of S
xn in

the grid coordinates ξ1, . . . , ξn.
A two-dimensional Laplace system which implied the parametric coordi-

nates to be solutions in the logical domain Ξ2 was introduced by Godunov
and Prokopov (1967), Barfield (1970), and Amsden and Hirt (1973). A general
two-dimensional elliptic system for generating structured grids was consid-
ered by Chu (1971). A two-dimensional system (1.14) with P i(s) ≡ 0 using
the logical coordinates ξi as dependent variables was proposed by Crowley
(1962) and Winslow (1967).
Godunov and Prokopov (1972) obtained a system of the Poisson type

(1.14) assuming that its solution is a composition of conformal and stretching
transformations. The general Poisson system (1.14) was justified by Thomp-
son, Thames, and Mastin (1974) and Tompson, Warsi, and Mastin (1985) in
their monograph.
The algorithm aimed at grid clustering at a boundary and forcing grid

lines to intersect the boundary in a nearly normal fashion through the source
terms of the Poisson system (1.14) was developed by Steger and Sorenson
(1979), Visbal and Knight (1982), and White (1990). Thomas and Middle-
coff (1980) described a procedure to control the local angle of intersection be-
tween transverse grid lines and the boundary through the specification of the
control functions. Control of grid spacing and orthogonality was performed
by Tamamidis and Assanis (1991) by introducing a distortion function (the
ratio of the diagonal metric elements) into the system of Poisson equations.
Warsi (1982) replaced the source terms P i in (1.14) by giiP i (i fixed) to im-
prove the numerical behavior of the grid generator. As a result the modified
system acquired the property of satisfying the maximum principle.
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The technique based on setting to zero the off-diagonal elements of the
elliptic system (1.15) was proposed by Lin and Shaw (1991) to generate nearly
orthogonal grids.
The use of generalized Laplace equations to generate surface grids was

proposed by Warsi (1981), in analogy with the widely utilized Laplace grid
generator of Crowley (1962) and Winslow (1967). Warsi (1990) has also jus-
tified these equations by using some fundamental results of differential geom-
etry.
A surface grid generation scheme that uses a quasi-two-dimensional el-

liptic system, obtained by projecting the inverted three-dimensional Laplace
system, to generate grids on smooth surfaces analytically specified by the
equation z = f(x, y) was proposed by Thomas (1982). The method was
extended and updated by Takagi et al. (1985) and Warsi (1986) for arbi-
trary curved surfaces using a parametric surface representation. An adaptive
surface grid technique based on control functions in (1.12) and parametric
specifications was also considered by Lee and Loellbach (1989).
Since 1991 a new elliptic approach for controlling grid properties is being

developed. By this approach the task of grid adaptation, instead of source
terms P i(s) in (1.12), is put on monitor metrics in Beltrami equations.
Namely, as an elliptic model there are used the Beltrami equations

∆B[ξ
i] = 0, i = 1, . . . , n , (1.16)

in a monitor metric, where the operator ∆B is of the form (1.13), however the
contravariant metric elements are not obliged to be the elements of the phys-
ical geometry Sxn. The equations (1.16) are the Euler-Lagrange equations
for the functional of energy. The solutions of these equations are referred to
as harmonic transformations.
Liseikin (1991a, 1992) used the elliptic system (1.16) derived from a vari-

ational principle to produce n-dimensional harmonic coordinate transfor-
mations which generate both uniform and adaptive grids on surfaces. The
harmonic mapping approach was also used by Arina and Casella (1991) to
derive a surface elliptic system. The conformal mapping technique for gen-
erating surface grids was formulated by Khamayseh and Mastin (1996). In
the papers of Liseikin (2001b, 2002a,b, 2003, 2005) there have been designed
monitor metrics which provide the generation through the system (1.16) both
adaptive, field-aligned, and balanced numerical grids.

Hyperbolic Equations

The most known hyperbolic equations are the first order partial differential
equations of the Cauchy–Riemann type. In practice, two-dimensional hyper-
bolic equations with respect to the intermediate transformation s(ξ) have the
following form

Asξ1 +Bsξ2 = f , (1.17)
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where A and B some matrices. These equations are simpler then nonlinear
elliptic equations (1.15) and enable marching methods to be used and an
orthogonal system of coordinates to be constructed, while grid adaptation can
be performed using the coefficients of the equations. However, methods based
on the solution of hyperbolic equations are not always mathematically correct
and they are not applicable to regions in which the complete boundary node
distribution is strictly specified. Therefore hyperbolic methods are mainly
used for simple regions which have several lateral faces for which no special
nodal distribution is required. The marching procedure for the solution of
hyperbolic equations allows one to decompose only the boundary geometry
in such a way that neighboring boundary grids overlap.
The first systematic analysis of the use of two-dimensional hyperbolic

equations to generate grids was made by Starius (1977) and Steger and
Chaussee (1980), although hyperbolic grid generation can be traced back to
McNally (1972). This system was generalized by Cordova and Barth (1988).
They developed a two-dimensional hyperbolic system with an angle-control
source term which allows one to constrain a grid with more than one bound-
ary. A combination of grids using the hyperbolic technique of Steger and
Chaussee (1980), which starts from each boundary segment was generated
by Jeng and Shu (1995). The extension to three dimensions was performed
by Steger and Rizk (1985), Chan and Steger (1992), and Tai, Chiang, and
Su (1996), who introduced grid smoothing as well.
The hyperbolic approach based on grid orthogonality was extended to

surfaces by Steger (1991). An analogous technique for generating overset
surface grids was presented by Chan and Buning (1995).

Parabolic Equations

The parabolic grid approach lies between the elliptic and hyperbolic ones.
The two-dimensional parabolic grid generation equation where the march-

ing direction is ξ2 may be written in the following form:

sξ2 = A1sξ1ξ1 −B1s+P , (1.18)

where A1 and B1 are matrix coefficients, and P is a source vector-valued
function that contains the information about the outer boundary configura-
tion. Analogously, the three-dimensional parabolic equations may be written
as follows:

sξ3 =
2∑
i=1

Aisξiξi −B1s+P . (1.19)

The generation of grids based on a parabolic scheme approximating the
inverted Poisson equations was first proposed for two-dimensional grids by
Nakamura (1982). A variation of the method of Nakamura was developed
by Noack (1985) to use in space-marching solutions to the Euler equations.
Extensions of this parabolic technique to generate solution adaptive grids
were performed by Edwards (1985) and Noack and Anderson (1990).
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Hybrid Grid Generation Scheme

The combination of the hyperbolic and parabolic schemes into a single scheme
is attractive because it can use the advantages of both schemes. These ad-
vantages are; first, it is a noniterative scheme; second, the orthogonality of
the grid near the initial boundary is well controlled; and third, the outer
boundary can be prescribed.
A hybrid grid generation scheme in two dimensions for the particular

marching direction ξ2 can be derived by combining hyperbolic and parabolic
equations, in particular, as the sum of equations (1.17) multiplied by B−1

and (1.18) with weights α and 1− α, respectively:

α(B−1Asξ1 + sξ2) + (1− α)(sξ2 −A1sξ1ξ1 +B1s)

= αB−1f + (1− α)P . (1.20)

The parameter α can be changed as desired to control the proportions of the
two methods. If α approaches 1, the system (1.20) becomes the hyperbolic
grid system, while if α approaches zero it becomes the parabolic grid system.
In practical applications α is set to 1, when the grid generation starts from
the initial boundary curve ξ2 = 0, but it gradually decreases and approaches
zero when the grid reaches the outer boundary.
An analogous combination can be used to generate three-dimensional

grids through a hybrid of parabolic and hyperbolic equations.
A combination of hyperbolic and parabolic schemes that uses the ad-

vantages of the two but eliminates the drawbacks of each was proposed by
Nakamura and Suzuki (1987).

1.3.5 Variational Methods

Variational methods are widely used to generate grids which are required
to satisfy several critical properties, e. g., mesh concentration in areas need-
ing high resolution of the physical solution, mesh alignment to some pre-
scribed vector fields, mesh nondegeneracy, smoothness, uniformity, and near-
orthogonality that cannot be realized simultaneously with algebraic or dif-
ferential techniques. Variational methods take into account the conditions
imposed on the grid by constructing special functionals defined on a set of
smooth or discrete transformations. A compromise grid, with properties close
to those required, is obtained with the optimum transformation for a combi-
nation of these functionals.
The major task of the variational approach to grid generation is to de-

scribe all basic measures of the desired grid features in an appropriate func-
tional form and to formulate a combined functional that provides a well-posed
minimization problem. These functionals can provide mathematical feedback
in an automatic grid procedure.
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Commonly, in the calculus of variations, any functional over some admis-
sible set of functions f : Dn → Rm is defined by the integral

I[f ] =

∫
Dn
G(f)dV , (1.21)

where Dn is a bounded n-dimensional domain, and G(f) is some operator
specifying, for each vector-valued function f : Dn → Rm, a scalar function
G(f) : Dn → R. The admissible set is composed of those functions f which
satisfy a prescribed boundary condition

f |∂Dn= φ

and for which the integral (1.21) is limited.
In the application of the calculus of variations to grid generation this set

of admissible functions is a set of sufficiently smooth invertible coordinate
transformations (1.11) between the parametric domain Sn and the compu-
tational domain Ξn or, vice versa, a set of sufficiently smooth invertible
intermediate transformations (1.9) from the computational domain Ξn onto
the parametric region Sn. The integral (1.21) is defined over the domain Sn

or Ξn, respectively.
In grid generation applications the operator G is commonly chosen as a

combination of weighted local grid characteristics which are to be optimized.
The choice depends, of course, on what is expected from the grid. Some forms
of the weight functions and both local and integral grid characteristics were
formulated in a monograph of Liseikin (1999) through the transformations
(1.9) or (1.11) and their first and second derivatives. Therefore, for the pur-
pose of grid generation, it can be supposed that the most widely acceptable
formula for the operator G in (1.21) is one which is derived from some expres-
sions containing the first and second derivatives of the coordinate transfor-
mations. Thus it is generally assumed that the functional (1.21), depending
on the transformation ξ(s), is of the form

I[ξ] =

∫
Sn
G(s, ξ, ξsi , ξsisj )ds ,

where G is a smooth function of its variables.
Analogously, the functional (1.21) formulated over a set of invertible in-

termediate transformations s(ξ) has the form

I[s] =

∫
Ξn
G1(ξ, s, sξi , sξiξj )dξ .

In one popular approach the functional formulated with respect to the
intermediate mapping s(ξ) has the following form

I[s] =

∫
Ξn
(
√
gmξ

n∑
i,j=1

gijξmg
sξ
ij )dξ , (1.22)
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where gijξm, i, j = 1, . . . , n, are the elements of the contravariant tensor in

the logical coordinates ξ1, . . . , ξn of a monitor metric gmξij imposed on Ξ
n,

gmξ = det(gmξij ), while g
sξ
ij is the covariant Euclidean metric tensor of S

n in

the coordinates ξ1, . . . , ξn. This functional was proposed for n = 2 by Go-
dunov and Prokopov (1967) for generating conformal and quasi-conformal

grids in S2. In their consideration the elements gmξij , i, j = 1, 2, of the monitor
metric should be dependent on ξ and some, in general vector-valued parame-
ter r. Belinskii et al. (1975) and Godunov, Romenskii, and Chumakov (1990)
discussed the same two-dimensional functional of the form (1.22) with the
following monitor metric introduced in Ξ2

gmξij =

⎛
⎝ e2p(ξ) ep(ξ)+q(ξ) cos[α(ξ)− β(ξ)]

ep(ξ)+q(ξ) cos[α(ξ)− β(ξ)] e2q(ξ)

⎞
⎠ ,

where the functions p(ξ), q(ξ), α(ξ), and β(ξ) are subject to the restrictions

p(ξ)− q(ξ) = ln
√
gsξ11/g

sξ
22 ,

α(ξ)− β(ξ) = arccos
(
gsξ12/

√
gsξ11g

sξ
22

)
.

The grid approach based on the minimization of the functional (1.22)
for n = 2 was also used by Chumakov and Chumakov (1998) for generating
quasi-isometric grids by introducing in Ξ2 a monitor metric borrowed from
the metric of a surface of a constant Gauss curvature.
Note the functional (1.22) is twice the energy functional of the function

s(ξ) : Ξn → Sn where Ξn is endowed by the monitor metric gmξij , while S
n

has the Euclidean metric.
The twice energy functional of the function ξ(s) : Sn → Ξn between

Sn with an imposed monitor metric gsij and Ξ
n with the Euclidean metric

for generating adaptive grids was considered by Dvinsky (1991) and Liseikin
(1991a). This functional has the following form

I[ξ] =

∫
Sn

(√
gs

n∑
i,j,k=1

gijs
∂ξk

∂si
∂ξk

∂sj

)
ds , (1.23)

where gs = det(gsij), g
ij
s , i, j = 1, . . . , n, are the elements of the contravariant

monitor metric tensor introduced in Sn. The Euler-Lagrange equations for
the functional (1.23) are equivalent to the Beltrami equations (1.16).
The functionals are used to control and realize various grid properties.

This is carried out by combining these functionals with weights in the form

I =
∑
i

λiIi , i = 1, · · · , k . (1.24)
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Here λi, i = 1, · · · , k, are specified parameters which determine the individual
contribution of each functional Ii to I. The ranges of the parameters λi
controlling the relative contributions of the functionals can be defined readily
when the functionals Ii are dimensionally homogeneous. However, if they are
dimensionally inhomogeneous, then the selection of a suitable value for λi
presents some difficulties. A common rule for selecting the parameters λi
involves making each component λiIi in (1.24) of a similar scale by using a
dimensional analysis.
The most common practice in forming the combination (1.24) uses both

the functionals of adaptation to the physical solution and the functionals
of grid regularization. The first reason for using such a strategy is connected
with the fact that the process of adaptation can excessively distort the form of
the grid cells. The distortion can be prevented by functionals which impede
cell deformation. These functionals are ones which control grid skewness,
smoothness, and conformality. The second reason for using the regularization
functionals is connected with the natural requirement for the well-posedness
of the grid generation process. This requirement is achieved by the utilization
of convex functionals in variational grid generators. The convex functionals
are represented by energy-type functionals (1.23) producing harmonic maps
and by the functionals of conformality.
The various functionals provide broad opportunities to control and realize

the required grid properties, though problems still remain; these require more
detailed studies of all properties of the functionals. The knowledge of these
properties will allow one to utilize the functionals as efficient tools to generate
high-quality grids.
Liseikin and Yanenko (1977), Danaev, Liseikin, and Yanenko (1978), Ghia,

Ghia, and Shin (1983), Brackbill and Saltzman (1982), Bell and Shubin
(1983), Huang, Ren, and Russell (1994), and Huang (2001) have each used
the variational principle for grid adaptation. The variational formulation of
grid properties was described by Warsi and Thompson (1990).
The functional measuring the alignment of the two-dimensional grid with

a specified vector field was formulated by Giannakopoulos and Engel (1988).
The extension of this approach to three dimensions was discussed by Brackbill
(1993). A variational method optimizing cell aspect ratios was presented and
analyzed by Mastin (1992). A dimensionally homogeneous functional of two-
dimensional grid skewness was proposed by Steinberg and Roache (1986).
The introduction of the volume-weighted functional was originally pro-

posed in two dimensions by Yanenko, Danaev, and Liseikin (1977).
The approach of determining functionals which depend on invariants of or-

thogonal transformations of the metric tensor gsξij , to ensure that the problems
are well-posed and to obtain more compact formulas for the Euler–Lagrange
equations, was proposed by Jacquotte (1987). In his paper, the grids were
constructed through functionals obtained by modeling different elastic and
plastic properties of a deformed body.
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The possibility of using harmonic function theory to provide a general
framework for developing multidimensional mesh generators was discussed
by Dvinsky (1991) and Liao (1991). A survey of the theory of harmonic map-
pings was published by Eells and Lenaire (1988). The interpretation of the
functional of diffusion as a version of the energy functional was presented by
Brackbill (1993). A detailed description of the properties of the functional
(1.23) and the application of its Beltrami equations (1.16) to the grid devel-
opment was presented in the monograph of Liseikin (2004).

1.4 Comprehensive Codes

A comprehensive grid generation code is an effective system for generating
structured and unstructured grids, as well as hybrid and overset combina-
tions, in arbitrary physical geometries. The development of such codes is a
considerable problem in its own right. The present comprehensive grid gener-
ation codes developed for the solution of multidimensional problems have to
incorporate combinations of block-structured, hybrid, and overset grid meth-
ods and are still rather cumbersome, rely on interactive tools, and take too
many man-hours to generate a complicated grid. Efforts to increase the ef-
ficiency and productivity of these codes are mainly being conducted in two
interconnected research areas.
The first, the “array area”, is concerned with the automation of those

routine processes of grid generation which require interactive tools and a
great deal of human time and effort. Some of these are:

(1) the decomposition of a domain into a set of contiguous or overlapping
blocks consistent with the distinctive features of the domain geometry, the
singularities of the physical medium and the sought-for solution, and the
computer architecture;
(2) numbering the set of blocks, their faces, and their edges with a connectiv-
ity hierarchy and determining the order in which the grids are constructed
in the blocks and their boundaries;
(3) choosing the grid topology and the requirements placed on the qualitative
and quantitative characteristics of the internal and boundary grids and on
their communication between the blocks;
(4) selecting appropriate methods to satisfy the requirements put on the grid
in accordance with a particular geometry and solution;
(5) assessment and enhancement of grid quality.

The second, more traditional, “methods area” deals with developing new,
more reliable, and more elaborate methods for generating, adapting, and
smoothing grids in domains in a unified manner, irrespective of the geometry
of the domain or surface and of the qualitative and quantitative character-
istics the grids should possess, so that these methods, when incorporated in
the comprehensive codes, should ease the bottlenecks of the array area, in
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particular, by enabling a considerable reduction of the number of blocks re-
quired. The contents of the current monograph is aimed at advocating one
such method based on the use of the Beltramian operator with respect to
monitor metrics and the theory of multidimensional differential geometry.
This method is a natural extention of the approaches proposed by Crowley
(1962), Winslow (1967), Godunov and Prokopov (1967), Warsi (1981), Dvin-
ski (1991), and Liseikin (1991). Some recent results of the method have been
presented in the papers of Liseikin (2001b, 2002a, 2002b, 2003, 2005).
The overall purpose of the development of the comprehensive grid genera-

tion codes is to create a system which enables one to generate grids in a “black
box” mode without or with only a slight human interaction. Currently, how-
ever, the user has to take active role and be occupied in the grid generation
process. The user has to make conclusions about qualitative properties of the
grid and undertake corrective measures when necessary. The present codes
include significant measures to increase the productivity of such human ac-
tivity, namely, graphical interactive systems and user-friendly interfaces. Ef-
forts to eliminate the “human component” of the codes are directed towards
developing new techniques, in particular, new grid generation methods and
automated block decomposition techniques.
The first comprehensive grid codes were described by Holcomb (1987),

Thompson (1987), Thomas, Bache, and Blumenthal (1990), Widhopf et al.
(1990), and Steinbrenner, Chawner, and Fouts (1990). These codes have stim-
ulated the development of updated ones, reviewed by Thompson (1996). This
paper also describes the current domain decomposition techniques developed
by Shaw and Weatherill (1992), Stewart (1992), Dannenhoffer (1995), Wulf
and Akrag (1995), Schonfeld, Weinerfelt, and Jenssen (1995), and Kim and
Eberhardt (1995). The first attempts to overcome the problem of domain de-
composition were discussed by Andrews (1988), Georgala and Shaw (1989),
Allwright (1989), and Vogel (1990).





2 General Coordinate Systems in Domains

We consider here some notions and relations connected with smooth invert-
ible coordinate transformations of the physical region Xn ⊂ Rn from the
parametric domain Ξn ⊂ Rn :

x(ξ) : Ξn → Xn , ξ = (ξ1, · · · , ξn) , x = (x1, · · · , xn) .

If Ξn is a standard logical domain then, in accordance with Chap. 1, such
coordinate transformations are used to generate grids in Xn. Here and later
Rn presents the Euclidean space with the Cartesian basis of an orthonormal
system of vectors e1, · · · , en, i.e.

ei · ej = δ
i
j , i, j = 1, . . . , n ,

where δij is the Kronecker symbol:

δij = 0 if i �= j , δ
i
j = 1 if i = j .

Thus the position of a point x in Rn is determined unequivocally by the
expansion

x = x1e1 + · · ·+ xnen .

The values xi, i = 1, · · · , n, are called the Cartesian coordinates of the
point x. Each coordinate transformation x(ξ) defines, in the domain Xn,
new coordinates ξ1, · · · , ξn which are called the curvilinear coordinates.

2.1 Jacobi Matrix

The matrix

j =
(∂xi
∂ξj

)
, i, j = 1, · · · , n ,

is referred to as the Jacobi matrix, and its Jacobian is designated by J :

J = det
(∂xi
∂ξj

)
, i, j = 1, · · · , n .

The inverse transformation to the coordinate mapping x(ξ) is denoted by
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ξ(x) : Xn → Ξn , ξ(x) = (ξ1(x), . . . , ξn(x)) .

This transformation can be considered analogously as a mapping introducing
a curvilinear coordinate system x1, · · · , xn in the domain Ξn ⊂ Rn. It is
obvious that the inverse to the matrix j is

j−1 =
( ∂ξi
∂xj

)
, i, j = 1, · · · , n ,

and consequently

det
( ∂ξi
∂xj

)
=
1

J
, i, j = 1, · · · , n .

In the case of two-dimensional space the elements of the matrices (∂xi/∂ξj)
and (∂ξi/∂xj) are connected by

∂ξi

∂xj
= (−1)i+j

∂x3−j

∂ξ3−i

/
J , i, j = 1, 2 ,

∂xi

∂ξj
= (−1)i+jJ

∂ξ3−j

∂x3−i
, i, j = 1, 2 . (2.1)

Similar relations between the elements of the corresponding three-dimensional
matrices have the form

∂ξi

∂xj
=
1

J

(∂xj+1
∂ξi+1

∂xj+2

∂ξi+2
−
∂xj+1

∂ξi+2
∂xj+2

∂ξi+1

)
, i, j = 1, 2, 3 ,

∂xi

∂ξj
= J

(∂ξj+1
∂xi+1

∂ξj+2

∂xi+2
−
∂ξj+1

∂xi+2
∂ξj+2

∂xi+1

)
, i, j = 1, 2, 3 , (2.2)

where for each superscript or subscript index, say l, l ± 3 is equivalent to l.
With this condition the sequence of indices (l, l+1, l+2) is a cyclic permuta-
tion of (1, 2, 3) and vice versa; the indices of a cyclic sequence (i, j, k) satisfy
the relation j = i+ 1, k = i+ 2.

2.2 Coordinate Lines, Tangential Vectors, and Grid
Cells

The value of the function x(ξ) = [x1(ξ), . . . , xn(ξ)] in the Cartesian basis
e1, · · · , en, i.e.

x(ξ) = x1(ξ)e1 + . . .+ x
n(ξ)en , ξ = (ξ

1, . . . , ξn) , (2.3)

is a position vector for every ξ ∈ Ξn. If one variable ξi varies and the others
ξj , j �= i, are kept constant then the function (2.3) depends upon a single
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Fig. 2.1. Basic and
contracted parallel-
ograms and corre-
sponding grid cell

parameter and therefore describes a curve. This curve is referred to as the ξi

curvilinear coordinate line.
The vector-valued function x(ξ) generates the nodes, edges, faces, etc.

of the cells of the coordinate grid in the domain Xn. Each edge of the cell
corresponds to a coordinate line ξi for some i and is defined by the vector

∆ix = x(ξ + hiei)− x(ξ) ,

where hi is the step size of the uniform grid in the ξ
i direction in the logical

domain Ξn. We have
∆ix = hixξi + t ,

where

xξi =
(∂x1
∂ξi
, · · · ,

∂xn

∂ξi

)
(2.4)

is the vector tangential to the coordinate curve ξi, and t is a residual vector
whose length does not exceed the following quantity:

1

2
max |xξiξi |(hi)

2 , i = 1, . . . , n .

So the cells in the domain Xn whose edges are formed by the vectors
hixξi , i = 1, · · · , n, are approximately the same as those obtained by map-
ping the uniform coordinate cells in the computational domain Ξn with the
transformation x(ξ). The tangential vectors xξi , i = 1, · · · , n, form a par-
allelepiped (parallelogram when n=2) referred to as a basic parallelepiped.
Thus the uniformly contracted basic parallelepiped spanned by the tangential
vectors xξi , i = 1, · · · , n, represents to a high order of accuracy with respect
to hi the cell of the coordinate grid at the corresponding point in X

n (see
Fig. 2.1 for n = 2). In particular, for the length li of the ith grid edge we
have

li = hi|xξi |+O(h
2
i ) , i = 1, . . . , n .

The volume Vh (area in two dimensions) of the cell is expressed as follows:
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Vh =
n∏
i=1

hiV +O(
n∏
i=1

hi

n∑
j=1

hj) ,

where V is the volume of the n-dimensional basic parallelepiped determined
by the tangential vectors xξi , i = 1, · · · , n.
The tangential vectors xξi , i = 1, · · · , n, are called the base covariant

vectors since they comprise a vector basis. The sequence xξ1 , · · · ,xξn of the
tangential vectors has a right-handed orientation if the Jacobian of the trans-
formation x(ξ) is positive. Otherwise, the base vectors xξi have a left-handed
orientation.
The operation of the dot product on the tangential vectors produces ele-

ments of the covariant metric tensor. These elements generate the coefficients
that appear in the transformed grid equations. Besides this, the metric el-
ements play a primary role in studying and formulating various geometric
characteristics of the grid cells in domains.

2.3 Coordinate Surfaces and Normal Vectors

If one curvilinear coordinate, say ξi, is fixed (ξi = ξi0) then the position
function (2.3) describes an (n − 1)-dimensional surface which is called the
coordinate hypersurface. Thus the coordinate hypersurface is defined by the
equation ξi = ξi0; i.e. along the surface all of the coordinates ξ

1, · · · , ξn except
ξi are allowed to vary.
The inverse transformation

ξ(x) = [ξ1(x), . . . , ξn(x)]

to (2.3) yields for each fixed i the base contravariant vector

∇ξi =
( ∂ξi
∂x1
, · · · ,

∂ξi

∂xn

)
, (2.5)

which is the gradient of ξi(x) with respect to the Cartesian coordinates
x1, · · · , xn. The set of the vectors ∇ξi, i = 1, · · · , n, is called the set of
base contravariant vectors.
Similarly, as the tangential vectors relate to the coordinate curves, the

contravariant vectors ∇ξi, i = 1, · · · , n, are connected with their respective
coordinate hypersurfaces (curves in two dimensions). Indeed for all of the
tangent vectors xξj to the coordinate lines on the surface ξ

i = ξi0 we have
the obvious identity

xξj ·∇ξ
i = 0 , i �= j ,

and thus the vector ∇ξi is a normal to the coordinate hypersurface ξi = ξi0.
Therefore the vectors ∇ξi, i = 1, · · · , n, are also called the normal base
vectors.
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Since
xξi ·∇ξ

i = 1

for each fixed i = 1, · · · , n, the vectors xξi and ∇ξ
i intersect each other at

an angle θ which is less than π/2. Now, taking into account the orthogonality
of the vector ∇ξi to the hypersurface ξi = ξi0, we find that these two vectors
xξi and ∇ξ

i are directed to the same side of the coordinate hypersurface
(curve in two dimensions). An illustration of this fact in two dimensions is
given in Fig. 2.2. The length of any normal base vector ∇ξi is linked to the
distance di between the corresponding opposite boundary segments (joined
by the vector xξi) of the n-dimensional basic parallelepiped formed by the
base tangential vectors, namely,

di = 1/|∇ξ
i| , |∇ξi| =

√
∇ξi ·∇ξi , i = 1, . . . , n .

To prove this relation we recall that the vector ∇ξi is a normal to all of
the vectors xξj , j �= i, and therefore to the boundary segments of the paral-
lelepiped formed by these n− 1 vectors. Hence, the unit normal vector ni to
these segments is expressed by

ni =∇ξ
i/|∇ξi| .

Now, taking into account that

di = xξi · ni ,

we readily obtain

di = xξi ·∇ξ
i/|∇ξi| = 1/|∇ξi| . �

Let li denote the distance between a grid point on the coordinate hyper-
surface ξi = c and the nearest point on the neighboring coordinate hypersur-
face ξi = c+ h; then

li = hdi +O(h
2) = h/|∇ξi|+O(h2) .

Fig. 2.2. Base tan-
gential and normal
vectors in two dimen-
sions
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This equation shows that the inverse length of the normal vector ∇ξi mul-
tiplied by h represents with high accuracy the distance between the corre-
sponding faces of the coordinate cells in the domain Xn.
Note that the volume of the parallelepiped spanned by the tangential vec-

tors equals J, so we find that the volume of the n-dimensional parallelepiped
defined by the normal vectors ∇ξi, i = 1, · · · , n, is equal to 1/J. Thus both
the base normal vectors ∇ξi and the base tangential vectors xξi have the
same right-handed or left-handed orientation.
If the coordinate system ξ1, · · · , ξn is orthogonal, i.e.

xξi · xξj = p(ξ)δ
i
j , i, j = 1, · · · , n , p(ξ) �= 0

then for each fixed i = 1, · · · , n the vector ∇ξi is parallel to xξi .

2.4 Representation of Vectors Through the Base Vectors

If there are n independent vectors a1, · · · ,an of the Euclidean space Rn then
any vector b with components b1, · · · , bn in the Cartesian basis e1, · · · , en is
represented through the vectors ai, i = 1, · · · , n, by

b = aij(b · aj)ai, i, j = 1, · · · , n , (2.6)

where aij are the elements of the matrix (aij) which is the inverse of the
tensor (aij),

aij = ai · aj , i, j = 1, · · · , n , (2.7)

(Fig. 2.3).
It is assumed in (2.6) and later, unless otherwise noted, a popular geomet-

ric index convention that a summation is carried out over repeated indices in
a product or single term, namely, a sign

∑
is understood whenever an index

is repeated in the aforesaid cases. The components of the vector b in the nat-
ural basis of the tangential vectors xξi , i = 1, · · · , n, are called contravariant.

Let them be denoted by b
i
, i = 1, · · · , n. Thus

b = b
1
xξ1 + · · ·+ b

n
xξn .

Assuming in (2.6) ai = xξi , i = 1, · · · , n, we obtain

b
i
= amj

(
bk
∂xk

∂ξj

) ∂xi
∂ξm

, i, j, k,m = 1, · · · , n , (2.8)

where b1, · · · , bn are the components of the vector b in the Cartesian basis
e1, · · · , en. Since (2.7)

aij = xξi · xξj =
∂xk

∂ξi
∂xk

∂ξj
, i, j, k = 1, · · · , n ,
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we have

aij =
∂ξi

∂xk
∂ξj

∂xk
, i, j, k = 1, · · · , n .

Therefore, from (2.8),

b
i
=
∂ξi

∂xk
∂ξj

∂xk
bm
∂xm

∂ξj
= bj

∂ξi

∂xj
, i, j, k,m = 1, · · · , n ,

or, using the dot product notation

b
i
= b ·∇ξi , i = 1, · · · , n . (2.9)

Thus, in this case (2.6) has the form

b = (b ·∇ξi)xξi , i = 1, · · · , n . (2.10)

For example, the normal base vector ∇ξi is expanded through the base
tangential vectors xξj , j = 1, · · · , n, by the following formula:

∇ξi = (∇ξi ·∇ξk)xξk =
∂ξi

∂xj
∂ξk

∂xj
xξk , i, j, k,= 1, · · · , n . (2.11)

Analogously, a component bi of the vector b in the basis ∇ξi, i = 1, · · · , n,
is expressed by the formula

bi = b
j ∂x

j

∂ξi
= b · xξi , i, j = 1, · · · , n , (2.12)

and consequently

b = bi∇ξ
i = (b · xξi)∇ξ

i, i = 1, · · · , n . (2.13)

Fig. 2.3. Expansion of the
vector b in the vectors a1
and a2
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These components bi, i = 1, · · · , n, of the vector b are called covariant.
In particular, the base tangential vector xξi is expressed through the base
normal vectors ∇ξj , j = 1, · · · , n, as follows:

xξi = (xξi · xξj )∇ξ
j =
∂xk

∂ξi
∂xk

∂ξj
∇ξj , i, j, k = 1, · · · , n . (2.14)

2.5 Metric Tensors

Many grid generation algorithms, in particular those based on the calculus of
variations, are typically formulated in terms of fundamental features of coor-
dinate transformations and the corresponding mesh cells. These features are
compactly described with the use of the metric notation, which is discussed
in this section.

2.5.1 Covariant Metric Tensor

The matrix
(gij) , i, j = 1, · · · , n ,

whose elements gij are the dot products of the pairs of the basic tangential
vectors xξi , i = 1, . . . , n,

gij = xξi · xξj =
∂xk

∂ξi
∂xk

∂ξj
, i, j, k = 1, · · · , n , (2.15)

is called a fundamental or covariant metric tensor of the domain Xn in the
coordinates ξ1, · · · , ξn.
Geometrically, each diagonal element gii of the matrix (gij) is the length

of the tangent vector xξi squared:

gii = |xξi |
2 , i = 1, · · · , n , i fixed .

Also,

gij = |xξi ||xξj | cos θ =
√
gii
√
gjj cos θ , i, j = 1, · · · , n , i, j fixed ,

where θ is the angle between the tangent vectors xξi and xξj . As a reminder,
the notification ”fixed” in these expressions for gii and gij means that the
subscripts ii and jj are fixed, i.e. here the summation over the repeated
indices is not carried out.
We designate by g the Jacobian of the covariant matrix (gij). It is evident

that
(gij) = jj

τ , i, j = 1, . . . , n ,

and hence
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J2 = g .

The covariant metric tensor is a symmetric matrix, i.e. gij = gji. If a
coordinate system at a point ξ is orthogonal then the tensor (gij) has a
simple diagonal form at this point. Note that these advantageous properties
are in general not possessed by the Jacobi matrix (∂xi/∂ξj) from which the
covariant metric tensor (gij) is defined.

2.5.2 Line Element

Let P be the point of Rn whose curvilinear coordinates are ξ1, . . . , ξn and let
Q be a neighboring point with the curvilinear coordinates ξ1+dξ1, . . . , ξn+
dξn. Then the Cartesian coordinates of these points are

x1(ξ), . . . , xn(ξ) , ξ = (ξ1, . . . , ξn)

and
x1(ξ + dξ), . . . , xn(ξ + dξ) , dξ = (dξ1, . . . ,dξn) ,

respectively. The infinitesimal distance PQ denoted by ds is called the el-
ement of length or the line element. In the Cartesian coordinates the line
element is the length of the diagonal of the elementary parallelepiped whose
edges are dx1, . . . ,dxn, where

dxi = xi(ξ + dξ)− xi(ξ) =
∂xi

∂ξj
dξj + o(|dξ|) , i, j = 1, . . . , n ,

(see Fig. 2.4). Therefore

ds =
√
(dx1)2 + . . .+ (dxn)2 =

√
dx · dx ,

where

dx = x(ξ + dξ)− x(ξ) = xξidξ
i + o(|dξ|) , i = 1, . . . , n ,

and we readily find that the expression for ds in the curvilinear coordinates
is as follows:

ds =
√
xξidξi · xξjdξj + o(|dξ|) =

√
gijdξidξj + o(|dξ|) , i, j = 1, · · · , n .

Thus the length s of the curve in Xn, prescribed by the parametrization

x[ξ(t)] : [a, b]→ Xn ,

is computed by the formula

s =

∫ b
a

√
gij
dξi

dt

dξj

dt
dt , i, j = 1, . . . , n . (2.16)
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Fig. 2.4. Illustration for the line element

2.5.3 Contravariant Metric Tensor

The contravariant metric tensor of the domainXn in the coordinates ξ1, · · · , ξn

is the matrix
(gij) , i, j = 1, · · · , n ,

inverse to (gij), i.e.

gijg
jk = δki , i, j, k = 1, · · · , n . (2.17)

Therefore

det(gij) =
1

g
, i, j = 1, . . . , n .

It is easily shown that (2.17) is satisfied if and only if

gij =∇ξi ·∇ξj =
∂ξi

∂xk
∂ξj

∂xk
, i, j, k = 1, · · · , n , (2.18)

where∇ξl, l = 1, . . . , n, is the base normal vector determined by (2.5). Thus,
each diagonal element gii (where i is fixed) of the matrix (gij) is the square
of the length of the vector ∇ξi:

gii = |∇ξi|2 , i = 1, . . . , n , i fixed . (2.19)

Geometric Interpretation

Now we discuss the geometric meaning of a diagonal element gii with a fixed
index i, say g11, of the matrix (gij). Let us consider a three-dimensional co-
ordinate transformation x(ξ) : Ξ3 → X3. Its tangential vectors xξ1 , xξ2 , xξ3
at some point P form the basic parallelepiped whose edges are these vectors
(Fig. 2.5). For the distance d1 between the opposite faces of the parallelepiped
which are defined by the vectors xξ2 and xξ3 , we have

d1 = xξ1 · n1 ,
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Fig. 2.5. Geometric meaning of the diagonal contravariant metric element g11

where n1 is the unit normal to the plane spanned by the vectors xξ2 and xξ3 .
It is clear, that

∇ξ1 · xξj = 0 , j = 2, 3 ,

and hence the unit normal n1 is parallel to the normal base vector∇ξ1 . Thus
we obtain

n1 =∇ξ1/|∇ξ1 | =∇ξ1/
√
g11 .

Therefore
d1 =∇ξ1 ·∇ξ1/

√
g11 = 1/

√
g11 ,

and consequently
g11 = 1/(d1)

2 .

Analogous relations are valid for g22 and g33, i.e. in three dimensions the
diagonal element gii for a fixed i means the inverse square of the distance di
between those faces of the basic parallelepiped which are connected by the
vector xξi . In two-dimensional space the element g

ii (where i is fixed) is the
inverse square of the distance between the edges of the basic parallelogram
defined by the tangential vectors xξ1 and xξ2 .
The same interpretation of gii is valid for general multidimensional coor-

dinate transformations:

gii = 1/(di)
2, i = 1, · · · , n , (2.20)

where the index i is fixed, and di is the distance between those (n − 1)-
dimensional faces of the n-dimensional parallelepiped which are linked by
the tangential vector xξi .

2.5.4 Relations Between Covariant and Contravariant Elements

Now, in analogy with (2.1) and (2.2), we write out very convenient formulas
for natural relations between the contravariant elements gij and the covariant
ones gij in two and three dimensions.
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For n = 2,

gij = (−1)i+j
g3−i 3−j
g

,

gij = (−1)
i+jgg3−i 3−j , i, j = 1, 2 , (2.21)

where the indices i, j on the right-hand side of the relations (2.21) are fixed,
i.e. summation over the repeated indices is not carried out here. For n = 3
we have

gij =
1

g
(gi+1 j+1 gi+2 j+2 − gi+1 j+2 gi+2 j+1) ,

gij = g(g
i+1 j+1 gi+2 j+2 − gi+1 j+2 gi+2 j+1) , i, j = 1, 2, 3 , (2.22)

with the convention that any index, say l, is identified with l ± 3, so, for
instance, g45 = g12.
We also note that, in accordance with the expressions (2.15), (2.18) for

gij and g
ij , respectively, the relations (2.11) and (2.14) between the basic

vectors xξi and ∇ξ
j can be written in the form

xξi = gik∇ξ
k ,

∇ξi = gikxξk , i, k = 1, · · · , n . (2.23)

So the first derivatives ∂xi/∂ξj and ∂ξk/∂xm of the transformations x(ξ)
and ξ(x), respectively, are connected through the metric elements:

∂xi

∂ξj
= gmj

∂ξm

∂xi
,

∂ξi

∂xj
= gmi

∂xj

∂ξm
, i, j,m = 1, · · · , n . (2.24)

2.6 Cross Product

In addition to the dot product there is another important operation on three-
dimensional vectors. This is the cross product, ×, which for any two vec-
tors a = (a1, a2, a3), b = (b1, b2, b3) expanded in the Cartesian vector basis
(e1, e2, e3) of the Euclidean space R

3 is expressed as the determinant of a
matrix:

a× b = det

⎛
⎝e1 e2 e3a1 a2 a3

b1 b2 b3

⎞
⎠ . (2.25)
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Thus
a× b = (a2b3 − a3b2, a3b1 − a1b3, a1b2 − a2b1) ,

or, with the previously assumed convention in three dimensions of the iden-
tification of any index j with j ± 3,

a× b = (ai+1bi+2 − ai+2bi+1)ei , i = 1, 2, 3 . (2.26)

We will now state some facts connected with the cross product operation.

2.6.1 Geometric Meaning

We can readily see that a× b = 0 if the vectors a and b are parallel. Also,
from (2.26) we find that a · (a × b) = 0 and b · (a × b) = 0, i.e. the vector
a×b is orthogonal to each of the vectors a and b. Thus, if these vectors are
not parallel then

a× b = α|a× b|n , (2.27)

where α = 1 or α = −1 and n is a unit normal vector to the plane determined
by the vectors a and b.
Now we show that the length of the vector a × b equals the area of the

parallelogram formed by the vectors a and b, i.e.

|a× b| = |a||b| sin θ , (2.28)

where θ is the angle between the two vectors a and b. To prove (2.28) we
first note that

|a|2|b|2 sin2 θ = |a|2|b|2(1− cos2 θ) = |a|2|b|2 − (a · b)2 .

We have, further,

|a|2|b|2 − |a · b|2 =
( 3∑
i=1

aiai
)( 3∑
j=1

bjbj
)
−
( 3∑
k=1

akbk
)2

=
3∑
k=1

[(al)2(bm)2 + (am)2(bl)2 − 2alblambm]

=
3∑
k=1

(albm − ambl)2 ,

where (k, l,m) are cyclic, i.e. l = k + 1, m = k + 2 with the convention that
j + 3 is equivalent to j for any index j. According to (2.26) the quantity
albm − ambl for the cyclic sequence (k, l,m) is the kth component of the
vector a× b, so we find that

|a||b| sin2 θ = |a|2|b|2 − |a · b|2 = |a× b|2 , (2.29)

what proves (2.28). �
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Thus we obtain the result that if the vectors a and b are not parallel
then the vector a × b is orthogonal to the parallelogram formed by these
vectors and its length equals the area of the parallelogram. Therefore the
three vectors a, b and a × b are independent in this case and represent a
base vector system in the three-dimensional space R3. Moreover, the vectors
a, b and a× b form a right-handed triad since a× b �= 0, and consequently
the Jacobian of the matrix determined by a, b, and a×b is positive; it equals

(a× b) · (a× b) = (a× b)2 .

2.6.2 Relation to Volumes

Let c = (c1, c2, c3) be one more vector. The volume V of the parallelepiped
whose edges are the vectors a, b and c equals the area of the parallelogram
formed by the vectors a and b multiplied by the modulas of the dot product
of the vector c and the unit normal n to the parallelogram. Thus

V = |a× b||n · c|

and from (2.27) we obtain

V = |(a× b) · c| . (2.30)

Taking into account (2.26), we obtain

(a× b) · c = c1(a2b3 − a3b2) + c2(a3b1 − a1b3) + c3(a1b2 − a2b1) .

The right-hand side of this equation is the Jacobian of the matrix whose rows
are formed by the vectors a, b, and c, i.e.

(a× b) · c = det

⎛
⎝a1 a2 a3b1 b2 b3

c1 c2 c3

⎞
⎠ . (2.31)

From this equation we readily obtain

(a× b) · c = a · (b× c) = (c× a) · b .

Thus the volume of the parallelepiped determined by the vectors a, b, and c
equals the Jacobian of the matrix formed by the components of these vectors.
In particular, we obtain that the Jacobian of a three-dimensional coordinate
transformation x(ξ) is expressed as follows:

J = xξ1 · (xξ2 × xξ3) . (2.32)
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2.6.3 Relation to Base Vectors

Applying the operation of the cross product to two base tangential vectors
xξl and xξm , we find that the vector xξl ×xξm is a normal to the coordinate
surface ξi = ξi0 with (i, l,m) cyclic. The base normal vector ∇ξ

i is also
orthogonal to the surface and therefore it is a scalar multiple of xξl × xξm ,
i.e.

∇ξi = c(xξl × xξm) .

Multiplying this equation for a fixed i by xξi , using the operation of the dot
product, we obtain, using (2.32),

1 = c J ,

and therefore

∇ξi =
1

J
(xξl × xξm) . (2.33)

Thus the elements of the three-dimensional contravariant metric tensor (gij)
which are computed by the dot product of the normal base vectors (formula
(2.18)) can also be found through the tangential vectors xξi by the formula

gij =∇ξi ·∇ξj =
1

g
(xξi+1 × xξi+2) · (xξj+1 × xξj+2) , i, j = 1, 2, 3 .

Analogously, every base vector xξi , i = 1, 2, 3, is expressed by the tensor
product of the normal base vectors ∇ξj , j = 1, 2, 3:

xξi = J(∇ξ
l ×∇ξk), i = 1, 2, 3 , (2.34)

where l = i + 1, k = i + 2, and m is equivalent to m + 3 for any index m.
Accordingly we have, taking into account (2.15),

gij = g(∇ξ
i+1 ×∇ξi+2) · (∇ξj+1 ×∇ξj+2) , i, j = 1, 2, 3 .

Using the relations (2.33) and (2.34) in (2.30), we also obtain

1

J
=∇ξ1 ·∇ξ2 ×∇ξ3 . (2.35)

Thus the volume of the parallelepiped formed by the base normal vectors
∇ξ1, ∇ξ2, and ∇ξ3 is the modulus of the inverse of the Jacobian J of the
transformation x(ξ).

2.7 Relations Concerning Second Derivatives

The elements of the covariant and contravariant metric tensors are defined
by the dot products of the base tangential and normal vectors, respectively.
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These elements are suitable for describing the internal features of the cells
such as the lengths of the edges, the areas of the faces, their volumes, and
the angles between the edges and the faces. However, as they are derived
from the first derivatives of the coordinate transformation x(ξ), the direct
use of the metric elements is not sufficient for the description of the dynamic
features of the grid (e.g. curvature), which reflect changes between adjacent
cells. This is because the formulation of these grid features relies not only
on the first derivatives but also on the second derivatives of x(ξ). Therefore
there is a need to study relations connected with the second derivatives of
the coordinate parametrizations.
This section presents some notations and formulas which are concerned

with the second derivatives of the components of the coordinate transforma-
tions. These notations and relations will be used to describe the curvatures
of the coordinate lines and surfaces.

2.7.1 Christoffel Symbols of Domains

The edge of a grid cell in the ξi direction can be represented with high
accuracy by the base vector xξi contracted by the factor hi, which represents
the step size of a uniform grid in Ξn in the ξi direction. Therefore the local
change of the edge in the ξj direction is characterized by the derivative of
xξi with respect to ξ

j , i.e. by xξiξj .
Since the second derivatives may be used to formulate quantitative mea-

sures of the grid, we describe these vectors xξiξj through the base tangential
and normal vectors using certain three-index quantities known as Christoffel
symbols. The Christoffel symbols are commonly used in formulating mea-
sures of the mutual interaction of the cells and in formulas for differential
equations.
Let us denote by Γ kij the kth contravariant component of the vector xξiξj

in the base tangential vectors xξk , k = 1, · · · , n. The superscript k in this
designation relates to the base vector xξk and the subscript ij corresponds
to the mixed derivative with respect to ξi and ξj . Thus

xξiξj = Γ
k
ij xξk , i, j, k = 1, · · · , n , (2.36)

and consequently

∂2xp

∂ξj∂ξk
= Γmkj

∂xp

∂ξm
, j, k,m, p = 1, · · · , n . (2.37)

Multiplying these equations by ∂ξi/∂xp gives

Γ ikj =
∂2xp

∂ξk∂ξj
∂ξi

∂xp
, i, j, k, p = 1, · · · , n , (2.38)

or in vector form,
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Γ ikj = xξkξj ·∇ξ
i . (2.39)

The quantities Γ ikj are called the space Christoffel symbols of the second
kind and the expression (2.36) is a form of the Gauss relation representing the
second derivatives of the position vector x(ξ) through the tangential vectors
xξi .
Analogously, the components of the second derivatives of the position vec-

tor x(ξ) expanded in the base normal vectors ∇ξi, i = 1, · · · , n, are referred
to as the space Christoffel symbols of the first kind. The mth component of
the vector xξkξj in the base vectors ∇ξ

i, i = 1, · · · , n, is denoted by [kj,m].
Thus, according to (2.12),

[kj,m] = xξkξj · xξm =
∂2xl

∂ξk∂ξj
∂xl

∂ξm
, j, k, l,m = 1, · · · , n , (2.40)

and consequently

xξkξj = [kj,m]∇ξ
m . (2.41)

So, in analogy with (2.37), we obtain

∂2xl

∂ξj∂ξk
= [kj,m]

∂ξm

∂xi
, i, j, k,m = 1, · · · , n . (2.42)

Multiplying (2.40) by gim and summing over m we find that the space
Christoffel symbols of the first and second kind are connected by the fol-
lowing relation:

Γ ikj = g
im[kj,m] , i, j, k,m = 1, · · · , n . (2.43)

Conversely, from (2.38) and (2.40),

[kj,m] = gmlΓ
l
kj , j, k, l,m = 1, · · · , n . (2.44)

The space Christoffel symbols of the first kind [kj,m] can be expressed
through the first derivatives of the covariant elements gij of the metric tensor
(gij) by the following readily verified formula:

[kj,m] =
1

2

(∂gjm
∂ξk

+
∂gkm
∂ξj

−
∂gkj
∂ξm

)
, i, j, k,m = 1, · · · , n . (2.45)

Thus, taking into account (2.43), we see that the space Christoffel symbols
of the second kind Γ ikj can be written in terms of metric elements and their
first derivatives. In particular, in the case of an orthogonal coordinate system
ξi, we obtain from (2.43, 2.45)

Γ ikj =
1

g
gii
(∂gii
∂ξk
+
∂gii
∂ξj
−
∂gkj
∂ξi

)
, i, j, k = 1, · · · , n .

Here the index i is fixed, i.e. the summation over i is not carried out.
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2.7.2 Differentiation of the Jacobian

Of critical importance in establishing relations between geometric charac-
teristics is the formula for differentiation of the Jacobian of a coordinate
transformation x(ξ)

∂J

∂ξk
≡ J

∂2xi

∂ξk∂ξm
∂ξm

∂xi
≡ J

∂

∂xi

(∂xi
∂ξk

)
≡ Jdivx

∂x

∂ξk
,

i, k,m = 1, · · · , n . (2.46)

In accordance with (2.38), this identity can also be expressed through the
space Christoffel symbols of the second kind Γ ikj by

∂J

∂ξk
= JΓ iik , i, k = 1, · · · , n ,

with the summation convention over the repeated index i.
In order to prove the identity (2.46) we note that in the case of an arbitrary

matrix (aij) the first derivative of its Jacobian is obtained by the process of
differentiating the first row (the others are left unchanged), then performing
the same operation on the second row, and so on with all of the rows of the
matrix. The summation of the Jacobians of the matrices derived in such a
manner gives the first derivative with respect to ξk of the Jacobian of the
original matrix (aij). Thus

∂

∂ξk
det(aij) =

∂aim
∂ξk
Gim , i, j, k,m = 1, · · · , n , (2.47)

where Gim is the cofactor of the element aim. For the Jacobi matrix (∂x
i/∂ξj)

of the coordinate transformation x(ξ) we have

Gim = J
∂ξm

∂xi
, i, j = 1, · · · , n .

Therefore, applying (2.47) to the Jacobi matrix, we obtain (2.46). �

2.7.3 Basic Identity

The identity (2.46) implies the extremely important relation

∂

∂ξj

(
J
∂ξj

∂xi

)
≡ 0 , i, j = 1, · · · , n , (2.48)

which leads to specific forms of new dependent variables for conservation-law
equations. To prove (2.48) we first note that

∂2ξp

∂xk∂xj
∂xl

∂ξp
= −

∂2xl

∂ξp∂ξm
∂ξm

∂xk
∂ξp

∂xj
.
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Multiplying this equation by ∂ξi/∂xl and summing over l, we obtain a for-
mula representing the second derivative ∂2ξi/∂xk∂xm of the functions ξi(x)
through the second derivatives ∂2xm/∂ξl∂ξp of the functions xm(ξ), m =
1, · · · , n:

∂2ξi

∂xk∂xm
= −

∂2xp

∂ξl∂ξj
∂ξj

∂xk
∂ξl

∂xm
∂ξi

∂xp

= −Γ ilj
∂ξl

∂xm
∂ξj

∂xk
, i, j, k, l,m, p = 1, · · · , n .

(2.49)

Now, using this relation and the formula (2.46) for differentiation of the
Jacobian in the identity

∂

∂ξj

(
J
∂ξj

∂xi

)
=
∂J

∂ξj
∂ξj

∂xi
+ J

∂2ξj

∂xi∂xk
∂xk

∂ξj
,

we obtain

∂

∂ξj

(
J
∂ξj

∂xi

)
= J

∂2xk

∂ξp∂ξj
∂ξp

∂xk
∂ξj

∂xi
− J

∂2xp

∂ξl∂ξm
∂ξm

∂xi
∂ξl

∂xk
∂ξj

∂xp
∂xk

∂ξj

= J
∂2xk

∂ξp∂ξj
∂ξp

∂xk
∂ξj

∂xi
− J

∂2xp

∂ξl∂ξm
∂ξl

∂xp
∂ξm

∂xi
= 0 ,

i, j, k, l,m, p = 1, · · · , n ,

i.e. (2.48) has been proved. �
The identity (2.48) is obvious when n = 1 or n = 2. For example, for

n = 2 we have from (2.1)

J
∂ξj

∂xi
= (−1)i+j

∂x3−i

∂ξ3−j
, i, j = 1, 2 ,

with fixed indices i and j, and therefore

∂

∂ξj

(
J
∂ξj

∂xi

)
= (−1)i+1

( ∂
∂ξ1
∂x3−i

∂ξ2
−
∂

∂ξ2
∂x3−i

∂ξ1

)
= 0 , i, j = 1, 2 .

An inference of (2.48) for n = 3 also follows from the differentiation of
the cross product of the base tangential vectors rξi , i = 1, 2, 3. Taking into
account (2.26), we readily obtain the following formula for the differentiation
of the cross product of two three-dimensional vector-valued functions a and
b:

∂

∂ξi
(a× b) =

∂

∂ξi
a× b+ a×

∂

∂ξi
b , i = 1, 2, 3 .

With this formula we obtain
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3∑
i=1

∂

∂ξi
(xξj × xξk) =

3∑
i=1

xξjξi × xξk +
3∑
i=1

xξj × xξkξi , (2.50)

where the indices (i, j, k) are cyclic, i.e. j = i+1, k = i+2, m is equivalent
to m+ 3. For the last summation of the above formula, we obtain

3∑
i=1

xξj × xξkξi =
3∑
i=1

xξk × xξiξj .

Therefore, from (2.50),

3∑
i=1

∂

∂ξi
(xξj × xξk) = 0 ,

since
xξi × xξjξk = −xξjξk × xξi

and (2.33) implies (2.48) for n = 3.



3 Geometry of Curves

3.1 Curves in Multidimensional Space

3.1.1 Definition

Commonly, a curve in the n-dimensional Euclidean space Rn is the locus
of points of Rn whose positions are represented by a vector-valued position
function r of a single parameter, say ϕ,

r(ϕ) : [a, b]→ Rn , r(ϕ) = [x1(ϕ), . . . , xn(ϕ)] , (3.1)

(see Fig. 3.1). The position function r(ϕ) is referred to as a parametrization
of the curve. Note each curve can be given parametric representation in an
infinity of ways, namely, as

r[ϕ(ψ)] : [a1, b1]→ [a, b] ,

where
ψ : [a1, b1]→ [a, b]

is an arbitrary univariate one-to-one monotone function.
It is assumed that the parametrization (3.1) is p ≥ 1 times continuously

differentiable with respect to ϕ and rϕ �= 0 for all ϕ ∈ [a, b]. In our consider-
ations we will use the designation Sr1 for the curve with the parametrization
r(ϕ). In this chapter we discuss the important measures of the local curve
quality known as curvature and torsion. These measures are derived by some
manipulations of basic curve vectors using the operations of the dot and cross
products.

3.1.2 Basic Curve Vectors

Tangent Vector

The first derivative of the parametrization r(ϕ) is a tangential vector

rϕ =
(dx1
dϕ
, . . . ,

dxn

dϕ

)
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Fig. 3.1. Scheme of
a curve representation
in R3

to the curve Sr1 (Fig. 3.1). The quantity

grϕ = rϕ · rϕ =
dxi

dϕ

dxi

dϕ
, i = 1, . . . , n , (3.2)

is the metric tensor of the curve and its square root is the length of the
tangent vector rϕ. Accordingly the length l of the curve S

r1 is computed
from the integral

l =

∫ b
a

√
grϕdϕ .

The most important notions related to curves are connected with the arc
length parameter s defined by the equation

s(ϕ) =

∫ ϕ
a

√
grϕdϕ . (3.3)

The vector dr[ϕ(s)]/ds, where ϕ(s) is the inverse of s(ϕ), is a tangent vector
designated by t. Using (3.3) we obtain

t =
d

ds
r[ϕ(s)] =

dϕ

ds
rϕ =

1
√
grϕ
rϕ . (3.4)

Therefore t is the unit tangent vector.

Principal Normal Vector

Any nonzero vector, which is orthogonal to the tangent vector, is called a
normal vector to the curve. Thus a vector v is normal to Sr1 if v · t = 0.
Since (3.4) t is a unit vector, i.e.

t · t = 1 ,

and if we take the derivative with respect to s of this equation, we obtain

ts · t = 0 .

This means that if ts �= 0 then this vector is normal to the curve Sr1. The
vector ts is called the principal normal of S

r1. Let n be a unit vector that is
co-directional with ts. Then
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Fig. 3.2. Base curve
vectors

n =
1

k
ts , k = (ts · ts)

1/2 . (3.5)

The magnitude k is called the curvature at the point in question, while
the quantity ρ = 1/k is called the radius of curvature of the curve.
Using the identity rϕ =

√
grϕt obtained from (3.4) we find by virtue of

(3.2) and (3.3),

rϕϕ =
1
√
grϕ
(rϕϕ · rϕ)t+ g

rϕts

=
1
√
grϕ
(rϕϕ · rϕ)t+ g

rϕkn .

(3.6)

The identity (3.6) is an analog of the Gauss relations (2.36). This identity
shows that the vector rϕϕ lies in the t− n plane.

3.2 Curves in Three-Dimensional Space

3.2.1 Basic Vectors

In three dimensions we can apply the operation of the cross product to the
basic tangential and normal vectors of a curve. The vector b = t×n is a unit
vector which is orthogonal to both t and n. It is called the binormal vector.
From (3.6) we find that b is orthogonal to rϕϕ.
The three vectors (t, n, b) form a right-handed triad (Fig. 3.2). Note

that if the curve lies in a plane, then the vectors t and n lie in the plane as
well and b is a constant unit vector normal to the plane. The vectors t, n,
and b are connected by the Serret–Frenet equations

dt

ds
= kn ,

dn

ds
= −kt+ τb ,

db

ds
= −τn , (3.7)
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where the coefficient τ is called the second curvature or torsion of the curve.
The first equation of the system (3.7) is taken from (3.5). The second and
third equations are readily obtained from the formula (2.6) by replacing the
b in (2.6) by the vectors on the left-hand side of (3.7), while the vectors t, n,
and b substitute for e1, e2, and e3, respectively. The vectors t, n, and b
constitute an orthonormal basis, i.e.

aij = a
ij = δij , i, j = 1, 2, 3 ,

where, in accordance with Sect. 2.4 aij = ei · ej , and (aij) is the inverse of
the tensor (aij). Now, using (2.6) we obtain

dn

ds
=
(dn
ds
· t
)
t+

(dn
ds
· n
)
n+

(dn
ds
· b
)
b = −kt+

(dn
ds
· b
)
b ,

since ns · t = −n · ts, ns · n = 0. Thus we obtain the second equation of
(3.7) with τ = ns · b. Analogously we obtain the last equation of (3.7) by
expanding the vector bs through t, n, and b using the relation (2.6):

db

ds
=
(db
ds
· t
)
t+

(db
ds
· n
)
n+

(db
ds
· b
)
b = −

(dn
ds
· b
)
n = −τn ,

as bs · t = −b · ts = 0, bs · b = 0. �
Note the formula (3.7) also has the following form

dp

ds
=

⎛
⎜⎝0 k 0

−k 0 τ

0 −τ 0

⎞
⎟⎠p ,

where p = (t,n,b)T . We also find from this expression⎛
⎜⎜⎜⎜⎜⎜⎜⎝

dr

ds

d2r

ds

d3r

ds

⎞
⎟⎟⎟⎟⎟⎟⎟⎠
=

⎛
⎜⎝1 0 0

0 k 0

−k2 k′ kτ

⎞
⎟⎠p ,

where ′ is the first derivative with respect to s.

3.2.2 Curvature

A very important characteristic of a curve which is related to grid generation
is the curvature k. This quantity is used as a measure of coordinate line
bending.
One way to compute the curvature is to multiply (3.5) by n using the dot

product operation. As from (3.3–3.5),
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kn =
dt

ds
=

1
√
grϕ

d

dϕ

( 1
√
grϕ
rϕ

)
=
1

grϕ
rϕϕ −

1

(grϕ)2
(rϕ · rϕϕ)rϕ ,

the result is

k =
1

grϕ
rϕϕ · n . (3.8)

The vector n is independent of the curve parametrization, and therefore we
find from (3.6) and (3.8) that k is an invariant of parametrizations of the
curve.
In two dimensions,

n =
1
√
grϕ
(−x2ϕ, x

1
ϕ) ,

therefore in this case we obtain from (3.8),

k2 =
(xϕyϕϕ − yϕxϕϕ)2

[(xϕ)2 + (yϕ)2]3
(3.9)

with the convention x = x1, y = x2. In particular, when the curve in R2

is defined by a function u = u(x), we obtain from (3.9), assuming r(ϕ) =
[ϕ, u(ϕ)], ϕ = x,

k2 = (uxx)
2/[1 + (ux)

2]3 . (3.10)

In the case of three-dimensional space the curvature k can also be com-
puted from the relation obtained by multiplying (3.6) by rϕ with the cross
product operation:

rϕ × rϕϕ = g
rϕk(rϕ × n) = (g

rϕ)3/2kb .

Thus we obtain

k2 =
|rϕ × rϕϕ|2

(grϕ)3
(3.11)

and, consequently, from (2.26)

k2 =
(x1ϕx

2
ϕϕ − x

2
ϕx
1
ϕϕ)

2 + (x2ϕx
3
ϕϕ − x

3
ϕx
2
ϕϕ)

2 + (x3ϕx
1
ϕϕ − x

1
ϕx
3
ϕϕ)

2

[(x1ϕ)
2 + (x2ϕ)

2 + (x3ϕ)
2]3

.

(3.12)

3.2.3 Torsion

Another important quality measure of curves in three-dimensional space is
the torsion τ. This quantity is suitable for measuring the rate of twisting of
the lines of coordinate grids.
In order to figure out the value of τ for a curve in R3 we use the last

relation in (3.7), which yields

τ = −
db

ds
· n .
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As b = t× n, we obtain

db

ds
=
dt

ds
× n+ t×

dn

ds
= t×

dn

ds
,

since dt/ds = kn. Thus

τ =
(
−t×

dn

ds

)
· n . (3.13)

From (3.3–3.5) we have the following obvious relations for the basic vectors
t and n in terms of the parametrization r(ϕ) and its derivatives:

t =
1
√
grϕ
rϕ ,

n =
1

k

dt

ds
=
1

k

( 1
grϕ
rϕϕ −

rϕ · rϕϕ
(grϕ)2

rϕ

)
,

dn

ds
=
1

k

( 1

(grϕ)3/2
rϕϕϕ − 2

rϕ · rϕϕ
(grϕ)2

rϕϕ

−
d

dϕ

(rϕ · rϕϕ
(grϕ)2

)
rϕ −

1

k

dk

ds
n
)
. (3.14)

Thus

t×
dn

ds
=

1

k(grϕ)2
rϕ × rϕϕϕ − 2

rϕ · rϕϕ
k(grϕ)5/2

rϕ × rϕϕ −
1

k2
√
grϕ
dk

ds
rϕ × n .

As (a×b) · a = (a×b) ·b = 0 for arbitrary vectors a and b, we obtain from
(3.13, 3.14)

τ = −
1

k2(grϕ)3
(rϕ × rϕϕϕ) · rϕϕ =

1

k2(grϕ)3
(rϕ × rϕϕ) · rϕϕϕ . (3.15)

And, using (2.31), we also find

τ =
1

k2(grϕ)3
det

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

dx1

dϕ

dx2

dϕ

dx1

dϕ

d2x1

dϕ2
d2x2

dϕ2
d2x3

dϕ2

d3x1

dϕ3
d3x2

dϕ3
d3x3

dϕ3

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.16)
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The notion of a curve in Rn is readily extended to a notion of an n-
dimensional surface in Rn+l, l ≥ 0.
A regular n-dimensional surface of class Cm(m ≥ 1) is the point set in

real (n + l)-dimensional space Rn+l locally represented by some parametric
n-dimensional domain Sn and a parametrization

r(s) : Sn → Rn+l , r(s) = [r1(s), . . . , rn+l(s)] , s = (s1, . . . , sn) , (4.1)

such that all partial derivatives of r(s) of order m are continuous in Sn and
the rank of the matrix (∂ri/∂sj), i = 1, . . . , n+ l, j = 1, . . . , n, equals n at
each point of Sn. The vector equation (4.1) is called a parametric equation
of the n-dimensional surface while the variables si, i = 1, . . . , n, are referred
to as curvilinear coordinates on the surface. We shall use the designation Srn

for the surface represented by (4.1). In accordance with the definition a curve
is meant as a one-dimensional surface.
In grid generation methods regular n-dimensional surfaces are typical ob-

jects as boundaries of the domains under consideration, coordinate hyper-
surfaces, and monitor surfaces specified to generate adaptive meshes. The
advanced grid technology also requires the application of the theories of
more sophisticated geometries, namely, Riemannian manifolds which general-
ize regular surfaces. These geometries have real potential to provide efficient
means to control the qualitative properties of grids and develop advanced
grid technologies.
This chapter gives an introduction to the theory of multidimensional sur-

faces and Riemannian manifolds.

4.1 Tangent and Normal Vectors and Tangent Plane

Let s(t) : [a, b] → Sn be a representation of a curve in Sn. Then the
parametrization

r[s(t)] : [a, b]→ Rn+l (4.2)

represents a curve in the n-dimensional surface Srn specified by (4.1). The
tangent vector to this curve forms a tangent vector to the surface Srn. The
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Fig. 4.1. Base tangent and normal vectors to coordinate lines

set of all tangent vectors at a point on the surface Srn forms the tangent
n-dimensional plane to the surface at this point.
Analogously to the definition of the coordinate line in space (section 2.2)

there is defined the sith coordinate line in the surface Srn as a curve repre-
sented by the following vector-valued function dependent upon a variable ϕ
in the capacity of si:

r[si(ϕ)] : [a, b]→ Rn+l ,

si(ϕ) = (s10, . . . , s
i−1
0 , ϕ, s

i+1
0 , . . . , s

n
0 ) , i fixed ,

(4.3)

here r(s) is the function from (4.1), si(ϕ) ∈ Sn, ϕ ∈ [a, b], the constants sj0,
j �= i are fixed.
Each sith coordinate line defines one basic tangent vector along this curve

rsi =
∂r

∂si
, i = 1, . . . , n ,

assuming in (4.3) ϕ = si. The transformation r(s) is of rank n hence the
basic tangent vectors rsi , i = 1, . . . , n, at a point P are independent and
therefore form the tangent plane at this point (Fig. 4.1 for n = 2).
Similarly to the coordinate hypersurface in space (section 2.3) we define a

coordinate hypersurface in Srn as an (n−1)-dimensional surface lying in Srn

along which all of the coordinates s1, . . . , sn except one, say si, are varied.
Thus the sith coordinate hypersurface is specified by the parametrization

r[si(s
1, . . . , si−1, si+1, . . . , sn) : Sn−1 → Rn+l ,

si(s
1, . . . , si−1, si+1, . . . , sn) = (s1, . . . , si−1, si0, s

i+1, . . . , sn) ,
(4.4)

where si0 fixed, while r(s) is the function from (4.1). We personify this coor-
dinate hypersurface with the equation si = si0. Equation (4.4) readily yields
that the basic tangent vectors to the hypersurface si = si0 are the vectors rsj ,
j �= i.
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A vector lying in the tangent plane to Srn and orthogonal to the coordi-
nate hypersurface si = si0 in S

rn (consequently to its basic tangent vectors
rsj , j �= i) is called a vector orthogonal or a normal vector to this hyper-
surface in Srn. Let us introduce, analogously to the normal vectors in space,
as a basic normal vector to the coordinate hypersurface si = si0 in S

rn the
vector designated by ∇si for which

∇si · rsj = δ
i
j , i, j = 1, . . . , n , i fixed , (4.5)

(Fig. 4.1).
The basic normal vectors to the coordinate hypersurface in Srn are de-

scribed inambiguously in the following section through the basic tangent
vectors and elements of the metric tensors of Srn.

4.2 First Groundform

All the properties of an n-dimensional surface Srn which can be described
without referring to the surrounding space are called intrinsic properties of
the surface and their description constitutes the intrinsic geometry of the
surface. Any characteristic of the intrinsic geometry is defined by the surface
metric tensor whose elements are specified through the operation of the dot
product on the basic tangent vectors.

4.2.1 Covariant Metric Tensor

Definition

The covariant metric tensor of any regular n-dimensional surface Srn rep-
resented in the coordinates s1, . . . , sn by (4.1) is the matrix (grsij ), i, j =
1, . . . , n, where

grsij = rsi · rsj , i, j = 1, . . . , n . (4.6)

In particular, when the surface is a monitor surface i.e. it is identified with
the graph of the values of some vector-valued function u(s) over a domain
Sn then this surface is parametrized by the equation r(s) = [s, r(s)] and
consequently

grsij = δ
j
i +
∂u

∂si
·
∂u

∂sj
, i, j = 1, . . . , n .

Quadratic Form

The differential quadratic form

grsij ds
idsj , i, j = 1, . . . , n ,
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relating to the line elements in space, is called the first groundform or funda-
mental form of the surface. It represents the value of the square of the length
of an elementary displacement dr (see Fig. 2.4) on the surface. Therefore the
length of the curve (4.2) in the surface Srn is computed by the formula

l =

∫ b
a

√
gij
dsi

dt

dsj

dt
dt , i, j = 1, . . . , n ,

which is similar to (2.16).
Let the Jacobian of (grsij ) be designated by g

rs. Then, analogously to the
length of the line (4.2), the n-dimensional area of the surface Srn is computed
from the formula

S =

∫
Sn

√
grsds .

Basic Parallelepiped

The basic parallelepiped in Srn with respect to the coordinates s1, . . . , sn

is an n-dimensional parallelepiped whose edges are the basic tangent vectors
rsi , i = 1, . . . , n. So the quantity

√
grsii for a fixed index i has the geometrical

meaning of the length of the ith edge of the basic parallelepiped (see Fig.
4.2 in the case n = 2). Note the uniformly contracted basic parallelepiped
represents to a high order of accuracy the cell of the coordinate grid in Srn

in the case when the parametric domain Sn is a logical domain (see also
Sect. 2.2).

Fig. 4.2. Geometric meaning of the metric elements
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4.2.2 Contravariant Metric Tensor

Definition

The contravariant metric tensor of the surface Srn in the coordinates s1, . . . , sn

is the matrix (gijsr), i, j = 1, . . . , n, inverse to (g
rs
ij ), i.e. the following relations

are held

grsij g
jk
sr = δ

i
k , i, j, k = 1, . . . , n . (4.7)

Thus analogously to (2.21) we obtain, in the case n = 2,

gijsr = (−1)
i+jgrs3−i 3−j/g

rs ,

grsij = (−1)
i+jgrsg3−i 3−jsr , i, j = 1, 2 , (4.8)

with fixed indices i and j. Similarly to (2.22) we find, in the case n = 3,

gijsr =
1

grs
(grsi+1 j+1 g

rs
i+2 j+2 − g

rs
i+1 j+2 g

rs
i+2 j+1) ,

grsij = g
rs(gi+1 j+1sr gi+2 j+2sr − gi+1 j+2sr gi+2 j+1sr ) ,

i, j = 1, 2, 3 , i, j fixed ,

(4.9)

with the convention that any index, say l, is identified with l ± 3.

Computation of Basic Normal Vectors

Using the elements of the contravariant metric tensor we can readily find the
expression for the basic normal vector ∇si to the coordinate hypersurface
si = si0, satisfying (4.5), through the basic tangent vectors rsj , j = 1, . . . , n.
Namely

∇si = gijsrrsj , i, j = 1, . . . , n . (4.10)

Indeed, the condition (4.5) is observed since

∇si · rsk = g
ij
srrsj · rsk = g

ij
srg
rs
jk = δ

i
k , i, j, k = 1, . . . , n ,

i.e. the vector∇si is orthogonal to the coordinate hypersurface si = const in
Srn at the point of consideration. As ∇si · rsi = 1, i fixed, we conclude that
the both basic vectors ∇si and rsi have the same direction with respect to
the hypersurface si = const in Srn.
From (4.10) we readily find that

∇si ·∇sj = gijsr , i, j = 1, . . . , n . (4.11)

Note also that for the length of ∇si we obtain the following expression

|∇si| =
√
∇si ·∇si =

√
giisr , i = 1, . . . , n , i fixed .
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Since the normal vector ∇si is orthogonal to the vectors rsj , j �= i, we found
that the distance di between the ith (n − 1)-dimensional faces of the basic
parallelepiped formed by the tangent vectors rsj , j = 1, . . . , n, is computed
as follows:

di = rsi ·
∇si

‖∇si‖
=

1√
giisr
, i = 1, . . . , n , i fixed .

Thus with respect to the basic parallelepiped the quantity
√
grsii (i fixed) is

the length of its ith edge, while the quantity 1/
√
giisr (i fixed) is the distance

between the parallel (n − 1)-dimensional faces of the parallelepiped, which
are formed by the vectors rsj , j �= i (see Fig. 4.2 for n = 2).

Normal Vector to a Hypersurface

Formula (4.10) is readily extended to the case of the hypersurface in Srn

defined by an equation ϕ(s) = 0. Namely, a normal n to this hypersurface in
Srn is specified by the following formula

n = ϕsig
ik
srrsk , i, k = 1, . . . , n , (4.12)

that is a generalization of (4.10) obtained for the equation ϕ(s) ≡ si− const.
The validity of (4.12) will be proved if we show that

n · t = 0 ,

where t is an arbitrary tangent vector to the hypersurface ϕ(s) = 0. Without
loss of generality we can assume that ϕsn �= 0 at a point s ∈ Sn under
consideration. Then the equation ϕ(s) = 0 is resolved with respect to sn, i.e.
there exists a function sn(s1, . . . , sn−1), (s1, . . . , sn−1) ∈ Sn−1 such that

ϕ[s1, . . . , sn−1, sn(s1, . . . , sn−1)] ≡ 0 , (s1, . . . , sn−1) ∈ Sn−1 .

Therefore, using (4.1), we can locally specify the hypersurface ϕ(s) = 0 in
the coordinates s1, . . . , sn−1 by the following parametrization

rϕ(s1, . . . , sn−1) = r[s1, . . . , sn−1, sn(s1, . . . , sn−1)] : Sn−1 → Rn+l .

Consequently the basic tangent vectors to this hypersurface with respect to
the coordinates s1, . . . , sn−1 are computed by

rϕ
si
= rsi +

∂sn

∂si
rsn = rsi −

ϕsi

ϕsn
rsn , i = 1, . . . , n− 1 ,

since ∂sn/∂si = −ϕsi/ϕsn , i = 1, . . . , n−1. Using these relations and (4.12)
gives
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n · rϕ
si
= ϕsmg

mk
sr rsk

(
rsi −

ϕsi

ϕsn
rsn
)

= ϕsmg
mk
sr

(
grski −

ϕsi

ϕsn
grskn

)
= ϕsi −

ϕsiϕsn

ϕsn
= 0 , i = 1, . . . , n− 1 .

As an arbitrary tangent vector t to the hypersurface is expanded by rϕ
si
,

i = 1, . . . , n − 1, we obtain that n · t = 0, i.e. formula (4.12) gives a real
expression for the vector n normal to the hypersurface ϕ(s) = 0. �
We have, by virtue of (4.12), the following formula for the length of n

|n| =
√
n · n =

√
(ϕsigiksrrsk) · (ϕsmg

ml
sr rsl)

=
√
ϕsiϕsmgiksrg

ml
sr g

rs
kl

=
√
ϕsmϕslg

ml
sr , i, k, l,m = 1, . . . , n .

(4.13)

4.3 Generalization to Riemannian Manifolds

4.3.1 Definition of the Manifolds

Formula (4.6) readily yields the result that the elements of the covariant
metric tensor (grsij ) and (g

rv
ij ) of the regular surface S

rn in arbitrary coordi-

nates s1, . . . , sn and v1, . . . , vn, respectively, are connected by the following
relations

grsij = g
rv
kl

∂vk

∂si
∂vl

∂sj
, i, j, k, l = 1, . . . , n . (4.14)

Indeed,

grsij = rsi · rsj = rvk
∂vk

∂si
· rvm

∂vm

∂sj

= rvk · rvm
∂vk

∂si
∂vm

∂sj
= grvkm

∂vk

∂si
∂vm

∂sj
, i, j, k,m = 1, . . . , n ,

i.e. equations (4.14) are held.
Analogously, the elements of the contravariant metric tensor (gijsr) and

(gijvr) of the regular surface S
rn in the coordinates s1, . . . , sn and v1, . . . , vn,

respectively, are connected by

gijvr = g
kl
sr

∂vi

∂sk
∂vj

∂sl
, i, j, k, l = 1, . . . , n . (4.15)

For showing that the components gijvr are subject to (4.15), it is sufficient to
demonstrate that the matrix
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Fig. 4.3. Illustration for Riemannian manifold maps

(
gklsr
∂vi

∂sk
∂vj

∂sl

)
, i, j, k, l = 1, . . . , n ,

coincides with (gijvr), i.e. it is the inverse of (g
rv
ij ) provided the matrix (g

ij
sr) is

the inverse of (grsij ). Since (4.14)

grvij g
kl
sr

∂vj

∂sk
∂vt

∂sl
= grsmp

∂sm

∂vi
∂sp

∂vj
∂vj

∂sk
gklsr
∂vt

∂sl
= δti , i, j, k, l,m, p, t = 1, . . . , n ,

i.e. equations (4.15) are valid.
The relations (4.14) and (4.15) valid for the metrics of arbitrary regular

n-dimensional surfaces give rise to the definition of the geometrical objects
called Riemannian manifolds which generalize the regular surfaces.
Namely, a point set Mn of Rn+l, l ≥ 1 is called a Cm-differential Rie-

mannian manifold (Fig. 4.3) of dimension n if there is a collection (atlas) Φ
of local parametrizations of M (local maps)

rϕ(ϕ) : S
n
ϕ →M , ϕ ∈ Φ , ϕ ∈ S

n
ϕ ,

ϕ = (ϕ1, . . . , ϕn) , rϕ = (r
1
ϕ, . . . , r

n+l
ϕ ) ,

(4.16)

where Snϕ ⊂ R
n is an n-dimensional parametric domain, and the same col-

lection of local variable matrices (local covariant metric tensors)

(grϕij (ϕ)) , i, j = 1, . . . , n , ϕ ∈ S
n
ϕ , ϕ ∈ Φ , (4.17)

such that

1) ∪ϕ∈Φrϕ(S
n
ϕ) =M

n , where rϕ(S
n
ϕ) is the image of S

n
ϕ in M

n built by rϕ,
2) for each ϕ ∈ Φ , rϕ(Snϕ) is an open space of M

n and

rϕ : S
n
ϕ → rϕ(S

n
ϕ) , ϕ ∈ Φ ,

is a one-to-one continuous mapping,
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3) for each ϕ,ψ ∈ Φ with Bϕψ �= ∅, where

Bϕψ = rϕ(S
n
ϕ) ∩ rψ(S

n
ψ) ,

the map
ϕ(ψ) : Snψ ∩ r

−1
ψ (Bϕψ)→ R

n ,

where ϕ(ψ) = r−1ϕ [rψ(ψ)], is a C
m – map,

4) for each ϕ ∈ Φ, ϕ ∈ Snϕ the matrix (g
rϕ
ij (ϕ)) is positive, symmetric, and

nondegenerate and the functions

grϕij (ϕ) : S
n
ϕ → R, i, j = 1, . . . , n,

are Cm-functions,
5) for each ϕ,ψ ∈ Φ, Bϕψ �= ∅,

grψij (ψ) = g
rϕ
kl [ϕ(ψ)]

∂ϕk

∂ψi
(ψ)
∂ϕl

∂ψj
(ψ) , i, j, k, l = 1, . . . , n , (4.18)

where
ϕ ∈ Snϕ ∩ r

−1
ϕ (Bϕψ) , ψ ∈ S

n
ψ ∩ r

−1
ψ (Bϕψ) ,

ϕi(ψ), i = 1, . . . , n, is the ith component of the function ϕ(ψ) = r−1ϕ (rψ),
6) Φ is maximal relative to (2-5) that is if there is one more local parametriza-
tion

rθ(θ) : S
n
θ → X , S

n
θ ⊂ R

n , θ ∈ Snθ ,

and a nondegenerate, positive, symmetric Cm – matrix function

(grθij (θ)) , θ ∈ S
n
θ ,

and their inclusion into local parametrizations and local matrices, respec-
tively, does not violate the requirements (2-5) – they are in the corre-
sponding collections of Φ.

Here m may be 1, 2, . . . ,∞. Cm for m finite means all partial derivatives
of order less than or equal to m exist and are continuous.
The variables ϕ1, . . . , ϕn of the parametric domain Snϕ, i.e.

ϕ = (ϕ1, . . . , ϕn) ∈ Snϕ , ϕ ∈ Φ ,

together with the corresponding transformation

rϕ(ϕ) : S
n
ϕ →M

n

are called a local coordinate system or local coordinates of Mn.
Each local covariant metric tensor (grϕij (ϕ)) derives the local contravariant

metric tensor (gijϕr(ϕ)) as the inverse matrix of (g
rϕ
ij (ϕ)), i.e.
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gijϕr(ϕ) = G
ϕ
ij/det(g

rϕ
ij (ϕ)) , i, j = 1, . . . , n ,

where Gϕij is the (ij)th cofactor of (g
rϕ
ij (ϕ)). Analogously to (4.15) it is readily

verified that the equations (4.18) yield

gijψr(ψ) = g
kl
ϕr[ϕ(ψ)]

∂ψi

∂ϕk
∂ψj

∂ϕl
, i, j, k, l = 1, . . . , n , (4.19)

where ψk(ϕ), k = 1, . . . , n, is the kth component of the function ψ(ϕ) =
r−1ψ [rϕ(ϕ)].
The need of multiple charts is essential for geometries that are not diffeo-

morphic to an n-dimensional cube. Such geometries appear in various appli-
cations, the most complicated and difficult for gridding of them are human
organs.

4.3.2 Example of a Riemannian Manifold

In the grid generation theory the Riemannian manifolds appear as tools
to control the grids derived by the generalized Laplace equations. Typi-
cally these manifolds are formulated as a generalization of monitor surfaces.
Namely, let Sxn be a regular n-dimensional surface lying in Rn+k and repre-
sented locally by a mapping

x(s) : Sn → Rn+k , s = (s1, . . . , sn) , x = (x1, . . . , xn+k) ,

with a covariant metric tensor (gxsij ) in the coordinates s
1, . . . , sn

gxsij = xsi · xsj , i, j = 1, . . . , n . (4.20)

By a monitor surface over Sxn there is meant a regular surface whose
points are

[x, f(x)] ∈ Rn+l+k ,

where x ∈ Sxn, while

f(x) : Sxn → Rl , f = (f1, . . . , f l) ,

is some vector-valued function called a monitor function. The monitor sur-
face is represented in the coordinates s1, . . . , sn by the following local
parametrization

r(s) : Sn → Rn+k+l , r(s) = {x(s), f [x(s)]} .

An extension of the monitor surface over Sxn is produced, for example,
by two scalar-valued weight functions z(s) > 0 and v(s) ≥ 0 and one vector-
valued smooth function f(s) = [f1(s), . . . , f l(s)] which form a Riemannian
manifoldMn whose points and parametrizations are the same as of Sxn, while
the elements of the covariant metric tensor in the coordinates s1, . . . , sn,
designated as gsij , are defined as follows:
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gsij = z(s)g
xs
ij + v(s)

∂f

∂si
(s) ·

∂f

∂sj
(s) , i, j = 1, . . . , n . (4.21)

We shall call the Riemannian manifold with the metric (4.21) imposed by
the functions z(s), v(s), and f(s) as a monitor manifold. The function f(s)
will be referred to as a monitor function, while z(s) and v(s) will be called
weight functions.

4.3.3 Christoffel Symbols of Manifolds

Definition of the Symbols

Any covariant metric tensor of a Riemannian manifold Mn, designated by
(gsij) in the local coordinates s

i, i = 1, . . . , n, derives the quantities called
the Christoffel symbols of the first and second kinds, which are also referred
to as the three-index symbols. The symbols of the first kind, designated in
the coordinates si, i = 1, . . . , n, by [ij, k]s, are defined as follows:

[ij, k]s =
1

2

(∂gsjk
∂si
+
∂gsik
∂sj
−
∂gsij
∂sk

)
, i, j, k = 1, . . . , n . (4.22)

Equations (4.22) easily yield the following relations for the first derivatives
of the elements of the covariant metric tensor

∂gsik
∂sj

= [ij, k]s + [kj, i]s , i, j, k = 1, . . . , n . (4.23)

The Christoffel symbols of the second kind, designated in the coordinates
si, i = 1, . . . , n, by sΥ lij , are defined by the equations

sΥ lij = g
lm
s [ij,m]

s , i, j, l,m = 1, . . . , n . (4.24)

It is seen at once from (4.22) and (4.24) that the Christoffel symbols are
symmetrical in i, j.
Further, when a coordinate system in a formula is fixed we, for simplicity,

shall omit the superscript personifying a coordinate system in the Christoffel
symbols of the first and second kinds thus designating them merely by [ij, k]
and Υ lij , respectively.
Analogously to (4.23) we find an expression for the first derivatives of the

elements of the contravariant metric tensor through the Christoffel symbols
of the second kind

∂gijs
∂sk

= gljs g
s
ml

∂gims
∂sk

= −gljs g
im
s

∂gsml
∂sk

= −gljs g
im
s ([mk, l] + [lk,m]) = −g

im
s Υ

j
km − g

lj
s Υ

i
lk ,

i, j, k, l,m = 1, . . . , n .

(4.25)
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The Christoffel symbols of the second kind also have some relation to the
formula of the differentiation of the Jacobian gs of the metric tensor (gsij).
Indeed the rule of the differentiation of the Jacobian gs gives

∂gs

∂si
= gsgjms

∂gsjm
∂si

, i, j,m = 1, . . . , n ,

and the application of (4.23) to this formula yields

∂gs

∂si
= gsgjms ([ji,m]+ [mi, j]) = g

s[Υ jji+Υ
m
mi] = 2g

sΥ jji , i, j,m = 1, . . . , n .

Remind repeated indices in a single term mean a summation over them so
we imply in the above equations

∂gs

∂si
= 2gsΥ jji = 2g

s
n∑
j=1

Υ jji , i, j = 1, . . . , n . (4.26)

Symbols for Regular Surfaces

In the case of the regular surface Srn represented by (4.1) whose intrinsic
metric is expressed as

gsij = rsi · rsj , i, j = 1, . . . , n ,

it is readily found, from (4.22), that

[ij, k] = rsisj · rsk , i, j, k = 1, . . . , n . (4.27)

Using (4.27), (4.24), and (4.10) yields the following formula for the Christoffel
symbols of the second kind of the regular surface Srn in the coordinates
s1, . . . , sn:

Υ lij = g
lm
s (rsisj · rsm) = rsisj ·∇s

l , i, j, l,m = 1, . . . , n , (4.28)

where ∇sl is the basic normal vector to the coordinate hypersurface sl = c0
in Srn (see (4.10)).

Transformation of the Christoffel Symbols

Now we shall establish how the Christoffel symbols of two coordinate systems
are related. Let us designate by gsij and g

v
ij the elements of the covariant

metric tensor of a manifold Mn in the coordinates s1, . . . , sn and v1, . . . , vn,
respectively. Then, according to (4.18), we have

gvij = g
s
kl

∂sk

∂vi
∂sl

∂vj
, i, j, k, l = 1, . . . , n .
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Differentiating these equations with respect to vp gives

∂gvij
∂vp

=
∂gskl
∂sm

∂sm

∂vp
∂sk

∂vi
∂sl

∂vj
+ 2gskl

∂2sk

∂vi∂vp
∂sl

∂vj
, i, j, k, l,m, p = 1, . . . , n ,

and consequently, applying (4.23),

∂gvij
∂vp

= [ip, j]v + [jp, i]v

= ([km, l]s + [lm, k]s)
∂sm

∂vp
∂sk

∂vi
∂sl

∂vj
+ 2gskl

∂2sk

∂vi∂vp
∂sl

∂vj
,

i, j, k, l,m, p = 1, . . . , n .

Therefore, after computing by these formulas the following expression

−
∂gvij
∂vp

+
∂gvpi
∂vj

+
∂gvpj
∂vi

, i, j, p = 1, . . . , n ,

we readily obtain, using first (4.22) and then (4.24),

[ij, p]v = [km, l]s
∂sl

∂vp
∂sk

∂vi
∂sm

∂vj
+ gskl

∂2sk

∂vi∂vj
∂sl

∂vp
,

vΥ pij =
sΥmkl

∂sk

∂vi
∂sl

∂vj
∂vp

∂sm
+
∂2sk

∂vi∂vj
∂vp

∂sk
,

i, j, k, l,m, p = 1, . . . , n .

(4.29)

Geometric Meanings of the Symbols

Let us consider the Christoffel symbols of a regular n-dimensional surface
Srn represented by (4.1) and whose covariant metric tensor is defined by
(4.6). We know that the first partial derivatives of the parametrization r(s)
are the tangent vectors forming the tangent plane to the surface and the
elements of the covariant metric tensor (grsij ). It appears that the second
partial derivatives of r(s) are connected with the Christoffel symbols.
Let us designate by P the operator which projects the vectors from Rn+l

on the tangent plane to the regular surface Srn ⊂ Rn+l at a point P . Now
considering the vector-valued function

rsmsp =
∂2r

∂sm∂sp
, m, p = 1, . . . , n ,

we can expand the vector P[rsmsp ] (lying in the tangent n-dimensional plane)
in both the base tangential rsi , i = 1, . . . , n, and normal ∇s

i, i = 1, . . . , n,
vectors. Applying the formula (2.6) in the case of the tangential vectors, i.e.
assuming in (2.6) ai = rsi , i = 1, . . . , n, we find
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P[rsmsp ] = a
ij(P[rsmsp ] · rsj )rsi , i, j,m, p = 1, . . . , n , (4.30)

where aij are the elements of the matrix which is inverse to the matrix (aij)

aij = rsi · rsj , i, j = 1, . . . , n .

Since rsi ·rsj = g
rs
ij , i, j = 1, . . . , n, the functions a

ij in (4.30) are the elements

of the contravariant metric tensor (gijsr), i.e.

aij = gijsr , i, j = 1, . . . , n .

Further, as the operator P projects the vector rsmsp on the plane formed by
the tangent vectors rsi , i = 1, . . . , n, we conclude that

P[rsmsp ] · rsj = rsmsp · rsj , j,m, p = 1, . . . , n .

Therefore equation (4.30) has the following form

P[rsmsp ] = g
ij
sr(rsmsp · rsj )rsi , i, j,m, p = 1, . . . , n . (4.31)

Now, applying (4.28) to this equation, we find

P[rsmsp ] = Υ
i
mprsi , i,m, p = 1, . . . , n . (4.32)

Thus the Christoffel symbol Υ imp of the second kind is the ith component
of the vector P[rsmsp ] expanded in the base tangent vectors rsi (see Fig. 4.4
where the vector rsmsp is identified with rmp).
Similarly we obtain

P[rsmsp ] = [mp, i]∇s
i , i,m, p = 1, . . . , n . (4.33)

This formula can also be inferred from (4.32). Indeed multiplying (4.10) by
grsik gives

rsk = g
rs
ik∇s

i , i, k = 1, . . . , n ,

and substituting this equation for rsi in (4.32), we readily come to (4.33).
So the Christoffel symbols of the first kind represent the components of

the vector P[rsmsp ] expanded in the base normal vectors to the coordinate
hypersurfaces in Srn (see Fig. 4.4 for n = 2).

4.4 Tensors

The theory of multidimensional geometry operates largely with the quantities
called tensors. This section gives an introduction to such geometric objects.
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Fig. 4.4. Expension of the vector rsmsp in the base vectors

4.4.1 Definition

LetMn be some n-dimensional Riemannian manifold, in particular, a regular
surface Srn. A tensor of rank k ≥ 0 at a point P of Mn is a set of values
defined for each local coordinate system s1, . . . , sn around this point and
indices i = (i1, . . . , ik) ∈ Rk, ij = 1, . . . , n, j = 1, . . . , k, such that the
values obey certain transformation laws when the coordinates are changed.
The number k is called a tensor order or its rank, while the values with the
indices are referred to as tensor components.
The tensors are also distinguished by their types. There are two basic

tapes for the tensors of order k > 0: covariant and contravariant and the
third mixed type having the features of the basic types.

Tensors of Order Zero

A quantity which has the same fixed value at the point P in an arbitrary
coordinate system is called a scalar, or an invariant, or a tensor of order zero.

Covariant Tensors

In the pure covariant case the components of a tensor f of order k, whose des-
ignation is distinguished by indices being subscripts, for example, by fsi1...ik
for the indices i1, . . . , ik and coordinates s

1, . . . , sn, are subject to the fol-
lowing relations with respect to arbitrary coordinate systems s1, . . . , sn and
v1, . . . , vn:

fsi1...ik = f
v
j1...jk

∂vj1

∂si1
· · ·
∂vjk

∂sik
, il , jl = 1, . . . , n , l = 1, . . . , k . (4.34)
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Thus it is sufficient to know the values of the tensor components for some one
fixed coordinate system since its values for other systems can be computed
by (4.34).

Contravariant Tensors

The components of the pure contravariant tensor f of rank k > 0, desig-
nated with the help of indices being superscripts: by f i1...iks in the coordi-
nates s1, . . . , sn, obey the following law with respect to arbitrary coordinate
systems s1, . . . , sn and v1, . . . , vn:

f i1...iks = f j1...jkv

∂si1

∂vj1
· · ·
∂sik

∂vjk
, il , jl = 1, . . . , n , l = 1, . . . , k . (4.35)

Mixed Tensors

The notion of the pure covariant and contravariant tensors gives rise to the
concept of a mixed tensor if it is covariant in some indices and contravariant
in the rest of them. Consequently there are used in designations superscripts
for contravariant indices and subscripts for covariant indices. Namely, a mixed
tensor f k times covariant and l times contravariant is a set of values f j1...jli1...ik

(s)
dependent on the coordinate system s1, . . . , sn at the point of consideration
such that for an arbitrary another coordinate system v1, . . . , vn

f j1...jli1...ik
(s) = fm1...mlp1...pk

(v)
∂vp1

∂si1
· · ·
∂vpk

∂sik
∂sj1

∂vm1
· · ·
∂sjl

∂vml
,

ia, pa, jb,mb = 1, . . . , n , a = 1, . . . , k , b = 1, . . . , l .

(4.36)

4.4.2 Examples of Tensors

Covariant Tensors

A typical covariant tensor of the first order is the vector gradϕ where ϕ is a
tensor of order zero. The components of this vector designated as (gradϕ)si
in the coordinates s1, . . . , sn are computed as

(gradϕ)si =
∂ϕ(s)

∂si
= ϕsi , i = 1, . . . , n . (4.37)

It is obvious that the relations (4.34), for k = 1, are held for these values.
Note the second derivatives of ϕ, i.e. the set

ϕsij = ϕsisj (s) , i, j = 1, . . . , n ,

do not form a tensor of the second rank since



4.4 Tensors 77

ϕsisj (s) = ϕvlvm
∂vl

∂si
∂vm

∂sj
+ ϕvl

∂2vl

∂si∂sj
, i, j, l,m = 1, . . . , n , (4.38)

and the second term in the right-hand part of these equations impedes sat-
isfaction of (4.34) for k = 2. However using the Christoffel symbols of the
second kind which are not tensors as well, since (4.29), produces the fol-
lowing covariant tensor ∇ij(ϕ) of the second kind whose (ij)th component
designated in the coordinates s1, . . . , sn as ∇sij(ϕ) is computed as follows:

∇sij(ϕ) = ϕsisj − ϕskΥ
k
ij , i, j, k = 1, . . . , n . (4.39)

Formulas (4.29) and (4.38) readily yield that these components satisfy the
condition (4.34) for k = 2. Indeed

∇vij(ϕ) = ϕvivj − ϕvk
vΥ kij

= ϕsksm
∂sk

∂vi
∂sm

∂vj
+ ϕsk

∂2sk

∂vi∂vj

−ϕst
(
sΥmpl

∂sp

∂vi
∂sl

∂vj
∂vk

∂sm
+
∂2sp

∂vi∂vj
∂vk

∂sp

) ∂st
∂vk

= (ϕsksm − ϕsp
sΥ pkm)

∂sk

∂vi
∂sm

∂vj
= ∇skm(ϕ)

∂sk

∂vi
∂sm

∂vj
,

i, j, k, l,m, p, t = 1, . . . , n ,

(4.40)

i.e. the quantities ∇skm(ϕ) form a covariant tensor of the second kind. This
tensor is called a tensor of mixed covariant derivatives of the invariant ϕ.
Analogous construction over an arbitrary covariant vector f = (fsi ) de-

fines a covariant tensor of the second kind called a covariant derivative of
this vector. Its (ij)th component, designated by (∇f)sij in the coordinates
s1, . . . , sn, is computed by the following formula

(∇f)sij =
∂

∂sj
fsi − f

s
kΥ
k
ij , i, j, k = 1, . . . , n . (4.41)

Tensor relations (4.34), for n = 2, are verified for these components similarly
as in (4.40).
It is obvious, comparing (4.39) and (4.41), that

∇sij(ϕ) = (∇gradϕ)
s
ij , i, j = 1, . . . , n .

In the case of a regular surface Srn ⊂ Rn+l represented by (4.1) another
example of a covariant vector is formed through an arbitrary fixed vector
P ∈ Rn+l by the following formula for its components in the coordinates
s1, . . . , sn:

fsi = P · rsi , i = 1, . . . , n , (4.42)

where rsi is the ith basic tangent vector of S
rn in the coordinates s1, . . . , sn.
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If P ∈ Rn+l is a vector orthogonal to Srn at a point P then the quantities

bsij = rsisj ·P , i, j = 1, . . . , n , (4.43)

form a covariant tensor of the second order. Indeed

bvij = rvivj ·P =
(∂sk
∂vi
∂sm

∂vj
rsksm +

∂2sk

∂vi∂vj
rsk
)
·P

=
∂sk

∂vi
∂sm

∂vj
rsksm ·P = b

s
km

∂sk

∂vi
∂sm

∂vj
, i, j, k,m = 1, . . . , n .

Since (4.14) or (4.18), a typical example of a symmetric covariant tensor
of the second order also gives the metric tensor of any regular m-dimensional
surface Srn defined by (4.1) or a manifold Mn.
There is an evident rule for forming a new covariant tensor from two

original ones. Namely, let f and v be two covariant tensors of the rank k and
l, respectively. Then the new tensor f ⊗ v is the covariant tensor of the rank
k + l whose components in the coordinates s1, . . . , sn are computed as

(f ⊗ v)si1...ik+l = f
s
i1...ik

vsik+1...ik+l , ij = 1, . . . , n . (4.44)

In particular, two smooth functions f and ϕ specified in the vicinity of a
point P ∈ Srn produce a covariant tensor of the second rank, through the
covariant vectors formulated by (4.37):

(f ⊗ ϕ)sij = fsiϕsj , i, j = 1, . . . , n . (4.45)

Note, generally, this tensor is not symmetric.

Contravariant Tensors

Since (4.15) and (4.19), an example of the contravariant tensor of the sec-
ond rank is represented by the contravariant metric tensor of Srn and Mn,
respectively.
By virtue of (4.15) we can readily conclude that for a fixed vector P ∈

Rn+l a set of values defined in the coordinates s1, . . . , sn as

P ·∇si , i = 1, . . . , n , (4.46)

where ∇si is the ith normal vector to the ith coordinate hypersurface in a
regular surface Srn, is a contravariant tensor of the first rank. Indeed, by
(4.10) and (4.15)

P ·∇si = gijsr(P · rsj ) = g
km
vr

∂si

∂vk
∂sj

∂vm

(
P · rvl

∂vl

∂sj

)
= gkmvr (P · rvm)

∂vi

∂sk

= P ·∇vk
∂si

∂vk
, i, j, k, l,m = 1, . . . , n .
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Similarly to the case of the covariant tensors considered above two con-
travariant tensors f and v of rank k and l, respectively, form a contravariant
tensor f⊗v of the order k+l, whose components in the coordinates s1, . . . , sn

are computed by

(f ⊗ v)
i1...ik+l
s = f i1...iks v

ik+1...ik+l
s , ij = 1, . . . , n . (4.47)

Mixed Tensors

Examples of the mixed tensors are readily constructed by the product of two
tensors one of which is covariant and the order is contravariant. For instance,
two tensors of the covariant and contravariant types formed by (4.42) and
(4.46), respectively, produce, through a vector P ∈ Rn+l, the following mixed
tensor

P ij (s) = P
i
sP
s
j = (P ·∇s

i)(P · rsj ) = g
il
sr(P · rsl)(P · rsj )

i, j, l = 1, . . . , n .
(4.48)

There also is an operation of covariant differentiation of a contravariant
vector f = (f is) which results in a mixed tensor by the following formula for
its components designated by (∇f)ij(s) in the coordinates s

1, . . . , sn:

(∇f)ij(s) =
∂

∂sj
f is + f

k
s Υ
i
jk , i, j, k = 1, . . . , n . (4.49)

Using the relations (4.29), and (4.35) we easily find that the quantities
(∇f)ij(s) comprise a mixed tensor.

4.4.3 Tensor Operations

The operations over tensors defined at the same point of Mn are addition,
multiplication and contraction.

Operation of Addition

The addition operation is carried out over tensors of the same order and
type merely by adding the values of their components. A particular case of
addition is the operation of subtraction.

Operation of Multiplication

The operation of multiplication is carried out over tensors of arbitrary or-
der and type by multiplying each component of one tensor, say f1 by every
component of another tensor, say f2, in particular, as in (4.44) and (4.47).
As a result the order of the product equals the sum of the orders of the two
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original tensors f1 and f2. The same rule of summation is valid for the type
of the product, namely, it is k1 + k2 times covariant and l1 + l2 times con-
travariant if the original tensor fi, i = 1, 2, is ki times covariant and li times
contravariant.
The operations of multiplication and addition allow one to formulate a

monitor manifold over a physical geometry Sxn presented by a parametriza-
tion

x(s) : Sn → Rn+k

with the use of covariant vectors B1, . . . ,Bl. The covariant metric elements
gsij of the manifold are computed by the following formula

gsij = ε(s)g
xs
ij +B

m
i B

m
j , i, j = 1, . . . , n, m = 1, . . . , l, (4.50)

where ε(s) > 0 is an arbitrary function. Analogously a set of contravariant
vectors D1, . . . ,Dl determines the contravariant metric elements g

ij
s of a

corresponding monitor manifold over Sxn:

gijs = ε(s)g
ij
sx +D

i
mD

j
m, i, j = 1, . . . , n, m = 1, . . . , l.

These very metrics prove to be crucial tools in controlling numerical grid
properties.

Operation of Contraction

The operation of contraction is carried out over mixed tensors only. Let us
take a mixed tensor, say one time covariant and two times contravariant
whose components in the coordinates s1, . . . , sn are designated, correspon-
dently, as f ijk (s). Assume the indices j and k the same then summation over

them gives quantities designated by f ijj (s) which are dependent on one index
i only. It is readily shown that these quantities form a contravariant tensor
of order 1. Indeed

f ijj (s) = f
lm
k (v)

∂vk

∂sj
∂sj

∂vl
∂si

∂vm
= f lml (v)

∂si

∂vm
, i, k, l,m = 1, . . . , n ,

i.e. the system bis = f
ij
j (s) is a contravariant vector.

Analogously, the operation of contraction is defined for arbitrary mixed
tensors by identifying some upper and lower indices in the components and
producing summation over them. In particular, if f is a tensor k times co-
variant and k times contravariant then the operation of contraction over all
indices produces an invariant (tensor of order zero).
For example the operation of contraction over the tensor (4.48) produces

the following invariant

P ii (s) = g
ij
sr(P · rsi)(P · rsj ) , i, j = 1, . . . , n .
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With the operation of contraction one can define an invariant for arbi-
trary two tensors of the same order k provided one of them is covariant and
another contravariant. This invariant is obtained by the composition of two
operations: the first is multiplication of the tensors and the second is contrac-
tion of the obtained mixed tensor with respect to all indices. For example,
the covariant and contravariant metric tensors yield the invariant

gijs g
s
ij = n , i, j = 1, . . . , n ,

which equals n at all points of Mn.

4.5 Basic Invariants

This section reviews the most important invariants indispensable in the anal-
ysis of grid properties. They are formed by the operation of contraction over
the contravariant metric tensor and some covariant tensors of order 2.

4.5.1 Beltrami’s Differential Parameters

Mixed Differential Parameters

The successive operations of multiplication and contraction over the covari-
ant tensor (4.45) and the contravariant metric tensor gijs of a manifold M

n

produce the invariant

∇(f, ϕ) = fsiϕsjg
ij
s , i, j = 1, . . . , n , (4.51)

called Beltrami’s mixed differential parameter of f and ϕ. In accordance with
this designation formula (4.12) is also read as

n = ϕsjg
ji
srrsi = ∇(ϕ, r) , i, j = 1 . . . , n . (4.52)

By putting in (4.51) f equal to ϕ the following invariant is formulated:

∇(f) = ∇(f, f) = fsifsjg
ij
s , i, j = 1, . . . , n , (4.53)

which is referred to as Beltrami’s first differential parameter of f . Thus for-
mula (4.13) with this parameter is read as

‖n‖ =
√
∇(ϕ) , (4.54)

i.e. the length of the normal n defined by (4.12) is an invariant.
Let ϕ1 = const and ϕ2 = const be two hypersurfaces in a regular surface

Srn. The angle θ between these hypersurfaces is defined as the angle between
the corresponding normals n1 and n2 to them. In accordance with (4.52) and
(4.54) the cosine of this angle is computed through the Beltrami’s differential
parameters:

cos θ =
∇(ϕ1, r) · ∇(ϕ2, r)√
∇(ϕ1)

√
∇(ϕ2)

=
∇(ϕ1, ϕ2)√
∇(ϕ1)

√
∇(ϕ2)

. (4.55)
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Second Differential Parameter

Another important Beltrami’s differential parameter of a scalar ϕ is obtained
by contracting the mixed tensor formed through the multiplication operation
of the tensor of mixed derivatives (4.39) and the contravariant metric ten-
sor. This invariant, designated by ∆B[ϕ], is referred to as Beltrami’s second
differential parameter of ϕ. Namely

∆B[ϕ] = g
ij
s ∇

s
ij(ϕ) , i, j = 1, . . . , n . (4.56)

There exists one more important form of the invariant ∆B[ϕ] helpful for
its computing. To deduce it we note that, from (4.25) and (4.26),

1
√
gs
∂

∂sj
(
√
gsgijs ) = g

ij
s Υ

k
kj − g

im
s Υ

j
jm − g

lj
s Υ

i
lj =

= −gljs Υ
i
lj , i, j, k, l,m = 1, . . . , n ,

(4.57)

and consequently, taking advantage of these relations and (4.39) in (4.56),
we obtain the following expression for ∆B[ϕ]

∆B[ϕ] = g
ij
s ϕsisj − ϕskg

ij
s Υ

k
ij

= gijs ϕsisj +
ϕsk√
gs
∂

∂sj
(
√
gsgjks )

=
1
√
gs
∂

∂sj
(
√
gsgjks ϕsk) , i, j, k = 1, . . . , n .

(4.58)

This very expression is used in Chap. 5 for formulating comprehensive grid
generation equations.

4.5.2 Measure of Relative Spacing

In grid technology there is often a need in estimating grid spacing near some
hypersurface in Srn. Typically the hypersurface is specified by the equation
ϕ(s) = 0. This equation describes one more hypersurface in the parametric
domain Sn as well. The parametric mapping r(s) : Sn → Srn transforms
a band of the thickness h around the hypersurface in Sn to a band in Srn

whose thickness l is computed by the following formula

l =
( ∂r
∂n1

· n2
)
h+O(h2) , (4.59)

where n1 is a unit normal to the hypersurface in S
n while n2 is a unit normal

to the hypersurface in Srn (Fig. 4.5 for n = 2). Since (4.52) and (4.54)
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Fig. 4.5. Illustration for the measure of relative spacing

n1 = (ϕs1 , . . . , ϕsn)/
√
∇E(ϕ) ,

n2 = ϕskg
ki
srrsi/

√
∇(ϕ) , i, k = 1, . . . , n ,

(4.60)

where

∇E(ϕ) = ϕsiϕsjδ
i
j = (ϕs1)

2 + · · ·+ (ϕsn)
2 , i, j = 1, . . . , n ,

is Beltrami’s first differential parameter of ϕ(s) in the Euclidean metric δij of
Sn. Substituting (4.60) and the relation

∂r

∂n1
=

1√
∇E(ϕ)

ϕsjrsj , j = 1, . . . , n ,

in (4.59) yields

l =
ϕsjrsj · (ϕskg

ki
srrsi)√

∇E(ϕ)
√
∇(ϕ)

h+O(h2)

=

√
∇E(ϕ)

∇(ϕ)
h+O(h2) , i, j, k = 1, . . . , n .

So the invariant

s(ϕ) =
√
∇E(ϕ)/

√
∇(ϕ) (4.61)

defined through Beltrami’s first differential parameters of ϕ can be considered
as a measure of relative spacing produced by the parametric transformation
r(s) near the hypersurface ϕ(s) = 0 in Srn.
When a logical domain Ξn introduced for generating grids is considered as

one more parametric domain then the quantity (4.61) with the identification
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Fig. 4.6. Illustration for the measure of relative clustering

Sn = Ξn (i.e. ∇E(ϕ) = (ϕξ1)
2 + · · · + (ϕξn)2) is referred to as a measure

of relative grid spacing near the hypersurface ϕ(s) = 0 in Srn. In particular,
let the hypersurface ϕ(s) = 0 be the grid hypersurface ξi(s) − c = 0. As
∇E(ξi) = 1, ∇(ξi) = giiξr for i fixed, hence (4.61) has the following form

s(ξi) = 1/
√
giiξr , i fixed . (4.62)

4.5.3 Measure of Relative Clustering

The rate of change of relative spacing in the direction n2 normal to the
hypersurface ϕ(s) = 0 in Srn is called a measure of relative clustering near
this hypersurface (see Fig. 4.6). Designating this measure by v we find, since
(4.60) and (4.61),

v(ϕ) =
d

dn2
s(ϕ) =

1√
∇(ϕ)

ϕsjg
ji
sr

∂

∂si
s(ϕ)

=
1√
∇(ϕ)

∇(ϕ, s(ϕ)) , i, j, k = 1, . . . , n .
(4.63)

i.e. it is defined through the Beltrami’s first and mixed differential parameters.
In particular, if ϕ(s) ≡ ξi(s)−c, where ξi is the ith grid coordinate, using

(4.62) and (4.63) yields

v(ξi) =
1√
giiξr

∇
(
ξi,

1√
giiξr

)
, i fixed . (4.64)

It will be shown in Chap. 6 that the measure (4.64) can also be expressed
through Beltrami’s second differential parameters and the so called mean
curvature of the grid hypersurface ξi = const.
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4.5.4 Mean Curvature

One more invariant of a regular surface Srn, important in grid technology, is
obtained from the covariant tensor (4.43) and contravariant metric tensor of
Srn

σ = gijsrrsisj ·P , i, j = 1, . . . , n . (4.65)

When the surface Srn lies in a surface Sr(n+1) and the vector P being orthog-
onal to Srn belongs also to the tangent plane to Sr(n+1) then the invariant
σ from (4.65), scaled by the factor 1/(n‖P‖) and designated as Km, i.e.

Km =
1

n‖P‖
gijsrrsisj ·P , i, j = 1, . . . , n , (4.66)

is called the mean curvature of Srn in Sr(n+1) with the respect to the normal
P.
In particular for n = 1 (Sr1 is a curve) the invariant Km is referred to as

the geodesic curvature of the curve Sr1 in the surface Sr2.
In the following section a formula for this invariant will be established for

an arbitrary hypersurface lying in some regular surface. If this hypersurface
is found from the equation ϕ(s) = 0 then the mean curvature is defined by
Beltrami’s first and second differential parameters of ϕ.
An amusing role played by the mean curvature in grid technology is

demonstrated in Chap. 6.

4.6 Geometry of Hypersurfaces

We consider in this section the geometric characteristics which appear when
a regular n-dimensional hypersurface Sxn represented by a set of local
parametrizations

x(s) : Sn → Rn+l , Sn ⊂ Rn ,

is a subset of an (n + 1)-dimensional surface Sr(n+1) specified by local
parametrizations

r(s) : Sn+1 → Rn+l , Sn+1 ⊂ Rn+1 .

This situation occurs in the grid technology when a scalar-valued monitor
function is considered or grid hypersurfaces are analyzed.

4.6.1 Normal Vector to a Hypersurface

A unit vector n at a point x ∈ Sxn which lies in the tangent plane to Sr(n+1)

at this point and orthogonal to the tangent plane to Sxn at the same point
is called the unit normal vector to the surface Sxn in Srn.
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General Case

A normal vector is readily computed by the formula analogous to (2.25).
Namely, let P be a point of the surface Sxn and let vectors x1, . . . ,xn and
r1, . . . , rn+1 be the basic tangent vectors at this point of S

xn and Srn re-
spectively. Now we form, analogously to (2.25), the following (n+1)×(n+1)
matrix

A =

⎛
⎜⎜⎜⎜⎜⎝
r1 . . . rn+1

x1 · r1 . . . x1 · rn+1

. . . . . . . . .

xn · r1 . . . xn · rn+1

⎞
⎟⎟⎟⎟⎟⎠ , (4.67)

which derives the vector

b = det(A) . (4.68)

The rank of the n × (n + 1) matrix obtained from A by eliminating its top
row equals n hence b �= 0. As

b · xi =

⎛
⎜⎜⎜⎜⎜⎝
xi · r1 . . . xi · rn+1

x1 · r1 . . . x1 · rn+1

. . . . . . . . .

xn · r1 . . . xn · rn+1

⎞
⎟⎟⎟⎟⎟⎠ = 0 ,

The vector b is orthogonal to x1, . . . ,xn and consequently to the surface
Sxn at the point of consideration. Thus for the unit normal vector n to the
surface Sxn in Sr(n+1) we find

n = b/|b| . (4.69)

In a one-dimensional case, i.e. when n = 1, we find from (4.67) and (4.68)

b = (x1 · r2)r1 − (x1 · r1)r2

(Fig. 4.7), while for n = 2 we obtain, similar to (2.26),

b = [(x1 · rk+1)(x2 · rk+2)− (x1 · rk+2)(x2 · rk+1)]rk , k = 1, 2, 3 ,

where any index, say l, is identified with l ± 3. Thus the vector b obtained
by the formula (4.68) can be considered as the tensor product of the vectors
x1, . . . ,xn.
When the surface Sxn lies in Rn+1 and is determined by the equation

ξ(x1, . . . , xn+1) = c then there also is the well-known formula for the unit
normal n:

n = gradξ/|gradξ| = (ξx1 , . . . , ξxn+1)/
√
(ξx1)2 + . . .+ (ξxn+1)2 . (4.70)
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Fig. 4.7. Normal vector to the curve on the surface

Note if the surface Sxn is a coordinate hypersurface of Sr(n+1) in some
coordinates s1, . . . , sn+1, for example, it is defined by the equation s1 = s10
then Sxn is represented in the coordinates s2, . . . , sn+1 by

x(s2, . . . , sn+1) = r(s10, s
2, . . . , sn+1) .

Therefore
xi = rsi(s

1
0, s
2, . . . , sn+1) , i = 2, . . . , n+ 1 ,

and consequently (4.67) and (4.68) result in

A =

⎛
⎜⎜⎜⎜⎜⎝

rs1 . . . rsn+1

grs21 . . . g
rs
2n+1

. . . . . . . . .

grsn+11 . . . g
rs
n+1n+1

⎞
⎟⎟⎟⎟⎟⎠ ,

b1 = G1irsi , i = 1, . . . , n+ 1 ,

where G1i is the (1i)th cofactor of the matrix (grsij ), i, j = 1, . . . , n+1. Since

G1i = grsg1isr , i = 1, . . . , n+ 1 ,

we obtain that
b1 = grsg1isrrsi , i = 1, . . . , n+ 1 ,

and comparing this expression with (4.10) gives, in this case,

b1 = grs∇s1 .

Analogously one readily shows that the vector bi expressed as follows:
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Fig. 4.8. Base vectors of the two-dimensional surface in R3

bi = grsgijsrrsj , i, j = 1, . . . , n+ 1 , (4.71)

or using (4.10)

bi = grs∇si , i = 1, . . . , n+ 1 , (4.72)

is orthogonal to the coordinate hypersurface si = si0.
Note by the vectors x1, . . . ,xn and r1, . . . , rn+1 in (4.67) for defining the

unit normal vector n to Sxn in Sr(n+1) by (4.69) one can use arbitrary sets
of vectors if only they are independent and lie in the corresponding tangent
planes.

Hypersurface in a Domain

Let Sr(n+1) = Dn+1 ⊂ Rn+1 be an (n + 1)-dimensional domain containing
the n-dimensional surface Sxn represented by

x(s) : Sn → Rn+1 .

Since a unit normal vector n to Sxn in Dn+1 is orthogonal to the tangential
vectors xsi , i = 1, . . . , n, the vectors

xs1 , . . . ,xsn ,n ,

constitute the basis of Rn+1. These vectors are called the base vectors of Sxn

in Rn+1 (Fig. 4.8 for n = 2). The vector xsmsp , m, p = 1, . . . , n, at a point
P ∈ Sxn is expanded in these vectors as

xsmsp = P[xsmsp ] + (xsmsp · n)n , m, p = 1, . . . , n , (4.73)

Where P is the operator which projects vectors in Rn+1 on the tangent plane
to Sxn. Taking advantage of (4.32) yields
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xsmsp = Υ
i
mpxsi + (xsmsp · n)n , i,m, p = 1, . . . , n , (4.74)

(see Fig 4.4 for n = 2 with the identification x = r, xsmsp = rmp, xsmsp ·n =
bmp). Similarly, using (4.33) in (4.73),

xsmsp = [mp, i]∇s
i + (xsmsp · n)n , i,m, p = 1, . . . , n , (4.75)

where
∇si = gijsxxsj , i, j = 1, . . . , n .

For example, let Sxn be a monitor surface over Sn ⊂ Rn with a scalar-
valued monitor function f(s), i.e. Sxn is represented in the parametric coor-
dinates s1, . . . , sn by

x(s) : Sn → Rn+1 , x(s) = [s, f(s)] ,

It is readily verified that for the elements of the covariant and contravariant
metric tensors of Sxn in the coordinates s1, . . . , sn we have

gxsij = xsi · xsj = δ
i
j + fsifsj , i, j = 1, . . . , n ,

gijsx = δ
i
j −

1

gxs
∂f

∂si

∂f

∂sj
, i, j = 1, . . . , n ,

(4.76)

where

gxs = det(gxsij ) = 1 + (fs1)
2 + . . .+ (fsn)

2 = 1 +∇E(f) .

Since
xsi = (0, . . . , 0︸ ︷︷ ︸

i−1

, 1, 0, . . . , 0︸ ︷︷ ︸
n−i

, fsi) , i = 1, . . . , n ,

it is obvious that one unit normal vector n to Sxn in Dn+1 can be computed
as follows:

n =
1
√
gxs
(fs1 , . . . , fsn ,−1) . (4.77)

Therefore in this case the expansion (4.74) has the form

xsmsp = Υ
i
mpxsi −

1
√
gxs
fsmspn , i,m, p = 1, . . . , n . (4.78)

Since (4.76)

gilmpfsl =
(
δil −

1

gxs
fsifsl

)
fsl =

1

gxs
fsi , i, l,m, p = 1, . . . , n ,

therefore from (4.24) and (4.27) we find

Υ imp = g
li
sx[mp, l] = g

li
sxfsmspfsl =

1

gxs
fsmspfsi , i, l,m, p = 1, . . . , n .

So (4.78) results in

xsmsp =
1

gxs
fsmsp(fsixsi −

√
gxsn) , i,m, p = 1, . . . , n .
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4.6.2 Second Fundamental Form

Assuming in the coordinates s1, . . . , sn, similarly to (4.43),

bij = xsisj · n , i, j = 1, . . . , n , (4.79)

where n is the unit normal to the surface Sxn in Sr(n+1) (Figs. 4.7 and 4.8
for n = 2) we define the so called second fundamental form of the surface
Sxn in Sr(n+1) by

bijds
idsj , i, j = 1, . . . , n .

The covariant tensor (bij) reflects the local warping of the surface S
xn in

Sr(n+1).

4.6.3 Surface Curvatures

Multidimensional Case

The covariant tensor (bij) and the contravariant tensor (g
ij
sx) of the surface

Sxn in Sr(n+1) define the mixed tensor (Kij), where

Kij = g
ik
sxbkj , i, k, j = 1, . . . , n . (4.80)

An nth part of the trace of (Kij), namely, the quantity

Km =
1

n
tr(Kij) =

1

n
gijsxbij , i, j = 1, . . . , n , (4.81)

is called the mean curvature of the surface Sxn in Sr(n+1). From (4.79 – 4.81)
we readily conclude that the quantity Km is invariant of parametrizations of
Sxn and Sr(n+1).

Two-Dimensional Case

When n = 2 then the determinant of (Kij), i.e.

KG = det(K
i
j) , i, j = 1, 2 ,

is called the Gaussian curvature of Sx2 in Sr3. It is obvious that

KG = det(bij)det(g
ij
sx) =

1

gxs
det(bij) , (4.82)

where gxs = det(gxsij ) = det(xsi · xsj ).
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4.6.4 Formulas of the Mean Curvature

Formula for the Mean Curvature of a Monitor Surface over a
Domain

Let Sxn be the monitor surface over the domain Sn parametrized by

x(s) : Sn → Rn+1 , x(s) = [s, f(s)] .

Then, taking into account (4.77), we find

bij = xsisj · n = −
1
√
gs
fsisj , i, j = 1, . . . , n .

where gs = det(xsi · xsj ). Using (4.76), (4.77), and (4.81) gives

Km =
1

n
√
gs

[ 1
gs
fsifsjfsisj −∇

2[f ]
]
, i, j = 1, . . . , n . (4.83)

Formula for the Mean Curvature of the Hypersurface Specified by
the Equation ϕ(s) = 0

Multidimensional Case

Let the surface Sr(n+1) be represented by a parametrization

r(s) : Sn+1 → Rn+l , s = (s1, . . . , sn+1) , l ≥ 1 ,

while the n-dimensional surface Sxn in Sr(n+1) is the image through r(s)
of the n-dimensional surface in Sn+1 defined from the equation ϕ(s) = 0,
i.e. the hypersurface Sxn consists of the points r(s), s ∈ Sn+1, such that
ϕ(s) = 0. In this paragraph we will find a formula for the mean curvature of
this hypersurface Sxn in Sr(n+1).
Let the equation ϕ(s) = 0 be locally resolved with respect to sn+1, i.e.

there is a function sn+1(s1, . . . , sn) such that

ϕ[s1, . . . , sn, sn+1(s1, . . . , sn)] ≡ 0 , (s1, . . . , sn) ∈ Sn ,

for some n-dimensional domain Sn. This is possible if ϕsn+1 �= 0 at some
point s ∈ Sn+1. To make things definite we assume that ϕsn+1 < 0. Then the
hypersurface Sxn is represented locally by the coordinates s1, . . . , sn from
the domain Sn as

x(s1, . . . , sn) : Sn → Rn+l , (4.84)

where
x(s1, . . . , sn) = r(s1, . . . , sn, sn+1(s1, . . . , sn)) .
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Since
∂sn+1

∂si
= −

ϕsi

ϕsn+1
, i = 1, . . . , n ,

the basic tangent vectors to Sxn in the coordinates s1, . . . , sn are subject to
the equations

xsi = rsi +
∂sn+1

∂si
rsn+1 =

1

ϕsn+1
(ϕsn+1rsi − ϕsirsn+1) ,

i = 1, . . . , n ,

(4.85)

therefore the values for the elements gxsij , i, j = 1, . . . , n, of the covariant

metric tensor of Sxn in the coordinates s1, . . . , sn can be computed by the
following formula

gxsij = xsi · xsj

=
1

(ϕsn+1)2
[(ϕsn+1)

2grsij − ϕsn+1(ϕsjg
rs
n+1i + ϕsig

rs
n+1j)

+ϕsiϕsjg
rs
n+1n+1] , i, j = 1, . . . , n ,

(4.86)

where the quantities grskl , k, l = 1, . . . , n+1, are the elements of the covariant
metric tensor of Sr(n+1) in the coordinates s1, . . . , sn+1 computed by the
formula

grskl = rsk · rsl , k, l = 1, . . . , n+ 1 .

For the unit normal vector n to Sxn in Sr(n+1) we have from (4.12)

n = b/|b| , (4.87)

where

b = ϕslg
lk
srrsk , l, k = 1, . . . , n+ 1 ,

|b| =
√
ϕslϕsjg

lj
sr =

√
∇(ϕ) , j, l = 1, . . . , n+ 1 .

(4.88)

Since our assumption that ϕsn+1 < 0, equations (4.87) and (4.88) result in

n · rsn+1 =
1
√
∇ϕ
ϕslg

lk
srrsk · rsn+1 =

1
√
∇ϕ
ϕsn+1 < 0 ,

i.e. the vectors n and rsn+1 have opposite directions with respect to the
tangent plane to Sxn in Sr(n+1).
Now we compute the elements gijsx of the contravariant metric tensor of

the hypersurface Sxn in the coordinates s1, . . . , sn.
First note that the following n+ 1 vectors

x1,x2, . . . ,xn,n ,
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where n is defined by (4.87), comprise a basis of Rn+1. As n is orthogonal
to xi, i = 1, . . . , n, so, in accordance with (2.6), any vector v ∈ Rn+1 is
represented through the vectors of this basis by

v = gijsx(v · xj)xi + (v · n)n , i, j = 1, . . . , n . (4.89)

Note every basic normal vector ∇si, i = 1, . . . , n, to the coordinate sur-
face si = c in Sr(n+1) defined, in accordance with (4.10), by

∇si = gilsrrsl , l = 1, . . . , n+ 1 , (4.90)

is orthogonal to xk, k = 1, . . . , n, and k �= i. Indeed, from (4.85) and (4.89),

xk ·∇si =
1

ϕsn+1
(ϕsn+1rsk − ϕskrsn+1) · g

il
s rsl

= δki −
ϕsk

ϕsn+1
δn+1i = 0 ,

l = 1, . . . , n+ 1 , i, k = 1, . . . , n , i �= k .

(4.91)

Therefore, from (4.87 – 4.91), we obtain

∇si = gijsx(∇s
i · xsi)xsj + (∇s

i · n)n

= gijsxxsj +
1√
∇(ϕ)

ϕslg
il
srn ,

l = 1, . . . , n+ 1 , i, j = 1, . . . , n , i fixed .

(4.92)

Thus by expanding the basic tangent vectors rsl , l = 1, . . . , n, through
x1, . . . ,xn, and n and availing us of this expansion in (4.90) we can com-
pute the contravariant elements gijsx, i, j = 1, . . . , n, of S

xn in the coordinates
s1, . . . , sn.
In order to find this expansion we first note that, in accordance with

(4.85),

rsk =
1

ϕsn+1
(ϕsn+1xsk + ϕskrsn+1) , k = 1, . . . , n . (4.93)

Multiplying this equation by

ϕslg
lk
sr/
√
∇(ϕ) , l = 1, . . . , n+ 1 , k = 1, . . . , n ,

and using (4.87) and (4.88) we find

n−
ϕslg

ln+1
sr√
∇(ϕ)

rsn+1 =
ϕslg

lk
sr√

∇(ϕ)
xsk +

∇(ϕ)− ϕslϕsn+1g
ln+1
sr√

∇(ϕ)ϕsn+1
rsn+1 ,

l = 1, . . . , n+ 1 , k = 1, . . . , n .
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Therefore

rsn+1 =
ϕsn+1√
∇(ϕ)

(
n−

ϕslg
lk
sr√

∇(ϕ)
xsk
)
,

l = 1, . . . , n+ 1 , k = 1, . . . , n ,

(4.94)

and using this equation in (4.93) gives

rsj = xsj +
1√
∇(ϕ)

(
ϕsjn−

ϕsjϕslg
lk
sr√

∇(ϕ)
xsk
)
,

l = 1, . . . , n+ 1 , j, k = 1, . . . , n .

(4.95)

Substituting (4.94) and (4.95) in (4.90) we obtain

∇si = gijsrrsj + g
in+1
sr rsn+1 = g

ij
srxsj +

1√
∇(ϕ)

ϕsjg
ji
srn

−
1

∇(ϕ)
ϕsjϕslg

ij
srg
lk
srxsk +

1√
∇(ϕ)

ϕsn+1g
in+1
sr n

−
1

∇(ϕ)
ϕsn+1ϕslg

lk
srg
in+1
sr xsk

=
(
gijsr −

1

∇(ϕ)
ϕspϕslg

ip
srg
lj
sr

)
xsj +

1√
∇(ϕ)

ϕslg
il
srn ,

i, j, k = 1, . . . , n , l, p = 1, . . . , n+ 1 .

Comparing this expansion with (4.92) we find

gijsx = g
ij
sr −

1

∇(ϕ)
ϕspϕslg

ip
srg
jl
sr ,

i, j = 1, . . . , n , l, p = 1, . . . , n+ 1 .

(4.96)

This very matrix is the contravariant metric tensor of the subsurface Sxn

in the coordinates s1, . . . , sn. In order to check this statement we note first
that for arbitrary symmetric matrices (akl) and (b

kl), k, l = 1, . . . , n+1, the
following relations are held:

bijajk = bilalk − bin+1an+1k ,

bijϕsjakn+1 = b
ilϕslakn+1 − b

in+1ϕsn+1akn+1 ,

bijϕskan+1j = b
ilϕskan+1l − b

in+1ϕskan+1k+1 ,

i, j, k = 1, . . . , n , l = 1, . . . , n+ 1 .

(4.97)

Availing us of these relations we obtain
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gijsxg
xs
jk =

(
gijsr −

1

∇(ϕ)
ϕspϕslg

ip
srg
jl
sr

)
×
[
grsjk −

1

ϕsn+1
(ϕsjg

rs
n+1k + ϕskg

rs
n+1j) +

ϕsjϕsk

ϕsn+1
grsn+1n+1

]
= gilsrg

rs
lk − g

in+1
sr grsn+1k −

1

ϕsn+1
grsn+1k(g

il
srϕsl − g

in+1
sr ϕsn+1)

−
ϕsk

ϕsn+1
(gilsrg

rs
ln+1 − g

in+1
sr grsn+1n+1)

+
ϕsk

(ϕsn+1)2
grsn+1n+1(g

il
srϕsl − g

in+1
sr ϕsn+1)

−
ϕspϕsm

∇(ϕ)
gipsr

[
gmlsr g

rs
lk − g

mn+1
sr grsn+1k

−
1

ϕsn+1
grskn+1(g

ml
sr ϕsl − g

mn+1
sr ϕsn+1)

−
ϕsk

ϕsn+1
(gmlsr g

rs
ln+1 − g

mn+1
sr grsn+1n+1)

−
ϕsk

(ϕsn+1)2
grsn+1n+1)(g

ml
sr ϕsl − g

mn+1
sr ϕsn+1)

]
= δik −

ϕsl

ϕsn+1
gilsrg

rs
kn+1 +

ϕskϕsl

(ϕsn+1)2
gilsrg

rs
n+1n+1

+
ϕsp

ϕsn+1
gipsrg

rs
kn+1 −

ϕspϕsk

(ϕsn+1)2
gipsrg

rs
n+1n+1 = δ

i
k ,

i, j, k = 1, . . . , n , m, l, p = 1, . . . , n+ 1 ,

i.e. the matrix (gijsx), i, j = 1, . . . , n, whose elements are defined by (4.96) is
the inverse to the covariant metric tensor (gxsij ), i, j = 1, . . . , n, of S

xn, ex-

pressed by (4.86). Consequently the elements gijsx specified by (4.96) comprise
the contravariant metric tensor of Sxn in the coordinates s1, . . . , sn.
Now we proceed to the computation of the quantity xsisj ·n. From (4.85)

we find

xsisj =
1

(ϕsn+1)2
Lij [r]−

1

(ϕsn+1)3
Lij [ϕ]rsn+1 , i, j = 1, . . . , n , (4.98)

where Lij is the operator defined at a function v(s
1, . . . , sn+1) as

Lij [v] = (ϕsn+1)
2vsisj − ϕsn+1(ϕsjvsisn+1 + ϕsivsjsn+1)

+ϕsiϕsjvsn+1sn+1 , i, j = 1, . . . , n .
(4.99)

Therefore, using (4.87) and (4.88),
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Lij [r] · n =
1√
∇(ϕ)

[(ϕsn+1)
2ϕslg

lk
srrsisj · rsk

−ϕsn+1ϕslg
lk
sr(ϕsjrsisn+1 · rsk + ϕsirsjsn+1 · rsk)

+ϕsiϕsjϕslg
lr
srrsn+1sn+1 · rsk ]

=
ϕsl√
∇(ϕ)

[(ϕsn+1)
2Υ lij − ϕsn+1(ϕsjΥ

l
in+1 + ϕsiΥ

l
jn+1)

+ϕsiϕsjΥ
l
n+1n+1] , i, j = 1, . . . , n , l, k = 1, . . . , n+ 1 .

(4.100)

where Υ lij , k, l, p = 1, . . . , n + 1, are the Christoffel symbols of the second

kind of Sr(n+1) in the coordinates s1, . . . , sn+1. Analogously

Lij [ϕ]rsn+1 · n =
ϕsn+1√
∇(ϕ)

Lij [ϕ] , i, j = 1, . . . , n . (4.101)

Thus for the mean curvature of the hypersurface Sxn in Sr(n+1) we have,
from (4.81) and (4.96),

Km =
1

n
gijsxxsisj · n

=
1

2(ϕsn+1)2
√
∇(ϕ)

(
gijsr −

1

∇(ϕ)
ϕspϕslg

ip
srg
jl
sr

)
×{(ϕsn+1)

2(ϕslΥ
l
ij − ϕsisj )− ϕsn+1ϕsj (ϕslΥ

l
in+1 − ϕsisn+1)

−ϕsn+1ϕsi(ϕslΥ
l
jn+1 − ϕsjsn+1)

+ϕsiϕsj (ϕslΥ
l
n+1n+1 − ϕsn+1sn+1)}

= −
1

n(ϕsn+1)2
√
∇(ϕ)

(
gijsr −

1

∇(ϕ)
ϕspϕslg

ip
srg
jl
sr

)
dij ,

i, j = 1, . . . , n , l, p = 1, . . . , n+ 1 ,

(4.102)

where

dkl = (ϕsn+1)
2∇kl(ϕ)− ϕsn+1ϕsk∇n+1l(ϕ)− ϕsn+1ϕsl∇n+1k(ϕ)

+ϕskϕsl∇n+1n+1(ϕ) , k, l,= 1, n+ 1 ,

while
∇kl(ϕ) = ϕsksl − ϕspΥ

p
kl , k, l,= 1, n+ 1 ,

is the mixed covariant derivative of ϕ with respect to sk and sl in the metric
of Sr(n+1).
In order to compute (4.102) we use an analog of the formulas (4.97) which

states that the following combinations of the same matrices (akl) and (b
kl),

as in (4.97), are subject to the relations
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bijaij = b
klakl − 2bkn+1akn+1 + bn+1n+1an+1n+1 ,

bijϕsiajn+1 = b
ijϕsjain+1 = aln+1(b

klϕsk − b
n+1lϕsn+1)

−an+1n+1(bln+1ϕsl − b
n+1n+1ϕsn+1) ,

i, j = 1, . . . , n , k, l = 1, . . . , n+ 1 .

(4.103)

Therefore

bij(aij −
1

ϕsn+1
(ϕsian+1j + ϕsjan+1i)−

ϕsiϕsj

(ϕsn)2
an+1n+1)

= bklakl − 2bkn+1akn+1 + bn+1n+1an+1n+1

−
2

ϕsn+1
[aln+1(b

klϕsk − b
n+1lϕsn+1)

−an+1n+1(bln+1ϕsl − b
n+1n+1ϕsn+1)]

+
an+1n+1
(ϕsn+1)2

(bklϕskϕsl − 2b
kn+1ϕskϕsn+1 + b

n+1n+1ϕsn+1ϕsn+1)

= bklakl −
2

ϕsn+1
bklϕskaln+1 +

an+1n+1
(ϕsn+1)2

bklϕskϕsl ,

i, j = 1, . . . , n , k, l = 1, . . . , n+ 1 .

(4.104)

Assuming now

bkl = gklsr −
1

∇(ϕ)
ϕspϕstg

pk
sr g

tl ,

akl = ∇kl(ϕ) , k, l, p, t = 1, . . . , n+ 1 ,

we obtain from (4.102) and (4.104)

Km =
1

n
gijsxxsisj · n

= −
1

2
√
∇(ϕ)

[(gklsr −
1

∇(ϕ)
ϕspϕstg

pk
sr g

tl)∇kl(ϕ)

+
2

ϕsn+1

(
gklsrϕsk −

1

∇(ϕ)
ϕspϕskg

pk
srϕstg

lt
)
∇ln+1(ϕ)

−
1

(ϕsn+1)2

(
gklsrϕskϕsl −

1

∇(ϕ)
ϕspϕskg

pk
srϕslϕstg

lt
)
∇n+1n+1(ϕ)

=
1

n(∇(ϕ))3/2
[ϕspϕstg

pk
sr g

tl
sr −∇(ϕ)g

kl
sr]∇kl(ϕ) ,

i, j = 1, . . . , n , k, l, p, t = 1, . . . , n+ 1 .

(4.105)

It is obvious that the same formula for Km is obtained if ϕsi(s) �= 0 for some
i, 1 ≤ i ≤ n, and s ∈ Sn+1. �
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Hypersurface in a Domain

In the case Sr(n+1) is an (n + 1)-dimensional domain with the Euclidean
metric grskl = δ

k
l the equation (4.105) results in

Km =
1

n|grad ϕ|3
[ϕskϕslϕsksl − |grad ϕ|

2ϕspsp ] ,

k, l, p = 1, . . . , n+ 1 .

(4.106)

In particular, let Sxn be an n-dimensional sphere of a radius ρ, i.e.

ϕ(s) ≡ ρ2 −
n+1∑
i=1

(si)2.

Then, at the points of the sphere,

|gradϕ|2 = 4ρ2 ,

ϕsksk = −2(n+ 1) , k = 1, . . . , n+ 1 ,

ϕskϕslϕsksl = −8ρ
2 , k, l = 1, . . . , n+ 1 .

Thus, from (4.106),

Km =
1

8nρ3
[−8ρ2 + 8(n+ 1)ρ2] =

1

ρ
.

If Sxn is a monitor surface over a domain Sn defined by the values of a
scalar-valued function f(s), then this surface in Rn+1 is also specified by the
equation

ϕ(s1, . . . , sn+1) ≡ f(s1, . . . , sn)− sn+1 = 0 .

Consequently

|gradϕ| =
√
gs =

√
1 + fsifsi , i = 1, . . . , n ,

ϕsksl =

{
0 , k = n+ 1 or l = n+ 1 ,

fsksl , k �= n+ 1 and l �= n+ 1 ,

therefore, from (4.106), we have the following formula for Km

Km =
1

n(gs)3/2
(fsifsjfsisj − g

sfsisi) , i = 1, . . . , n ,

which coincides with (4.83).
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Expression Through Beltrami‘s Differential Parameters

Note that similarly to the formula (4.25)

∂

∂sk
gijsr = −g

im
sr Υ

j
mk − g

lj
srΥ

i
lk , i, j, l,m = 1, . . . , n+ 1 .

Taking advantage of these relations yields

∂

∂si
∇(ϕ) =

∂

∂si
(ϕskϕslg

kl
sr) = 2g

kl
srϕsl(ϕsksi − ϕsmΥ

m
ki )

= 2gklsrϕsl∇ki(ϕ) , i, k, l,m = 1, . . . , n+ 1 ,

(4.107)

and consequently

ϕspϕstg
pk
sr g

tl
sr∇kl(ϕ) =

1

2
ϕspg

pk
sr

∂

∂sk
∇(ϕ)

=
1

2
∇(ϕ,∇(ϕ)) , k, l, p, t = 1, . . . , n+ 1 .

(4.108)

Further, in accordance with (4.56),

gklsr∇kl(ϕ) = ∆B[ϕ] , k, l = 1, . . . , n+ 1 . (4.109)

Therefore (4.105) is transformed, with the help of (4.108) and (4.109), to

Km = −
1

n

[ ∆B[ϕ]√
∇(ϕ)

+∇
(
ϕ,

1√
∇(ϕ)

)]
. (4.110)

This formula does not require the knowledge of a normal to the hypersurface
ϕ(s) = 0 in Srn so it is used for determining the mean curvature of such a
hypersurface in an arbitrary Riemannian manifold.

Another Form

One more formula for the mean curvature is found from the following relation

∆B[ϕ] +
√
∇(ϕ)∇

(
ϕ,

1√
∇(ϕ)

)
=

1
√
grs

∂

∂sj
(
√
grsgijsrϕsi)

+
√
∇(ϕ)gijsrϕsi

∂

∂sj
1√
∇(ϕ)

=

√
∇(ϕ)

grs
∂

∂sj

(√ grs

∇(ϕ)
gijsrϕsi

)
,

i, j = 1, . . . , n+ 1 .

Hence equation (4.110) also becomes

Km = −
1

n
√
grs

∂

∂sj

(√ grs

∇(ϕ)
gijsrϕsi

)
, i, j = 1, . . . , n+ 1 . (4.111)
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In particular, for the n-dimensional coordinate hypersurface ϕ ≡ si− c0 = 0,
we have

∇(ϕ) = giisr , i fixed ,

therefore, in accordance with (4.111), the mean curvature of the coordinate
hypersurface si = c0 is expressed as follows:

Km = −
1

n
√
grs

∂

∂sj

(√grs
giisr
gijsr

)
, i, j = 1, . . . , n+ 1 , i fixed . (4.112)

One-Dimensional Case

When n = 1, i.e. Sxn is a curve, while Sr(n+1) is a two-dimensional surface
then (grsij ) is a 2× 2 matrix and its elements satisfy the relations

grsij = (−1)
i+jgrsg3−i3−jsr , i, j = 1, 2 ,

where grs = det(grsij ). Substituting these relations in (4.86) for n = 1 we find

the following expression for the metric element gxs11 of the curve S
x1 in Sr2

represented by the equation ϕ(s) = 0, s = (s1, s2),

gxs11 =
1

(ϕs2)2
grsϕslϕskg

lk
sr =

1

(ϕs2)2
grs∇(ϕ) , k, l = 1, 2 .

Therefore the contravariant metric element of Sx1 is expressed as

g11sx = (ϕs2)
2/[grs∇(ϕ)] .

Further note that the formula (4.99) with n = 1 has the following form

L11[v] = |gradϕ|
2vslsl − ϕskϕslvsksl , k, l = 1, 2 ,

hence equation (4.105) for n = 1 is transformed to

σ =
1

grs(∇(ϕ))3/2
[|gradϕ|2(ϕslΥ

l
kk − ϕsksk)

−ϕskϕsp(ϕslΥ
l
kp − ϕsksp)]

=
1

grs(∇(ϕ))3/2
[ϕskϕsl∇kl(ϕ)− |gradϕ|

2∇kk(ϕ)]

−(−1)k+l
1

grs(∇(ϕ))3/2
ϕs3−kϕs3−l∇kl(ϕ) , k, l, p = 1, 2 ,

(4.113)

where σ = Km is the geodesic curvature of S
x1 in Sr2.

The geodesic curvature of the coordinate line si = c0 is also computed
from (4.112) by the formula



4.6 Geometry of Hypersurfaces 101

σi = −(−1)
i+j 1√

grs
∂

∂sj

[ 1√
grs3−i3−i

grs3−i3−j

]
,

i, j = 1, 2 , i fixed ,

(4.114)

i.e.

σ1 = −
1
√
grs

[ ∂
∂s1

( 1√
grs22
grs22

)
−
∂

∂s2

( 1√
grs22
grs12

)]
,

σ2 = −
1
√
grs

[ ∂
∂s2

( 1√
grs11
grs11

)
−
∂

∂s1

( 1√
grs11
grs12

)]
,

where σi, i = 1, 2, is the geodesic curvature of the coordinate curve s
i = c0.

Computation of the Mean Curvature in the Case of a Parametric
Representation

Multidimensional Case

Let the coordinates s1, . . . , sn+1 of the points of the n-dimensional surface
Sxn in Sr(n+1) be represented locally by the following transformation

s(t) : Tn → Sn+1 , t = (t1, . . . , tn) , (4.115)

where Tn ⊂ Rn is some n-dimensional domain ofRn. Then Sxn is parametrized
in the coordinates t1, . . . , tn by

x(t) = r[s(t)] : Tn → Rn+l , (4.116)

where
r(s) : Sn+1 → Rn+l , l ≥ 1 ,

is the parametrization of Sr(n+1). So the basic tangent vectors xi, i =
1, . . . , n, to the hypersurface Sxn in Sr(n+1) are expressed as follows:

xi = rsk
dsk

dti
, i = 1, . . . , n , k = 1, . . . , n+ 1 . (4.117)

For finding a normal to Sxn in Sr(n+1) we use formulas (4.68) and (4.69)
which require the computation of the determinant of the matrix (4.67) which
has, in accordance with (4.117), the following form

A =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

rs1 · · · rsn+1

grs1l
dsl

dt1
· · · grsn+1l

dsl

dt1

· · · · ·

grs1l
dsl

dtn
· · · grsn+1l

dsl

dtn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, l = 1, . . . , n+ 1 . (4.118)
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We readily see that the matrix A is composed as the product of the covariant
metric tensor and the following matrix B

B =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

gj1srrsj · · · g
jn+1
sr rsj

ds1

dt1
· · ·

dsn+1

dt1

· · · · ·

ds1

dtn
· · ·

dsn+1

dtn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
, j = 1, . . . , n+ 1 , (4.119)

namely,
A = B(grsij ) .

Therefore, analogously to formula (4.68), a normal vector b to Sxn in Sr(n+1)

is also computed by
b = detB .

In accordance with the rule of the computation of the determinant of a matrix
we find from (4.119)

b = −(−1)igjisr(detDi)rsj , i, j = 1, . . . , n+ 1 , (4.120)

where Di is the n × n matrix obtained by deleting the ith column of the
n× (n+ 1) matrix (dsi/dtj), i = 1, . . . , n+ 1, j = 1, . . . , n, i.e.

Di =

⎛
⎜⎜⎜⎜⎜⎜⎝

ds1

dt1
· · ·
dsi−1

dt1
dsi+1

dt1
· · ·
dsn+1

dt1

· · · · · · · · · ·

ds1

dtn
· · ·
dsi−1

dtn
dsi+1

dtn
· · ·
dsn+1

dtn

⎞
⎟⎟⎟⎟⎟⎟⎠ .

Hence

|b|2 = b · b = (−1)i+kgkisr detDi detDk , i, k = 1, . . . , n+ 1 . (4.121)

As for

xtitj =
∂2x(t)

∂ti∂tj
, i, j = 1, . . . , n ,

we have from (4.116)

xtitj = rsmsl
dsm

dti
dsl

dtj
+ rsm

d2sm

dtidtj
, i, j = 1, . . . , n , l,m = 1, . . . , n+ 1 ,

therefore
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bij = xtitj · n = xtitj ·
b

|b|

= −(−1)p
1

|b|
gpksr detDp

(dsm
dti
dsl

dtj
rsmsl · rsk +

d2sm

dtidtj
rsm · rsk

)
= −(−1)p

1

|b|
detDp

(
Υ pml
dsm

dti
dsl

dtj
+
d2sp

dtidtj

)
,

i, j = 1, . . . , n , k, l,m, p = 1, . . . , n+ 1 ,

and consequently

Km =
1

2
gijtxbij =

1

2|b|
detC , i, j = 1, . . . , n , (4.122)

where gijtx is the (ij)th element of the contravariant metric tensor of S
xn in

the coordinates t1, . . . , tn, while

C =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

gijtx

(
Υ 1ml
∂sm

∂ti
∂sl

∂tj
+
∂2s1

∂ti∂tj

)
. . . gijtx

(
Υn+1ml

∂sm

∂ti
∂sl

∂tj
+
∂2sn+1

∂ti∂tj

)
∂s1

∂t1
. . .

∂sn+1

∂t1

· . . . ·

∂s1

∂tn
. . .

∂sn+1

∂tn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

Now we establish a relation between the elements of the contravariant
metric tensor (gijtx), i, j = 1, . . . , n, of S

xn in the coordinates t1, . . . , tn and
the metric elements of Sr(n+1) in the coordinates s1, . . . , sn+1. For this pur-
pose we notice that the vectors

x1, . . . ,xn,n ,

where n = b/|b|, constitute a basis for the tangent plane to Sr(n+1). The
vectors rsk , k = 1, . . . , n + 1, are expanded in these basis by the formula
(2.6), namely,

rsk = g
ij
tx(rskxi) · xj + (rsk · n)n , i, j = 1, . . . , n , k = 1, . . . , n+ 1 ,

therefore, using (4.117) and (4.120),

grskl = rsk · rsl = [g
ij
tx(rsk · xi)xj + (rsk · n)n] · [g

kp
tx (rsl · xp)xk + (rsl · n)n]

= gijtxg
kp
tx g

xt
kj(rsk · xi)(rsl · xp) + (rsk · n)(rsl · n)

= gijtx(rsk · xi)(rsl · xj) +
1

|b|2
(rsk · b)(rsl · b)

= gijtxg
rs
km

∂sm

∂ti
grslp
∂sp

∂tj
+ (−1)k+l

(grs)2

|b|2
detDk detDl ,

i, j = 1, . . . , n , k, l = 1, . . . , n+ 1 , k, l fixed .
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Fig. 4.9. Illustration for a curve on the surface

Multiplying these relations by glhsr yields

δkh = g
ij
txg
rs
km

∂sm

∂ti
∂sh

∂tj
+ (−1)k+l

(grs)2

|b|2
detDk detDlg

lh
sr ,

i, j = 1, . . . , n , k, l, h = 1, . . . , n+ 1 , k, fixed .

(4.123)

Further multiplication of (4.123) by gkpsr gives

ghpsr = g
ij
tx

∂sp

∂ti
∂sh

∂tj
+ (−1)m+l

(grs)2

|b|2
ghlsrg

mp
sr detDm detDl ,

i, j = 1, . . . , n , h, l,m, p = 1, . . . , n+ 1 .

(4.124)

Therefore

gijtxΥ
p
ml

∂sm

∂ti
∂sl

∂tj
= gmlsr Υ

p
ml−d

mdlΥ pml , i, j = 1, . . . , n , l,m, p = 1, . . . , n+1 ,

where

dk = (−1)m
grs

|b|
gmksr detDm , k,m = 1, . . . , n+ 1 .

One-Dimensional Subsurface

In the case n = 1 (Fig. 4.8), when the surface Sx1 is a curvilinear line in Sr2,
the twice mean curvature is called the geodesic curvature of the curve Sx1 in
Sr2. Typically the geodesic curvature is designated by σ. It is obvious that
in this case KG = σ. Besides this it is evident that the geodesic curvature of
Sx1 in Sr2 is its curvature determined by (3.8) if Sr2 is a two-dimensional
domain.
The geodesic curvature of Sx1 in Sr2 can be computed through the el-

ements of the first groundforms of Sx1 and Sr2. In order to prove this we
assume that the coordinates s1 and s2 of Sx1 are specified by the function
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s(t) : [a, b]→ S2 ,

i.e. Sx1 is parametrized as

r[s(t)] : [a, b]→ Rl+2 ,

where
r(s) : S2 → R2+l , l ≥ 0

is the parametrization of Sr2. The geodesic curvature of Sx1 in Sr2 is defined
through the scalar product of

rtt =
d2r[s(t)]

dt2
= rsisj

dsi

dt

dsj

dt
+ rsi

d2si

dt2
, i, j = 1, 2 ,

and a normal to this curve in Sr2. Namely,

σ =
1

grt
rtt · n ,

where

grt =
dr[s(t)]

dt
·
dr[s(t)]

dt
= grsij

dsi

dt

dsj

dt
, i, j = 1, 2 ,

while the normal n may be computed by (4.69). This formula yields

n = b/|b|

where

b =
(dsi
dt
rsi · rs2

)
rs1 −

(dsi
dt
rsi · rs1

)
rs2

= (grs2i rs1 − g
rs
1i rs2)

dsi

dt
= −(−1)igrsgiksr

ds3−i

dt
rsk , i, k = 1, 2 .

From this equation we readily find

|b|2 = b · b = (−1)i+j(grs)2giksrg
rs
kl g
jl
sr

ds3−i

dt

ds3−j

dt

= (−1)i+j(grs)2gijsr
ds3−i

dt

ds3−j

dt
= grsgrt , i, j, k, l = 1, 2 ,

and consequently

n = −(−1)i
√
grs

grt
giksr
ds3−i

dt
rsk , i, k = 1, 2 .

Thus using the above formulas gives the following expression for the geodesic
curvature of Sx1 in Sr2
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σ = −(−1)k
√
grs

(grt)3/2

(
rsisj

dsi

dt

dsj

dt
+ rsi

d2si

dt2

)
·
(
glksr
ds3−k

dt
rsl
)

= −(−1)k
√
grs

(grt)3/2
ds3−k

dt

(d2sk
dt2

+ Υ kij
dsi

dt

dsj

dt

)
, i, j, k, l = 1, 2 ,

or using the matrix notation

σ =

√
grs

(grt)3/2
det(A) (4.125)

where

A =

⎛
⎜⎜⎝
d2s1

dt2
+ Υ 1ij

dsi

dt

dsj

dt

d2s2

dt2
+ Υ 2ij

dsi

dt

dsj

dt

ds1

dt

ds2

dt

⎞
⎟⎟⎠ .

Note formula (4.125) is determined through the elements of the first
groundform only, therefore it is used to formulated the geodesic curvature
of curves in arbitrary two-dimensional Riemannian manifolds too.

4.7 Relations to the Principal Curvatures of
Two-Dimensional Surfaces

4.7.1 Second Fundamental Form

The coefficients of the second fundamental form

bijds
idsj , i, j = 1, 2 ,

of the surface Sx2 in R3 represented by

x(s) : S2 → R3 , x = (x1, x2, x3) , s = (s1, s2) , (4.126)

are defined by the dot products of the second derivatives of the vector func-
tion x(s) and the unit normal vector n to the surface at the point s under
consideration:

bij = xsisj · n , i, j = 1, 2 .

Thus, from (2.26) we obtain for bij , i, j = 1, 2,

bij =
1
√
grs

[ ∂2xl
∂si∂sj

(∂xl+1
∂s1

∂xl+2

∂s2
−
∂xl+2

∂s1
∂xl+1

∂s2

)]
, l = 1, 2, 3 , (4.127)

with the identification convention for the superscripts that k is equivalent to
k±3. Correspondingly, for the monitor surface with the scalar-valued monitor
function f(s), we obtain
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bij =
1√

1 + (fs1)2 + (fs2)2
fsisj , i, j = 1, 2 . (4.128)

The tensor (bij) reflects the local warping of the surface, namely its devi-
ation from the tangent plane at the point under consideration. In particular,
if (bij) ≡ 0 at all points of S2 then the surface is a plane.

4.7.2 Principal Curvatures

Let a curve on the surface Sx2 ⊂ R3 be defined by the intersection of a
plane containing the normal n with the surface. Taking into account (3.8),
we obtain for the curvature of this curve

k =
bijds

idsj

grsij ds
idsj

, i, j = 1, 2 . (4.129)

Here (ds1, ds2) is the direction of the curve, i.e. dsi = c(dsi/dϕ), where s(ϕ)
is a curve parametrization. The two extreme quantities KI and KII of the
values of k are called the principal curvatures of the surface at the point under
consideration. In order to compute the principal curvatures, we consider the
following relation for the value of the curvature:

(bij − kg
rs
ij )ds

idsj = 0 , i, j = 1, 2 , (4.130)

which follows from (4.129). In order to find the maximum and minimum
values of k, the usual method of equating to zero the derivative with respect
to dsi is applied. Thus the components of the (ds1, ds2) direction giving an
extreme value of k are subject to the restriction

(bij − kg
rs
ij )ds

j = 0 , i, j = 1, 2 ,

which, in fact, is the eigenvalue problem for curvature. One finds the eigen-
values k by setting the determinant of this equation equal to zero, obtaining
thereby the secular equation for k:

det(bij − kg
rs
ij ) = 0 , i, j = 1, 2 .

This equation, written out in full, is a quadratic equation

k2 − gijsrbijk + [b11b22 − (b12)
2]/grs = 0 ,

with two roots, which are the maximum and minimum values KI and KII of
the curvature k:

KI,II =
1

2
gijsrbij ±

√
1

4
(gijsrbij)2 −

1

grs
[b11b22 − (b12)2] . (4.131)
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Mean Curvature

One half of the sum of the principal curvatures is, in fact, the mean surface
curvature:

Km =
1

2
gijsrbij =

1

2
(KI +KII) , i, j = 1, 2 . (4.132)

In the case of the monitor surface represented by the scalar-valued function
f(s1, s2), we obtain using (4.128)

Km =
fs1s1 [1 + (fs2)

2] + fs2s2 [1 + (fs1)
2]− 2fs1fs2fs1s2

2[1 + (fs1)2 + (fs2)2]3/2
.

A surface whose mean curvature is zero, i.e. KI = −KII, possesses the
following unique property. Namely, if a surface bounded by a specified contour
has a minimum area then its mean curvature is zero. Conversely, of all the
surfaces bounded by a curve whose length is sufficiently small, the minimum
area is possessed by the surface whose mean curvature is zero. So the surface
whose mean curvature is equal zero at all its points is referred to as a minimal
surface.

Gaussian Curvature

Taking into account (4.82), we readily see that the Gaussian curvature is the
product of the two principal curvatures KI and KII, i.e.

KG = KIKII =
1

grs
[b11b22 − (b12)

2] . (4.133)

In terms of the derivatives of a scalar-valued function f(s) representing the
monitor surface Sr2 we have, from (4.128) and (4.133),

KG =
fs1s1fs2s2 − (fs1s2)

2

[1 + (fs1)2 + (fs2)2]2
. (4.134)

Formula Dependent on Christoffel Symbols

In the case of a general two-dimensional surface represented by (4.126) an
expression for the quantity b11b22 − (b12)2 can be obtained through deriva-
tives of the elements of the metric tensor and the coefficients of the second
fundamental form of the surface. This is accomplished by using the expansion
(4.74) which yields the following relation:

xs1s1 · xs2s2 − xs1s2 · xs1s2 = g
rs
ij (Υ

i
11Υ

j
22 − Υ

i
12Υ

j
12) + b11b22 − (b12)

2 ,

i, j = 1, 2 . (4.135)

The left-hand part of (4.135) equals
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xs1s1 · xs2s2 − xs1s2 · xs1s2 =
∂

∂s1
(xs2s2 · xs1)−

∂

∂s2
(xs1s2 · xs1) . (4.136)

Since

xs2s2 · xs1 = [22, 1] =
1

2

(
2
∂grs12
∂s2

−
∂grs22
∂s1

)
,

xs1s2 · xs1 = [12, 1] =
1

2

∂grs11
∂s2

,

we obtain from (4.136)

xs1s1 · xs2s2 − xs1s2 · xs1s2 =
1

2

(
2
∂2grs12
∂s1∂s2

−
∂2grs11
∂s2∂s2

−
∂2grs22
∂s1∂s1

)
.

Therefore (4.133) results in

KG =
1

grs

[1
2

(
2
∂2grs12
∂s1∂s2

−
∂2grs11
∂s2∂s2

−
∂2grs22
∂s1∂s1

)
− grsij (Υ

i
11Υ

j
22 − Υ

i
12Υ

j
12)
]
,

i, j = 1, 2 .

Applying (4.8) transforms this equation to

KG = −
1

grs

[1
2

∂2

∂si∂sj
(grsgijsr) + g

rs
ij (Υ

i
11Υ

j
22 − Υ

i
12Υ

j
12)
]
,

i, j = 1, 2 . �
(4.137)

This equation depends on the elements of the first surface groundform
only. Therefore it can be applied to compute the Gauss curvature of two-
dimensional Riemannian manifolds with arbitrary metric tensors.
Since (4.24)

grsij (Υ
i
klΥ

j
mp) = g

ij
sr[kl, i][mp, j] , i, j, k, l,m, p = 1, 2 ,

therefore (4.137) has also the following form

KG = −
1

grs

{1
2

∂2

∂si∂sj
(grsgijsr) + g

rs
ij ([11, i][22, j]

−[12, i][12, j])
}
, i, j = 1, 2 .

(4.138)

In particular, in the case of the spherical metric

gsij = v(s)δ
i
j , i, j = 1, 2 ,

we readily find from (4.138)

KG = −
1

[v(s)]2

{1
2
∇2[v] +

1

v(s)
([11, i][22, i]− [12, i][12, i])

}
= −

1

2[v(s)]2

{
∇2[v]−

1

v(s)
[(vs1)

2 + (vs2)
2]
}

= −
1

2v(s)
∇2[ln v] , i = 1, 2 .

(4.139)
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Formula Dependent on Metric Elements

Now we establish one more important expression for KG. For this purpose
we compute the quantity

d = detA

where

A =

⎛
⎜⎜⎜⎜⎜⎜⎝

grs11 grs12 grs22

∂grs11
∂s1

∂grs12
∂s1

∂grs22
∂s1

∂grs11
∂s2

∂grs12
∂s2

∂grs22
∂s2

⎞
⎟⎟⎟⎟⎟⎟⎠ .

Using (4.22 – 4.24) gives

d = grs11

(∂grs12
∂s1
∂grs22
∂s2

−
∂grs12
∂s2
∂grs22
∂s1

)
− grs12

(∂grs11
∂s1
∂grs22
∂s2

−
∂grs11
∂s2
∂grs22
∂s1

)
+grs22

(∂grs11
∂s1
∂grs12
∂s2

−
∂grs11
∂s2
∂grs12
∂s1

)
= 2grs11{([11, 2] + [21, 1])[22, 2]− ([12, 2] + [22, 1])[21, 2]}

−4g12([11, 1][22, 2]− [12, 1][21, 2])

+2grs22{[11, 1]([12, 2] + [22, 1])− [12, 1]([11, 2] + [21, 1])}

= 2grs11[(Υ
k
11g
rs
k2 + Υ

k
21g
rs
k1)Υ

l
22g
rs
l2 − (Υ

k
12g
rs
k2 + Υ

k
22g
rs
k1)Υ

l
21g
rs
l2 ]

−4grs12(Υ
k
11g
rs
k1Υ

l
22g
rs
l2 − Υ

k
12g
rs
k1Υ

l
21g
rs
l2 )

+2grs22[Υ
k
11g
rs
k1(Υ

l
12g
rs
l2 + Υ

l
22g
rs
l1 )− Υ

k
12g
rs
k1(Υ

l
11g
rs
l2 + Υ

l
21g
rs
l1 )]

= 2(Υ k11Υ
l
22 − Υ

k
12Υ

l
12)(g

rs
11g
rs
k2g
rs
l2 − 2g

rs
12g
rs
k1g
rs
l2 + g

rs
22g
rs
k1g
rs
l1 )

+2(grs11Υ
k
21Υ

l
22 + g

rs
22Υ

k
11Υ

l
12)(g

rs
k1g
rs
l2 − g

rs
l1 g
rs
k2)

= 2grs[grs11(Υ
1
11Υ

1
22 − Υ

1
12Υ

1
12) + g

rs
22(Υ

2
11Υ

2
22 − Υ

2
12Υ

2
12)

+2grs12(Υ
2
11Υ

1
22 − Υ

2
12Υ

1
12) + g

rs
11(Υ

1
21Υ

2
22 − Υ

2
21Υ

1
22)

+grs22(Υ
1
11Υ

2
12 − Υ

2
11Υ

1
12)]

= 2grs[grsij (Υ
i
11Υ

j
22 − Υ

i
12Υ

j
12) + g

rs
12(Υ

2
11Υ

1
22 − Υ

1
11Υ

2
22)

+grs11(Υ
1
21Υ

2
22 − Υ

2
21Υ

1
22) + g

rs
22(Υ

1
11Υ

2
12 − Υ

2
11Υ

1
12)] , k, l = 1, 2 .

(4.140)
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On the other hand

Υ kki
∂

∂sj
(grsgijsr) = (−1)

i+1Υ kki

( ∂
∂s1
grs23−i −

∂

∂s2
grs13−i

)
= Υ kk1([21, 2]− [22, 1]) + Υ

k
k2([12, 1]− [11, 2])

= Υ kk1(Υ
l
21g
rs
l2 − Υ

l
22g
rs
l1 ) + Υ

k
k2(Υ

l
12g
rs
l1 − Υ

l
11g
rs
l2 )

= grsl2 (Υ
k
k1Υ

l
21 − Υ

k
k2Υ

l
11) + g

rs
l1 (Υ

k
k2Υ

l
12 − Υ

k
k1Υ

l
22)

= grs12[Υ
1
21(Υ

1
11 + Υ

2
21)− Υ

1
11(Υ

1
12 + Υ

2
22)]

+grs21[Υ
2
12(Υ

1
12 + Υ

2
22)− Υ

2
22(Υ

1
11 + Υ

2
21)]

= 2grs12(Υ
1
21Υ

2
21 − Υ

1
11Υ

2
22) + g

rs
22[Υ

2
21(Υ

1
11 + Υ

2
21)− Υ

2
11(Υ

1
12 + Υ

2
22)]

+grs11[Υ
1
12(Υ

1
12 + Υ

2
22)− Υ

1
22(Υ

1
11 + Υ

2
21)]

= grsij (Υ
i
12Υ

j
12 − Υ

i
11Υ

j
22) + g

rs
11(Υ

1
12Υ

2
22 − Υ

1
22Υ

2
21)

+grs22(Υ
2
21Υ

1
11 − Υ

2
11Υ

1
12) + g

rs
12(Υ

2
11Υ

1
22 − Υ

1
11Υ

2
22) .

(4.141)

Availing us of (4.140) and (4.141) we find

d− 2grsΥ kki
∂

∂sj
(grsgijsr) = 4g

rsgrsij (Υ
i
11Υ

j
22 − Υ

i
12Υ

j
12) , i, j = 1, 2 . (4.142)

Since (4.25)

Υ kki = −
√
grs
∂

∂si

( 1
√
grs

)
, i, k = 1, 2 ,

therefore, using (4.137), the equation (4.142) becomes

KG = −
1

grs

[1
2

∂2

∂si∂sj
(grsgijsr) +

d

4grs

+

√
grs

2

∂

∂si

( 1
√
grs

) ∂
∂sj
(grsgijsr)

]
= −

d

4(grs)2
−

1

2
√
grs
∂

∂si

[ 1
√
grs

∂

∂sj
(grsgijsr)

]
, i, j = 1, 2 . �

(4.143)

In particular, when the coordinate system s1, s2 is orthogonal, then d = 0,
g12sr = 0 and (4.143) yields in this case

KG = −
1

2
√
grs

[ ∂
∂s1

( 1
√
grs

∂

∂s1
grs22 +

∂

∂s2

( 1
√
grs

∂

∂s2
grs11

)]
. (4.144)

Classification of Points of Two-Dimensional Surfaces

A surface point is called elliptic ifKG > 0, i.e. bothKI andKII are both neg-
ative or both positive at the point of consideration. A saddle or hyperbolic
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point has principal curvatures of opposite sign, and therefore has negative
Gaussian curvature. A parabolic point has one principal curvature vanish-
ing and, consequently, a vanishing Gaussian curvature. This classification of
points is prompted by the form of the curve which is obtained by the in-
tersection of the surface with a slightly offset tangent plane. For an elliptic
point the curve is an ellipse; for a saddle point it is a hyperbola. It is a pair
of lines (degenerate conic) at a parabolic point, and it vanishes at a planar
point, where both principal curvatures are zero.











5 Comprehensive Grid Models

This chapter formulates differential and variational models for generating
grids in domains and on surfaces of arbitrary dimensions. The formulations
are based on the operators of Beltrami and diffusion with respect to monitor
metrics.

Fig. 5.1. Scheme of the Mapping Approach for Grid Generation

For the purpose of unification of the formulation of grid models for gener-
ating meshes in arbitrary physical geometries a physical domain, surface, or
curve is considered in a unified manner as a single geometric object, referred
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to as an n-dimensional regular surface, locally represented by a parametriza-
tion

x(s) : Sn → Rn+k, x = (x1, . . . , xn+k), s = (s1, . . . , sn), n ≥ 1 , (5.1)

where Sn is an n-dimensional parametric domain (an interval if n = 1), while
x(s) is a smooth vector-valued function of rank n at all points s ∈ Sn. We
shall designate by Sxn the regular surface parametrized by (5.1). Note, when
k = 0 then Sxn is a domainXn ⊂ Rn which itself can naturally be considered
as a parametric domain Sn for Xn with x(s) being the identical, i.e., x(s) ≡ s
(Fig. 5.2), or another parametrization.
Our further findings are related to the mapping approach of grid gener-

ation (see Sect. 1.3.1). By this approach the process of numerical grid gen-
eration on Sxn is turned to finding an intermediate smooth nondegenerate
transformation

s(ξ) : Ξn → Sn , ξ = (ξ1, . . . , ξn) (5.2)

between Sn and a suitable computational (logical) domain Ξn and conse-
quently the mesh points on Sxn are the images through

x[s(ξ)] : Ξn → Rn+k

of the nodes of a reference grid in Ξn (see Figs. 5.1 and 5.2).
The computational domain Ξn and the cells of the reference mesh can be

either rectangular (Fig. 5.1) or of a different shape (for example the logical
domain may be a trapezoid while its cells may be triangles as in Fig. 5.2)
depending on the shape of the physical geometry and/or the numerical al-
gorithm (finite differences, finite volumes, finite elements, spectral elements,
etc.) applied to solve a particular physical problem.

Fig. 5.2. Scheme for Generating Triangular Grids

The coordinates ξ1, . . . , ξn of the surface Sxn specified by composition
of the parametrizations (5.1) and (5.2) are called logical or grid coordinates,
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while the coordinates s1, . . . , sn in (5.1) are referred to as parametric coor-
dinates. We assume further that the parametric coordinates s1, . . . , sn in Sn

are the Cartesian coordinates.
For the purpose of providing efficient control of grid generation in the

geometry Sxn we introduce a notion of a monitor manifold Mn over Sxn.
The points of Mn are the points of Sxn while its metric may differ from the
metric of Sxn, in particular, in the coordinates s1, . . . , sn it can be defined
in the form (4.21) or (4.50).

5.1 Formulation of Differential Grid Generators

This section reviews mathematical models for robust grid generators based
on the differential operators of Beltrami and diffusion.

5.1.1 Beltramian Operator

The operator is formulated on a set of twice differentiable functions v(x)
defined on an arbitrary Riemannian manifold Mn with a covariant metric
tensor (gxij) in local coordinates x

i, i = 1, . . . , n, as the following elliptic
operator

∆B[v](x) =
1
√
gx
∂

∂xj

(√
gxgjkx

∂v(x)

∂xk

)
, j, k = 1, . . . , n , (5.3)

where x = (x1, . . . , xn), (gjkx ), j, k = 1, . . . , n, is the contravariant metric
tensor of the manifold in the coordinates xi, i = 1, . . . , n, and gx = det(gxij).
As it was mentioned we observe a convention that the summation is car-

ried out over repeated indices unless otherwise noted thus (5.3), in fact, is

∆B[v](x) =
1
√
gx

n∑
j=1

∂

∂xj

(√
gx

n∑
k=1

gjkx
∂v(x)

∂xk

)
.

Notice the matrix (gijx ) is the inverse of the matrix (g
x
ij) and vice versa,

hence the elements of the covariant and contravariant metric tensors are
connected by the relations

gijx g
x
jk = g

x
ijg
jk
x = δ

k
i , i, j, k = 1, . . . , n ,

where δki = 0, 1 if k �= i, k = i.
It was shown in Sect. 4.5.1 (see equations (4.56) and (4.58)) that the

formula (5.3) is an invariant of parametrizations of the manifold Mn. We
present here one more inference of this fact by virtue of the identity (2.48).
Let si, i = 1, . . . , n, be another local coordinate system in Mn and (gsij)
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and (gijs ), i, j = 1, . . . , n, be the covariant and contravariant metric tensors,
respectively, of Mn in these coordinates. Using the metric relations

gijx = g
kl
s

∂xi

∂sk
∂xj

∂sl
, i, j, k, l = 1, . . . , n ,

gxJ−2 = gs , gx = gs(J)2 ,

where

J = det
( ∂si
∂xj

)
, gs = det(gsij) , i, j = 1, . . . , n ,

and the fundamental identity

∂

∂xj

(
J
∂xj

∂si

)
= 0 , i, j = 1, . . . , n ,

(see 2.48) gives

∆B[v](x(s)) =
1
√
gx
∂

∂xj

(√
gxJ−1Jgmks

∂xj

∂sm
∂xi

∂sk
∂v[x(s)]

∂sp
∂sp

∂xi

)
=
1
√
gx
∂

∂xj

(√
gsJ
∂xj

∂sm
gmks
∂v[x(s)]

∂sk

)
=
J
√
gx
∂

∂xj

(√
gsgmks

∂v[x(s)]

∂sk

) ∂xj
∂sm

=
1
√
gs
∂

∂sm

(√
gsgmps

∂v[x(s)]

∂sp

)
= ∆B[v(x)](s) ,

i, j, k,m, p = 1, . . . , n . �

So the value of the Beltramian operator at a function v(s) is an invariant of
the choice of a parametrization of the manifold Mn. This invariant is called
Beltrami’s second differential parameter of the function v(s).

5.1.2 Boundary Value Problem for Grid Equations

The Beltramian operator allows one to formulate a mathematical model for
generating grids in arbitrary smooth Riemannian manifolds. Though for the
practical purpose it is sufficient to consider the manifolds as the monitor
manifolds over a physical geometry Sxn.
Let Mn be an n-dimensional manifold with the metric tensor (gsij) in the

local coordinates si, i = 1, . . . , n, whose values lie in some parametric domain
Sn ⊂ Rn. Thus there is a local map x(s) : Sn → Mn. Analogously to the
case of the physical geometry Sxn, a local grid in Mn is found by mapping a
reference grid in a standard logical domain Ξn into Mn by the composition
of x(s) and some one-to-one intermediate smooth transformation
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s(ξ) : Ξn → Sn , ξ = (ξ1, . . . , ξn) , s = (s1, . . . , sn) ,

i.e. by x(s(ξ)) : Ξn →Mn (see Fig. 5.3).
Note the parametrization x(s) also generates a grid in Mn by mapping

some grid in Sn. However, this grid may be unsatisfactory and as a rule it
is not independent of parametrizations. Besides this, if the geometry of Sn

is complex, the grid generation in Sn may require serious efforts. The role
of the intermediate transformation s(ξ) is to make the grid on Mn satisfy
the necessary properties, in particular, the property of independence of the
choice of a parametrization. While the role of the logical domain Ξn is to
replace the parametrization domain Sn with a standard parametric domain
(n-dimensional cube, simplex, prism, etc) having a simpler shape.

Fig. 5.3. Illustration for Grid Generation

The logical domain Ξn, its reference grid, and the parametrization x(s)
are chosen by the user. Therefore the local grid onMn with the required prop-
erties is defined when a suitable intermediate transformation s(ξ) is found.
One of the ways to find this transformation is to use the operator of Beltrami
in the metric of Mn. Namely, s(ξ) may be determined as the inverse of the
transformation

ξ(s) : Sn → Ξn , ξ(s) = [ξ1(s), . . . , ξn(s)]

which is a solution of the following Dirichlet boundary value problem

∆B[ξ](s) ≡
1
√
gs
∂

∂sj

(√
gsgjks

∂ξ

∂sk

)
= 0 , j, k = 1, . . . , n ,

Γ [ξ](s) ≡ ξ|∂Sn = ϕ(s) : ∂Sn → ∂Ξn , ϕ(s) = [ϕ1(s), . . . , ϕn(s)] ,

or in an equivalent form for the components ξi(s) (since gs > 0)
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∂

∂sj

(√
gsgjks

∂ξi

∂sk

)
= 0 , i, j, k = 1, . . . , n ,

ξi|∂Sn = ϕ
i(s) , i = 1, . . . , n ,

(5.4)

where gjks are the (jk)th element of the contravariant metric tensor of M
n in

the parametric coordinates s1, . . . , sn, gs = det(gsij), ∂S
n and ∂Ξn are the

boundaries of Sn and Ξn, respectively, while ϕ(s) is a one-to-one continuous
map between the boundaries of Sn and Ξn. So we see that the transforma-
tion ξ(s), satisfying (5.4) is the function whose Beltrami’s second differential
parameter is equal to the zero vector 0. In the theory of Riemannian mani-
folds the equations (5.4) are called generalized Laplace equations or Beltrami
equations of the second order. We shall call them further as Beltrami equa-
tions.
The functions ξ1, . . . , ξn satisfying (5.4) form a curvilinear coordinate

system in Sn, Sxn, andMn. These curvilinear coordinates are further referred
to as grid coordinates.
Since the value of the operator ∆B[ξ] is independent of parametrizations

of Mn we obtain by the solution of (5.4) the same grid in Mn regardless of
the original coordinate system in Mn provided the boundary conditions in
(5.4) for different coordinates are consistent. Assuming si = ξi, i = 1, . . . , n,
in (5.4) we also find that this system is equivalent to the following system

∂

∂ξj
(
√
gξgjiξ ) = 0 , i, j = 1, . . . , n , (5.5)

where (gjiξ ), i, j = 1, . . . , n, is the contravariant metric tensor of M
n in the

grid coordinates ξ1, . . . , ξn,

gξ = J2gs , J = det
( ∂si
∂ξj

)
= 1/det

(∂ξi
∂sj

)
.

Note, in order to find grid nodes through the intermediate transformation
s(ξ) the inverse of which is a solution of the problem (5.4) there is no necessity
to compute the transformation s(ξ) at all points ξ ∈ Ξn. It is sufficient to
solve numerically an equivalent inverted boundary value problem obtained
by interchanging in (5.4) dependent and independent variables, i.e. assuming
that variables ξ1, . . . , ξn are independent while the quantities s1, . . . , sn are
dependent . The transformed problem with respect to the components si(ξ),
i = 1, . . . , n, of the intermediate transformation s(ξ) should be solved on the
reference grid in Ξn. The values of this very numerical solution

s(ξ) = [s1(ξ), . . . , sn(ξ)]

at the points of the reference grid determine grid nodes in Sn and conse-
quently on Mn by mapping them through x(s).
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The linear elliptic system in (5.4) is of divergence form hence its solu-
tion is subject to the maximum principle. Therefore the grid nodes produced
through (5.4) will be inside of Sxn if the target domain Ξn is convex. More-
over, for n = 2 there is valid a general theorem of Rado from which a partic-
ular corollary follows that the transformation ξ(s) obtained by the solution
of the Dirichlet boundary value problem (5.4) with an arbitrary metric is
nondegenerate if Ξ2 is convex and the boundary mapping determined by the
Dirichlet condition is a one-to-one continuous map between the boundaries
of Sx2 and Ξ2. Note, in the case n > 2, this property may be breached (see
Farrel and Jones (1996)).

Fig. 5.4. Quadrilateral (a) and triangular (b) grids in concave domains generated
by the solution of equations (5.6) (left-hand) and by the solution of equations (5.4)
(right-hand); both with respect to the Euclidean metric

Another formulation of a grid model through the generalized Laplace
equations with respect to the intermediate transformation s(ξ):

∂

∂ξj

(√
ggjk

∂si

∂ξk

)
= 0 , i, j, k = 1, . . . , n , (5.6)

where gjk are contravariant metric components of a monitor manifold over
Ξn, g = det(gjk) = 1/det(g

jk), was proposed by Godunov and Prokopov
(1967), and Ryskin and Leal (1983). These equations seem to be more natu-
ral than the equations in (5.4) for the implementation into numerical codes
as they are linear and of divergent form with respect to the intermediate
transformation s(ξ). However such divergent model, owing to the maximum
principle, does not guarantee that all grid points will be inside of the physical
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geometry Sxn when the parametric domain Sn is not convex (Fig. 5.4, left),
let alone the grid cells may be folded. Providing grid nondegeneracy through
the solution of equations (5.6) depends on devising a suitable monitor metric
in Ξn, what hasn’t been made so far in a general form.
The considerations mentioned are the major reasons why the formulation

of grid systems through the Beltrami operator is reasonable to make with
respect to the function ξ(s) : Sn → Ξn that is the inverse of the intermediate
transformation s(ξ) : Ξn → Sn.

5.1.3 Interpretation as a Multidimensional Equidistribution
Principle

In a one-dimensional case the equation in (5.4) is equivalent to:

d

ds

(√
gsg11s

dξ

ds

)
≡
d

ds

(√
g11s
dξ

ds

)
= 0 ,

since gs = gs11 = 1/g
11
s . This equation presents the well known differential

formulation of the equidistribution principle with the weight function w(s) =√
g11s defined through the monitor metric g

s
11. The multidimensional equation

in (5.4) may also be interpreted as a formulation of the multidimensional
equidistribution principle with the matrix-valued weight function

w(s) = {
√
gsgjks } , j, k = 1, . . . , n ,

in the coordinates si, i = 1, . . . , n, defined through the metric gsij , i, j =
1, · · · , n. By this interpretation the problem of the grid generation through
the solution of (5.4) is naturally resolved by the choice of the matrix-valued
weight function or, what is the same, with a specification of the metric, called
a monitor metric, in Mn.

Relation to Beltramian Equations of the First Order

The Beltramian system of the first order for generating quasiconformal map-
pings ξ(s) : Sn → Ξn between the parametric domain Sn of a Riemannian
manifold Mn with the metric gsij and Ξ

n with the Euclidean metric has the
following form

√
gξs
∂s

∂ξi
=
√
gs∇(ξi); , i = 1, . . . , n , (5.7)

here

∇(ξi) = (g1ms
∂ξi

∂sm
, . . . , gnms

∂ξi

∂sm
) , i,m = 1, . . . , n ,

gξs = det
( ∂ξ
∂si
·
∂ξ

∂sj

)
.
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Note if n = 2, gsij = δ
i
j , then (5.7) is the Caouchy–Riemann system

∂ξ1

∂s1
=
∂ξ2

∂s2
,
∂ξ1

∂s2
= −
∂ξ2

∂s1
,

i.e. ξ(s), in this case, is a conformal mapping. So the relations (5.7) are
generally considered as a condition of conformality of the mapping ξ(s) :
Sn → Ξn with respect to the Riemannian metric gsij introduced in S

n.
From the identity (2.48) we have

div(
√
gξs
∂s

∂ξi
) ≡

∂

∂sj

(√
gξs
∂sj

∂ξi

)
≡ 0 , i, j = 1, . . . , n ,

therefore applying the operator div to the system (5.7) yields the system of
the second order presented in (5.4) and equivalent to the Beltrami equations.
Note that the contrary assertion is not valid, i. e. the system in (5.4) does

not lead, in general, to the system (5.7).

5.1.4 Realization of Specified Grids

Grids in Domains

Let Sxn be an n-dimensional domain Xn ⊂ Rn which has a local grid ob-
tained with the aid of a nondegenerate smooth transformation

x(ξ) : Ξn → Xn , x = (x1, . . . , xn) , ξ = (ξ1, . . . , ξn) , (5.8)

i.e. the local grid in Xn is the image of a reference grid in Ξn through
the coordinate transformation x(ξ). Note the reference grid in Ξn can be
indiscriminately structured or unstructured.
Let Sn be the image of the domain Ξn in Xn through x(ξ). Then Sn

can be formally considered as a local parametric domain for Xn with the
coordinates si = xi, i = 1, . . . , n. Let

r(s) : Sn → Rn , r = (r1, . . . , rn) , s = (s1, . . . , sn)

be the mapping defined by

r(s) ≡ ξ(s) , s ∈ Sn ,

where ξ(s) is the inverse of x(ξ) : Ξn → Sn. Now imposing in Xn a local
metric in the coordinates si, i = 1, . . . , n, in the form (4.50), as

gsij = B
m
i B

m
j , i, j,m = 1, . . . , n,

where

Bmi =
∂ξm

∂si
, i,m = 1, . . . , n,
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we get

gsij =
∂ξl

∂si
∂ξl

∂sj
=
∂ξ

∂si
·
∂ξ

∂sj
, i, j, l = 1, . . . , n . (5.9)

For the contravariant metric elements we readily find the following formula

gijs =
∂si

∂ξl
∂sj

∂ξl
, i, j, l = 1, . . . , n ,

gs =
1

J2
, J = det

( ∂si
∂ξj

)
, i, j = 1, . . . , n .

(5.10)

Applying the equations in (5.4) with metric (5.9) to the components of the
function ξ(s), which is the inverse of (5.8) with s = x, and taking into account
(5.10) and (2.48), we obtain

∂

∂sj

(√
gsgjks

∂ξi

∂sk

)
=
∂

∂sj

(√
gs
∂sj

∂ξl
∂sk

∂ξl
∂ξi

∂sk

)
=
∂

∂sj

( 1
J

∂sj

∂ξi

)
= 0 , i, j, k, l = 1, . . . , n .

As a solution of the Dirichlet problem (5.4) with the boundary condition spec-
ified by the given mapping ξ(s) is unique, we obtain that this solution is the
transformation that is the inverse of the original intermediate transformation
x(ξ).

Grids on Surfaces

Let now Sx2 be a surface lying inR3 and locally represented by a parametriza-
tion

x(s) : S2 → R3 , x = (x1, x2, x3) , s = (s1, s2) ,

where S2 is a two-dimensional parametric domain with the Cartesian coor-
dinates s1, s2, while x(s) is a smooth nondegenerate vector-valued function.
Note the transformation x(s) engenders in Sx2 a natural metric tensor in the
coordinates s1, s2:

gxsij = xsi · xsj =
∂xk

∂si
∂xk

∂sj
, i, j = 1, 2 , k = 1, 2, 3 .

If a grid on the surface Sx2 is constructed with the aid of a transformation

x1(ξ) : Ξ
2 → R3 ,

then there is a diffeomorphism

ξ(s) : S2 → Ξ2

such that
x(s) = x1[ξ(s)] : S

2 → R3 .
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It is easily shown, likewise to the case of the domain discussed above, that the
components of the transformation ξ(s) are the solutions of the grid equations
in (5.4) with respect to the covariant metric tensor specified in the coordinates
s1, s2 as

gsij =
∂ξ

∂si
·
∂ξ

∂sj
, i, j = 1, 2 . (5.11)

It is shown, analogously, that a grid in an arbitrary n–dimensional surface
Sxn can be obtained by the solution of the boundary-value problem (5.4). So
we see that an arbitrary nondegenerate grid in a domain or surface found by
the mapping approach is realized, with a proper choice of the metric, by the
grid generator based on the solution of the Beltrami equations.
Formulas (5.9), (5.10), and (5.11) appear to be useful for three purposes.

First, one can use them to verify the reliability of any numerical algorithm
applied to the solution of the system in (5.4). Second, they prompt one on
how to find a coordinate system with necessary local coordinates by specifying
the mapping ξ(s) in selected zones. For example, they can help one build an
orthogonal system near boundary segments or in the vicinity of interfaces of
blocks. Third, the expressions (5.9), (5.10), and (5.11) show which forms may
be used for formulating monitor metrics.

Examples of Metrics Deriving Classical Grid Coordinates

Here we find, using (5.9), the expressions for the metric elements by which
polar and spherical coordinate systems are realized through the solution of
the problem (5.4). For the two-dimensional polar system of coordinates

x = ρ cosϕ ,

y = ρ sinϕ ,
(5.12)

we find, assuming x = s1, y = s2, ρ = ξ1, ϕ = ξ2,

∂s

∂ξ1
=
(s1
ρ
,
s2

ρ

)
,
∂s

∂ξ2
= (−s2, s1) ,

∂ξ

∂s1
=
(s1
ρ
,−
s2

ρ2

)
,
∂ξ

∂s2
=
(s2
ρ
,
s1

ρ2

)
,

where ρ =
√
(s1)2 + (s2)2. So the elements of the corresponding metric co-

variant and contravariant tensors (5.9) and (5.10) in the coordinates s1, s2,
are as follows:

gsij =
∂ξ

∂si
·
∂ξ

∂sj
= gs[δij + s

isj(1− gs)] , i, j = 1, 2 ,

gijs =
∂si

∂ξk
∂sj

∂ξk
=
1

gs
δij − s

isj(1− gs) , i, j = 1, 2 ,

(5.13)
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where gs = det(gsij) = 1/((s
1)2 + (s2)2) = 1/ρ2. We readily see that this

metric is considerably different from the Euclidean metric. The equations in
(5.4) with respect to the metric (5.13) realizing the polar coordinate system
have the form

∂

∂sj

{√
gs
[ 1
gs
δkj − (1− g

s)sksj
] ∂ξi
∂sk

}
= 0 , i, j, k = 1, 2 . (5.14)

Analogous equations realize the three-dimensional spherical coordinate
system

x = ρ cosϕ cosφ ,

y = ρ sinϕ cosφ ,

z = ρ sinφ .

(5.15)

5.1.5 Extension to Diffusion Equations

By substituting w(s) for
√
gs the system of equations in (5.4) becomes a more

general system of the following equations

∂

∂sj

(
w(s)gjks

∂ξi

∂sk

)
= 0 , i, j, k = 1, . . . , n , (5.16)

where gjks are the contravariant components in the coordinates s
1, . . . , sn of

a monitor metric, w(s) > 0 is a weight function aimed at increasing or de-
creasing the effect of the metric in the necessary zones of Sxn. The equations
(5.16) will be referred to as diffusion equations.
The diffusion equations (5.16) are equivalent to the Beltrami equations if

w(s) =
√
gs, gs = det(gsij). Moreover for n �= 2 they are always equivalent to

the Beltrami equations, with respect to the metric

gij = (g
s)

1
2−n [w(s)]

2
n−2 gsij , i, j = 1, . . . , n ,

regardless of the weight function w(s) > 0. Indeed, for this metric,

g = det(gij) = (g
s)

n
2−n [w(s)]

2n
n−2 gs = (gs)

2
2−n [w(s)]

2n
n−2 ,

gij = (gs)
1
n−2 [w(s)]

2
2−n gijs , i, j = 1, . . . , n ,

so
√
ggij = w(s)gijs , i, j = 1, . . . , n ,

i.e. (5.16) are the Beltrami equations.
Though the Beltrami equations are comprehensive, i.e. an arbitrary non-

degenerate intermediate transformation (5.2) can be computed as the inverse
of the solution of these equations, the form (5.16) of the diffusion equations
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appears to be simpler for formulating, especially for n = 2, in order to realize
the necessary requirements for the grid properties in different zones of Sxn.
However one is to remember that for another coordinate system v1, . . . , vn

the equations (5.16) become equivalent to

∂

∂vj

(
w[s(v)]Jgjkv

∂ξi

∂vk

)
= 0, i, j, k = 1, . . . n,

where J = det
(
∂si/∂vj

)
. This very system in the parametric coordinates

v1, . . . , vn should be solved in order to obtain the same grid computed by
the solution of the system (5.16) in the parametric coordinates s1, . . . , sn.
Analogously to the form (5.5) of the Beltrami equations in (5.4), diffusion

equations (5.16) have also the following equivalent form

∂

∂ξj
{Jw[s(ξ)]gijξ } = 0, i, j = 1, . . . , n, (5.17)

obtained by applying the identity (2.48) to (5.16).

5.1.6 Familiar Grid Equations

Laplace System

If Mn is a domain Sn in Rn with the Euclidean metric, i.e. in the Cartesian
coordinates s1, . . . , sn,

gsij = δ
i
j , i, j = 1, . . . , n ,

then
gs = 1 , gijs = δ

i
j , i, j = 1, . . . , n ,

and consequently the grid equations in (5.4) in this metric are the Laplace
equations

∇2[ξi] ≡
∂

∂sj
∂

∂sj
ξi(s) = 0 , i, j = 1, . . . , n . (5.18)

So the equations in (5.4) being a generalization of the Laplace equations are
also called generalized Laplace equations.
The ordinary Laplace equations (5.18) were proposed for n = 2 by Crow-

ley (1962) and Winslow (1967) for generating fixed grids in two-dimensional
domains. Therefore the method for generating grids on surfaces Sxn by solv-
ing the boundary value problem (5.4) can also be considered as an extension
of the Crowley–Winslow approach.
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Diffusive System

A generalization of the Euclidean metric in Sn to the spherical metric speci-
fied in the original parametric Cartesian coordinates s1, . . . , sn by

gsij = v(s)δ
i
j , i, j = 1, . . . , n , v(s) > 0 , (5.19)

yields the grid equations for (5.4) in the following equivalent form

∂

∂sj

[
(v(s))(n−2)/2

∂ξi

∂sj

]
= 0 , i, j = 1, . . . , n , (5.20)

since

gs = [v(s)]n , gijs =
1

v(s)
δij , i, j = 1, . . . , n .

Thus the popular diffusive form of the elliptic grid generator, following from
(5.16) when gijs = δ

i
j ,

∂

∂sj

(
w(s)

∂ξi

∂sj

)
= 0 , i, j = 1, . . . , n , (5.21)

for constructing adaptive grids in a domain Sn is, in fact, equivalent to the
grid system (5.20) for n �= 2 in the metric (5.19) with

v(s) = w(s)2/(n−2)

imposed in the domain Sn.
Mind equations (5.20) for n = 2 are equivalent to Laplace equations (5.18)

regardless of the form of the function v(s) in (5.19). Therefore equations
(5.21), with w(s) �= const, are not equivalent to the grid equations in (5.4)
for n = 2.
Note the diffusive equations (5.21) for n = 2 were introduced for gen-

erating adaptive grids in domains by Danaev, Liseikin, and Yanenko (1980)
and Winslow (1981). An extension of the diffusive form (5.4) by introduc-
ing an individual weight function wi(s) for each direction ξi(s) was made by
Eiseman (1987) and Reed, Hsu, and Shiau (1988).
For a more general monitor metric with a diagonal tensor in the paramet-

ric coordinates s1, . . . , sn,

gsij = v
k(s)δki δ

k
j , i, j, k = 1, . . . , n , v

k(s) > 0 , (5.22)

i.e.

gsij =

⎛
⎜⎜⎝
v1(s) 0 . . . . 0
0 v2(s) 0 · · · 0
. . . . . . . . . . . . . . . . . . . . .
0 . . . . . . 0 vn(s)

⎞
⎟⎟⎠

we get
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gs =
n∏
k=1

vk(s) , gijs =
1

vk(s)
δki δ

k
j , i, j, k = 1, . . . , n .

This metric is of the form (4.50) when

z(s) = 0 , Bki (s) =
√
vk(s)δki , i, k = 1, . . . , n , k fixed .

The equations in (5.4) with respect to the metric (5.22) are equivalent to the
following equations

∂

∂sj

( √gs
vj(s)

∂ξi

∂sj

)
= 0 , i, j = 1, . . . , n . (5.23)

In particular, if n = 2, equations (5.23) are as follows:

∂

∂s1

(
F (s)

∂ξi

∂s1

)
+
∂

∂s2

( 1

F (s)

∂ξi

∂s2

)
= 0 , i = 1, 2 , (5.24)

where
F (s) =

√
v2(s)/v1(s) .

Surface Grid System

Let Sx2 ⊂ R3 be a surface represented locally by a parametrization

x(s) : S2 → R3 , s = (s1, s2) , x = (x1, x2, x3) .

The covariant metric elements gxsij of S
x2 in the coordinates s1, s2 are defined

by

gxsij =
∂x

∂si
·
∂x

∂sj
, i, j = 1, 2 . (5.25)

The equations

∂

∂sj

(√
gxsgkjsx

∂ξi

∂sk

)
= 0 , i, j, k = 1, 2 , (5.26)

where gxs = det(gxsij ) and (g
kj
sx) is the contravariant metric tensor of S

x2, are
equivalent to the grid equations in (5.4) for n = 2 with respect to the metric
(5.25).
These equations popular for generating fixed grids on boundaries of do-

mains were proposed by Warsi [1981]. The property of invariancy guarantees
that the distribution of the grid nodes found through (5.26) does not depend
on a parametrization of Sx2.

5.2 Variational Formulations

Here we discuss a relation of the grid equations in (5.4) and (5.16) to a
variational grid generation approach.
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5.2.1 Functional of Grid Smoothness

Formulation of the Functional

The system of the Beltrami equations in (5.4) is equivalent to the Euler–
Lagrange equations for the following functional

I[ξ] =

∫
Sn

√
gsgjks

∂ξi

∂sk
∂ξi

∂sj
ds , i, j, k = 1, . . . , n . (5.27)

Indeed the Euler–Lagrange equations for the functional in a general form

I[ξ] =

∫
Sn

G
[
s, ξ(s),

∂ξ

∂s1
(s), . . . ,

∂ξ

∂sn
(s)
]
ds (5.28)

are as follows:

Gξi −
∂

∂sj

{
G∂ξi/∂sj

[
s, ξ(s),

∂ξ

∂s1
(s), . . . ,

∂ξ

∂sn
(s)
]}
= 0 ,

i, j = 1, . . . , n .

(5.29)

The quantities gs and gjks in (5.29) are specified in the parametric coordinates
s1, . . . , sn therefore they remain unchanged when the functions ξi(s) are
varied. So the system of the Euler–Lagrange equations (5.29) derived from
the functional (5.27) is readily obtained and has the following form

2
∂

∂sj

(√
gsgjks

∂ξi

∂sk

)
= 0 , i, j, k = 1, . . . , n ,

which is equivalent to the system of the grid equations in (5.4). Thus the tech-
nique based on the minimization of the functional (5.27) produces the very
grids obtained by the differential grid generator using Beltrami equations.
Availing us of the relations (4.19) the functional (5.27) is also expressed

as

I[ξ] =

∫
Sn

√
gstr(gijξ )ds , (5.30)

where

tr(gijξ ) =
n∑
i=1

giiξ .

Taking into account that

dMn =
√
gsds =

√
gξdξ

we also obtain the following form of the functional (5.27)
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I[ξ] =

∫
Mn

tr(gijξ )dM
n

and

I[ξ] =

∫
Ξn

√
gξtr(gijξ )dξ .

Thus for n = 1, 2, and 3 we have, from (5.30),

I[ξ] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
S1

√
gsg11ξ ds , n = 1 ,

∫
S2

√
gs(g11ξ + g

22
ξ )ds

1ds2 , n = 2 ,

∫
S3

√
gs(g11ξ + g

22
ξ + g

33
ξ )ds

1ds2ds3 , n = 3 ,

(5.31)

with the corresponding contravariant metric elements gijξ and determinants
gs for each n = 1, 2, 3. Analogously, using in (5.31) suitable formulas for the
elements of inverse matrices, we obtain the formulation of the functional with
respect to intermediate transformations s(ξ) in terms of the covariant metric

elements gξij :

I[s] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Ξ1

1

J
√
gs
dξ , n = 1 ,

∫
Ξ2

1

J
√
gs
(gξ11 + g

ξ
22)dξ

1dξ2 , n = 2 ,

∫
Ξ3

1

J
√
gs
[gξ11g

ξ
22 + g

ξ
11g
ξ
33 + g

ξ
22g
ξ
33

−(gξ12)
2 − (gξ13)

2 − (gξ23)
2]dξ1dξ2dξ3 , n = 3 ,

(5.32)

where J = det(∂si/∂ξj). Note that the functional I[s], in this formulation, is
defined on the set of invertible transformations s(ξ) ∈ C2(Ξn).
When a monitor manifold Mn is an n-dimensional domain Xn, the func-

tional (5.27) is the functional referred to as a functional of grid smoothness
on Xn,

I[ξ] =

∫
Xn

( n∑
i=1

giiξx

)
dx , (5.33)

where

gijξx =
∂ξi

∂xm
∂ξj

∂xm
, i, j,m = 1, . . . , n ,
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introduced by Brackbill and Saltzman (1988). Therefore it is reasonable to
call the functional (5.27), being the generalization of (5.33), as the functional
of grid smoothness on the manifold Mn. It was shown by Liseikin (1999)
that such a generalization of the functional (5.27) to n-dimensional regu-
lar surfaces preserves all salient features of grids obtained by applying the
smoothness functional (5.33) to domains.

Relation to Harmonic Functions

This paragraph discusses an interpretation of the smoothness functional
(5.27), which is related to the harmonic-functions approach for generating
adaptive grids. For this purpose we express the smoothness functional (5.27)
in the following form

I[ξ] =

∫
Mn

gmls
∂ξi

∂sm
∂ξi

∂sl
dMn , i, l,m = 1, · · · , n , (5.34)

since √
gsds = dMn .

Now we describe the definition of a harmonic map between two general n-
dimensional Riemannian manifoldsMn and Zn with covariant metric tensors
gij and Dij in some local coordinates x

i, i = 1, · · · , n, of Mn and zi, i =
1, · · · , n, of Zn, respectively.
Every C1(Mn) map z(x) : Mn → Zn defines an energy density by the

following formula:

e(z) =
1

2
gij(x)Dkl(z)

∂zk

∂xi
∂zl

∂xj
, i, j, k, l = 1, · · · , n , (5.35)

where (gij) is the contravariant metric tensor of Mn in the coordinates
x1, . . . , xn, i.e. gijg

jk = δki . The total energy associated with the mapping
z(x) is then defined as the integral of (5.35) over the manifold Mn:

E(z) =

∫
Mn

e(z)dMn . (5.36)

A transformation z(x) of class C2(Mn) is referred to as a harmonic map-
ping if it is a critical point of the functional of the total energy (5.36). The
Euler–Lagrange equations whose solution minimizes the energy functional
(5.36) are given by

∂

∂xk

(√
ggkj

∂zl

∂xj

)
+
√
ggkjΓ lmp

∂zm

∂xk
∂zp

∂xj
= 0 , (5.37)

where g = det(gij) and Γ
l
mp are Christoffel symbols of the second kind on

the manifold Zn :
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Υ lmp =
1

2
Dlj
(∂Djm
∂zp

+
∂Djp
∂zm

−
∂Dmp
∂zj

)
. (5.38)

The following theorem guarantees the uniqueness of the harmonic mapping.

Theorem 1. Let Mn, with metric gij , and Z
n, with metric Dij, be two Rie-

mannian manifolds with boundaries ∂Mn and ∂Zn and let φ :Mn → Zn be
a diffeomorphism. If the curvature of Zn is nonpositive and ∂Zn is convex
(with respect to the metric Dij) then there exists a unique harmonic map
z(x) : Mn → Zn such that z(x) is a homotopy equivalent to φ. In other
words, one can deform z to φ by constructing a continuous family of maps
zt : M

n → Zn, t ∈ [0, 1], such that z0(x) = φ(x), z1(x) = z(x), and
zt(x) = z(x) for all x ∈ ∂Mn.

In application of the harmonic theory to grid generation the manifold Zn

is assumed to correspond to the logical domain Ξn with the Euclidean metric
Dij = δ

i
j in the coordinates ξ

1, . . . , ξn. Since the Euclidean space Ξn is flat,
i.e. it has zero curvature, and the domain Ξn is constructed by the user,
both requirements of the above theorem can be satisfied. For the manifold
Mn, one uses a set of points of a physical geometry Sxn with an introduced
Riemannian metric gxij . The functional of the total energy (5.36) has then the
form

E(ξ) =
1

2

∫
Mn

gklx
∂ξi

∂xk
∂ξi

∂xl
dMn , i, k, l = 1, · · · , n . (5.39)

Thus, assuming in (5.35) s = x, we obtain in the case of the Euclidean metric
in Ξn that the integral (5.27) is twice the total energy associated with the
mapping ξ(s) : Sn → Ξn representing a transformation between the manifold
Mn, with its metric tensor gsij in the coordinates s

i, and the computational

domain Ξn, with the Cartesian coordinates ξi:

I[ξ] = 2E[ξ] .

As for the Euler–Lagrange equations (5.37) for the functional (5.39) we have

∂

∂xk

(√
gxgkjx

∂ξi

∂xj

)
= 0 , i, j, k = 1, · · · , n , (5.40)

since, from (5.38), Υ lmp = 0. So the equations (5.40) with x = s are equivalent
to the grid equations in (5.4).
Equations (5.40), in contrast to (5.37), are linear and have a conservative

form. Therefore being elliptic they satisfy the maximum principle, and the
Dirichlet boundary value problem is a well-posed problem for this system of
equations, i.e. the above theorem is obvious for the functional (5.39). Thus
the functions ξi(s) obtained from (5.4) compose a harmonic transformation

ξ(s) : Sn → Ξn , ξ(s) = [ξ1(s), . . . , ξn(s)] .
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Note the value of any grid generation method is commonly judged by its
ability to rule out the construction of folded grids in domains or on surfaces
with arbitrary geometry. In the case n = 2 the mathematical foundation of
this requirement for the technique based on the generalized Laplace system
in (5.4) is solid when the computation domain Ξ2 is convex. It is founded on
the following result, derived from a theorem of Rado.

Theorem 2. Let M2 be a simply connected bounded Riemannian manifold.
In this case, the Jacobian of the transformation ξ(s) generated by the bound-
ary value problem (5.4) does not vanish in the interior of S2, if Ξ2 is a convex
domain and ξ(s) : ∂S2 → ∂Ξ2 is a homeomorphism.

Geometric Interpretation

This paragraph describes a geometric meaning of the smoothness functional
which justifies to some extent its expression for the generation of adaptive
grids in domains and on surfaces. For this purpose we consider for a moni-
tor manifold over a physical geometry Sxn an n-dimensional regular surface
represented in the form (5.1) as

r(s) : Sn → Rn+k+l , r(s) = [x(s), f1(s), . . . , f l(s)] , (5.41)

where x(s) is a parametric transformation (5.1), f(s) = (f1(s), . . . , f l(s)) is
a vector-valued function. This surface designated by Srn is referred to as a
monitor surface over Sxn. Its covariant metric elements gsij in the coordinates

s1, . . . , sn are computed by the formula

gsij = rsi · rsj = g
xs
ij + f

k
si · f

k
sj , i, j = 1, . . . , n, k = 1, . . . , l. (5.42)

The monitor surface is naturally parametrized in the grid coordinates ξ1, . . . , ξn

as
r[s(ξ)] : Ξn → Rn+k+l ,

while its covariant metric elements in these coordinates are specified by

gξij = rξi · rξj = g
s
km

∂sk

∂ξi
∂sm

∂ξj
, i, j, k,m = 1, . . . , n ,

where

rξi =
∂

∂ξi
r[s(ξ)] , i = 1, . . . , n .

The functional of grid smoothness (5.27) with respect to the metric of the
monitor surface Srn is as follows:

I[ξ] =

∫
Srn

( n∑
i=1

giiξ

)
dSrn =

∫
Srn

tr(gijξ )dS
rn . (5.43)
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First, note that the trace of any contravariant n-dimensional tensor (gijξ )
can be expressed through the invariants In−1 and In of the orthogonal trans-
forms of the covariant tensor (gξij), namely

tr(gijξ ) =
In−1
In
, (5.44)

where Ii, i = 1, . . . , n, is the sum of the principal minors of order i of the
matrix (gξij). Therefore the functional (5.43) can also be expressed through
these invariants:

I[ξ] =

∫
Srn

(In−1
In

)
dSrn . (5.45)

The expression (5.45) of the smoothness functional with respect to the
metric (5.42) through the invariants of orthogonal transformations was given
by Liseikin (1991). A generalization of this expression by substituting the
quantity (In−1/In)

q, 0 ≤ q ≤ 1 for In−1/In in (5.45) was suggested by
Liseikin (1991, 1999) and Huang (2001).
Now, for the purpose of simplicity, we restrict our consideration to three

dimensions. The functional (5.45) then has the form

I[ξ] =

∫
Sr3

(I2
I3

)
dSr3 . (5.46)

In three dimensions the invariant I3 of the covariant metric tensor (5.42)

in the coordinates ξ1, ξ2, ξ3 is the Jacobian gξ of the matrix (gξij) and it

represents the volume V 3 of the three-dimensional basic parallelepiped P 3 ⊂
Rn+k+l formed by the basic tangent vectors rξi , i = 1, 2, 3 (see Fig. 2.5). The

invariant I2 of the matrix (g
ξ
ij) is the sum of its principal minors of order 2.

Every principal minor of order 2 equals the Jacobian of the two-dimensional
matrix A2 obtained from (gξij) by crossing out a row and a column which
intersect on the diagonal. Since the edges of the basic parallelepiped are the
tangential vectors rξi we find that each element of the matrix A

2 is a dot
product of two such vectors and, consequently, the Jacobian of A2 equals the
square of the area of the parallelogram formed by these two vectors. So the
invariants I2 and I3 can be expressed as

I2 =
3∑
m=1

(
V 2m

)2
, I3 =

(
V 3
)2
, (5.47)

where V 2m is the area of the boundary face of the basic parallelepiped P
3

formed by the basic tangent vectors rξi , i = 1, 2, 3, except for rξm , and V
3

is the volume of P 3. Therefore

I2
I3
=

3∑
m=1

(
V 2m

)2
/
(
V 3
)2
. (5.48)
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It is obvious that

V 3 = dmV
2
m , m = 1, 2, 3 ,

where dm is the distance between the vertex of the vector rξm and the plane
spanned by the vectors rξi , i �= m. Hence, from (5.48)

I2
I3
=

3∑
m=1

(1/dm)2 . (5.49)

Now let us consider two grid hypersurfaces ξm = c and ξm = c + h in
Sr3 obtained by mapping a uniform rectangular grid with a step size h in
the computational domain Ξ3 onto the monitor surface Sr3. The distance lm
between a node on the surface ξm = c and the nearest node on the surface
ξm = c+ h equals dmh+O(h)

2. Therefore (5.49) is equivalent to

I2
I3
=

3∑
m=1

(h/lm)
2 +O(h) .

The quantity (h/lm)
2 increases as the nodes of a coordinate grid cluster

in the direction normal to the hypersurface ξm = c, and therefore it can
be considered as some measure of the grid nonuniformity in this direction;
consequently, the functional (5.46) defines an integral measure of the grid
nonuniformity in all directions. So the problem of minimizing the functional
of smoothness (5.43) for n = 3 can be interpreted as a problem of finding a
grid with a minimum of nonuniform clustering, namely a quasiuniform grid
on the monitor surface Sr3. Consequently, the minimization of the functional
(5.43) makes the grid in Sxn be adaptive to the gradient of the function
f(s) = (f1(s), . . . , f l(s)). �
Analogous interpretations of the functional of grid smoothness with re-

spect to the metric (5.42) are valid for arbitrary dimensions, i.e. the integrand

σ(s) = gkms
∂ξi

∂sk
∂ξi

∂sm
, i, k,m = 1, . . . , n (5.50)

in the functional (5.43) can be considered as a relative measure of the grid
nonuniformity on the monitor surface Srn represented by (5.41). The measure
(5.50) with respect to the metric (5.42) can also be considered as a measure
of departure of the grid in the physical geometry Sxn from an adaptive grid
with node clustering in the zones of large variation of the function f(s).
The interpretation of the smoothness functional considered above justifies,

to some extent, its potential to generate grids adapting to the gradient of a
function specified at the points of a domain or surface by projecting onto the
domain or surface quasiuniform grids built on monitor surfaces (see Fig. 5.5)
by the minimization of the functional.
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Fig. 5.5. Illustration for grid adaptation

5.2.2 Diffusion Functional

Similarly to the Beltrami equations in (5.4) the diffusive equations (5.16) are
equivalent to the Euler-Lagrange equations for the diffusive functional

I[ξ] =

∫
Sn

w(s)gjks
∂ξi

∂sk
∂ξi

∂sj
ds ≡

∫
Sn

w(s)giiξ ds ≡

∫
Ξn

w[s(ξ)]Jgiiξ dξ,

i, j, k = 1, . . . , n.

(5.51)

Analogously to the functional of grid smoothness (5.27) the diffusion func-
tional (5.51) yields the following functional I[s] with respect to the interme-
diate transformations s(ξ) :
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I[s] =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∫
Ξ1

w[s(ξ)]

Jgs
dξ , n = 1 ,

∫
Ξ2

w[s(ξ)]

Jgs
(gξ11 + g

ξ
22)dξ

1dξ2 , n = 2 ,

∫
Ξ3

w[s(ξ)]

Jgs
[gξ11g

ξ
22 + g

ξ
11g
ξ
33 + g

ξ
22g
ξ
33

−(gξ12)
2 − (gξ13)

2 − (gξ23)
2]dξ1dξ2dξ3 , n = 3 ,

(5.52)

The expression of functional (5.51) promts one what the monitor metric
should be to provide the generation of the numerical grid with a required
property. For this purpose the metric is to have such a form so that the
integrand of the functional (5.51)

σ(s) = w(s)gjks
∂ξi

∂sj
∂ξi

∂sk
, i, j, k = 1, . . . , n (5.53)

describes a measure of departure of the grid from the necessary grid at the
point s ∈ Sn. If such a metric is found then it can be expected that the
minimization of the functional (5.51) will produce the grid with the required
property.
Similarly, the metric elements should be specified for the functional of grid

smoothness (5.27). In particular, formula (5.50) with respect to the metric
(5.42) of the monitor surface Srn represented by (5.41) can be considered as
a measure of departure of a grid from the reference grid with node clustering
in the zones of large variations of the function f(s).

5.3 Formulation of Monitor Metrics

The Dirichlet boundary value problem for both the inverted Beltrami and
diffusion equations is well posed for an arbitrary monitor metric. Neverthe-
less for the purpose of better handling grid control it is reasonable to restrict
the whole set of the monitor metrics to a basic subset which, however, can be
adequate for realizing the necessary grid properties. Also these basic monitor
metrics are to be described by simple formulas which allow one to establish
readily the relations between them and the grid characteristics. Further, one
of the natural ways to satisfy balanced grid properties, each of which is re-
alized by an individual monitor metric, is to combine linearly these metrics.
Therefore the basic metric tensors formulated should be subject to the oper-
ation of summation in sense that the sum of two monitor metrics from the
subset is also the metric (nonsingular tensor). Note, in general, the sum of
two metrics may not be a metric since the sum of two nonsingular matrices
may be a singular matrix. This section describes an approach for formulating
such basic monitor metrics.
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5.3.1 General Formulas for Covariant Elements

The expressions (5.9) and (5.13) for the metrics realizing both arbitrary and
particular polar coordinate systems, respectively, through the solution of the
grid equations in (5.4) prompt some ways on how to design general formulas
for specifying necessary metrics in general geometries in order to obtain suit-
able intermediate transformations for generating grids. For example, let gxsij ,

i, j = 1, . . . , n, and gijsx, i, j = 1, . . . , n, be the covariant and contravariant
metric tensor, respectively, of a physical geometry (in general of a Rieman-
nian manifold) Sxn in the coordinates s1, . . . , sn. Then the metric gxsij and
three smooth functions z(s) > 0, v(s), and f(s) define the following new
covariant and contravariant monitor metric tensors gsij and g

ij
s , respectively,

in the coordinates s1, . . . , sn :

gsij = z(s)g
xs
ij + v(s)

∂f

∂si
∂f

∂sj
, i, j = 1, . . . , n ,

gijs =
1

z(s)
gij − d(s)gimsx

∂f

∂sm
gjpsx
∂f

∂sp
, i, j,m, p = 1, . . . , n ,

(5.54)

where

d(s) =
v(s)

z(s)[z(s) + v(s)∇(f)]
,

∇(f) = gijsx
∂f

∂si
∂f

∂sj
, i, j = 1, . . . , n .

The points of the geometry Sxn with this metric comprise a Rimennian man-
ifold Mn called a monitor manifold over Sxn.
The formula in (5.54) for the contravariant metric tensor of Mn will be

proved below. Note the functions z(s), v(s), and f(s) in (5.54) must be such
that det(gsij) > 0.

The covariant gsij and contravariant g
ij
s metric tensors in the coordinates

s1, s2 considered in (5.13) for generating the classical polar coordinate system
(5.12) are realized by the metric tensors (5.54) with

gij = g
ij = δij , i, j = 1, 2 ,

z(s) =
1

ρ2
, v(s) =

1

ρ2

(
1−

1

ρ2

)
, f(s) =

1

2
ρ2 ,

(5.55)

where ρ2 = (s1)2 + (s2)2 = |s|2.
A coordinate transformation s(ξ) representing a more general polar coor-

dinate system
s1 = b(ξ1) cos ξ2 , s2 = b(ξ1) sin ξ2,

when b′(ξ1) > 0 is realized as the inverse of the solution of (5.4) in the metric
(5.54) if
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gxsij = g
ij
sx = δ

i
j , i, j = 1, 2 ,

z(s) =
1

ρ2
, f(s) =

1

2
ρ2 ,

v(s) = z(s)
[ 1

[b′(b−1(ρ))]2
− z(s)

]
,

where ρ2 = (s1)2 + (s2)2.
The functions z(s) and v(s) in (5.54) can be interpreted as weight func-

tions which control the influence of the original metric gxsij and the monitor
function f(s) on the grid behavior. A generalization of the metric (5.54) is
naturally carried out by the following formula

gsij = z(s)g
xs
ij + v

k(s)fksi(s)f
k
sj (s) , i, j = 1, . . . , n , k = 1, . . . , l , (5.56)

with weight functions z(s) > 0 and vk(s) ≥ 0, k = 1, . . . , l, and monitor
functions fk(s), k = 1, . . . , l. Remind it is assumed that a summation is
carried out in (5.56) over the index k.
Note when

gxsij = xsi · xsj , i, j = 1, . . . , n ,

where x(s) is the parametrization (5.1) of Sxn then the metric (5.56) for
z(s) = vk(s) = 1, k = 1, . . . , l, f(s) = (f1(s), . . . , f l(s)) is the metric

gsij = g
xs
ij + fsi · fsj , i, j = 1, . . . , n, (5.57)

of the monitor surface Srn represented by (5.41).
The general monitor metrics in the forms (5.57) and (5.56) were intro-

duced by Liseikin (1991) and Liseikin (2002a, 2003), respectively.
The approach for formulating monitor metrics in the form (5.56) is some-

what similar to the classical variational approaches in which the grid func-
tionals are formulated as a combination of several functionals with weights
(see (1.24)) each of which is responsible for providing some individual grid
property. Note the boundary value problem (5.4) with respect to an arbitrary
metric is well-posed. Moreover it is well-posed in the monitor metric (5.56)
with arbitrary weight and monitor functions contrary to the problem of the
minimization of the combined functional that is well-posed only for special
weight functions. Besides this the grid obtained from the minimization of the
combined functional may be dependent on a parametrization of the physical
geometry.
The monitor metric (5.56) is extended to an even more general but to a

more convenient metric through a set of covariant tensors of the first rank

Fk(s) = [F k1 (s), . . . , F
k
n (s)] , k = 1, . . . , l ,

by the following formula (see Liseikin (2004)) in the parametric coordinates
s1, . . . , sn:
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gsij = z(s)g
xs
ij + F

k
i (s)F

k
j (s) , i, j = 1, . . . , n , k = 1, . . . , l , (5.58)

where z(s) ≥ 0 is a weight function specifying the contribution of the metric
of Sxn in the monitor metric. Of course it is assumed that the function z(s)
and the vectors Fk(s), k = 1, . . . , l, are subject to the relation

gs = det(gsij) > 0,

at each point s ∈ Sn.
Note, if we introduce in Rn+k+l vectorswi(s), i = 1, . . . , n by the formula

wi(s) = [
√
z(s)
∂x

∂si
, F 1i , . . . , F

l
i ], i = 1, . . . , n,

where x(s) is the parametrization (5.1) of the physical geometry Sxn, then
it is obvious that

gsij = wi ·wj , i, j = 1, . . . , n.

So for nonsingularity of the monitor metric tensor (5.58) the vectors wi(s),
i = 1, . . . , n, must be independent. In particular, as vectors ∂x/∂si, . . . , n,
are independent, the vectorswi(s), i = 1, . . . , n, will be independent if z(s) >
0 at all points s ∈ Sn.
It is evident that the linear combination of two metric tensors of the

form (5.58) with corresponding nonnegative coefficients ε1(s) and ε2(s) is
the matrix of the same form (5.58) and it is nonsingular (metric tensor) if
ε1(s) + ε2(s) > 0 at all points of S

n.
The monitor metric (5.56) is realized by the metric (5.58) if

F ki (s) =
√
vk(s)

∂fk

∂si
, i = 1, . . . , n , k = 1, . . . , l , k fixed .

The form (5.58) of the monitor metric allows one to formulate more easily
metrics for generating grids adapting to arbitrary vector fields.
This form may also be useful for generating a family of grid coordinates

orthogonal to a boundary segment. For example, let a boundary curve of a
two-dimensional domain S2 be defined from the equation ϕ(s1, s2) = 0. If we
assume the variable ϕ(s) as a logical grid coordinate then the second grid
coordinate ψ(s) which is orthogonal to the curve ϕ(s) = 0 is subject to the
relation

gradϕ · gradψ = 0 ,

i.e.

(ψs1 , ψs2) = w(s)(ϕs2 ,−ϕs1) , (5.59)

at the points of the curve. As the coordinate system ϕ,ψ is realized by the
solution of the Beltrami’s equations in (5.4) with respect to the metric defined
by (5.9) for n = 2, ξ1 = ϕ, ξ2 = ψ, we find, availing us of (5.59) that this
metric should be as follows:
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gsij = ϕsiϕsj + ψsiψsj = ϕsiϕsj + (−1)
i+jϕs3−iϕs3−j ,

i, j = 1, 2 , i, j fixed .
(5.60)

Since

(−1)i+jϕs3−iϕs3−j = [(ϕs1)
2 + (ϕs2)

2]δij − ϕsiϕsj , i, j = 1, 2 , i, j fixed ,

so the expression (5.60) has the following equivalent form

gsij = [(ϕs1)
2 + (ϕs2)

2]w2(s)δij + [1− w
2(s)]ϕsiϕsj , i, j = 1, 2 , (5.61)

which is, in fact, of the form (5.54).

Computation of Contravariant Metric Components

We are to know in the equations (5.4) and (5.16) as well as in the function-
als (5.27) and (5.51) the contravariant metric components of any specified
monitor metric. These quantities are readily computed for the most general
metric (5.58) in the case z(s) > 0.

General Formula.

Let (dab) and (d
ab), a, b = 1, . . . , l be two mutually inverse matrices, where

dab = δab +
1

z(s)
∇(Fa,Fb) , a, b = 1, . . . , l , (5.62)

here ∇(, ) is the mixed parameter of Beltrami in the metric of the physical
surface Sxn and Fa, a = 1, ..., l, is a covariant vector. The mixed parameter
with respect to the covariant tensors Fa and Fb of the first rank is defined
by the formula

∇(Fa,Fb) = gijsxF
a
i F
b
j , i, j = 1, . . . , n , a, b = 1, . . . , l , (5.63)

where F ai and F
b
j , i, j = 1, . . . , n, are the components of the corresponding

tensors Fa and Fb in the coordinates s1, . . . , sn, while gijsx are the contravari-
ant metric components of Sxn in the same coordinates.

Theorem 3. The contravariant metric components gijs of the monitor man-
ifold Mn over Sxn with the metric (5.58) for z(s) > 0 are computed by the
following formulas

gijs =
1

z(s)
gijsx −

1

[z(s)]2
dab∇(F

a, ei)∇(Fb, ej) ,

i, j, k,m = 1, . . . , n , a, b = 1, . . . , l ,

(5.64)

where ek is a covariant vector whose i-th component in the coordinates
s1, . . . , sn equals to δki .
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Proof. For proving the theorem it is sufficient to show that the matrix (gijs )
compiled by the quantities from (5.64) is inverse to the matrix (gsij), i.e. their
elements are subject to the relations

gskjg
ji
s = δ

i
k , i, j, k = 1, . . . , n , (5.65)

where gskj are covariant metric components (5.58). As

gskj = z(s)g
xs
kj + F

a
k F
a
j , j, k = 1, . . . , n , a = 1, . . . , l ,

we have, using (5.63) in (5.64)

gskjg
ji
s = [(z(s)g

xs
kj + F

a
k F

a
j )]
( 1
z(s)
gjisx −

1

[z(s)]2
gjmsx g

ip
sxdbcF

b
mF

c
p

)
=

= δki +
1

z(s)
F aj g

ji
sxF

a
k −

1

z(s)
F cpg

ip
sxdbcF

b
k −

1

[z(s)]2
F cpg

ip
sxdbc∇(F

a,Fb)F ak ,

i, j, k,m, p = 1, . . . , n , a, b, c = 1, . . . , l .

(5.66)

Since (5.62) yields

1

z(s)
∇(Fa,Fb) = dab − δab , a, b = 1, . . . , l ,

therefore

1

z(s)
F aj g

ji
sxF

a
k −

1

z(s)
F cpg

ip
sxdbcF

b
k −

1

[z(s)]2
F cpg

ip
sxdbc∇(F

a,Fb)F ak =

=
1

z(s)
F aj g

ji
sxF

a
k −

1

z(s)
F cpg

ip
sxdbcF

b
k −

1

z(s)
F cpg

ip
sxdbc(d

ab − δab )F
a
k = 0 ,

i, j, k, p = 1, . . . , n , a, b, c = 1, . . . , l .

Thus the relations (5.65) follow from (5.66). �

In patrticular, for the metric (5.57) of the monitor surface Srn over Sxn

we get

gijs = g
ij
sx − g

ik
sxg
jm
sx dab

∂fa

∂sk
∂f b

∂sm
, i, j, k,m = 1, . . . , n, a, b, c = 1, . . . , l,

(5.67)

taking into account that this metric is of the form (5.58) with

z(s) = 1, Fa = grad fa, a = 1, . . . , l.



146 5 Comprehensive Grid Models

Formulas for Domains.

Let Sxn be a domain identified with the parametric area Sn. Then in the
coordinates s1, . . . , sn we have

gxsij = g
ij
sx = δ

i
j , i, j = 1, . . . , n,

while the formulas (5.58) and (5.62) come to

gsij = z(s)δ
i
j + F

a
i F

a
j , i, j = 1, . . . , n, a = 1, . . . , l,

dab = δab +
1

z(s)
F ai F

b
i , i = 1, . . . , n, a, b = 1, . . . , l.

So the formula (5.64), in this case, is as follows:

gijs =
1

z(s)

[
δij −

1

z(s)
dabF

a
i F
b
j

]
, i, j = 1, . . . , n, a, b = 1, . . . , l.

Analogously to (5.67) we obtain for the metric

gsij = δ
i
j +
∂fa

∂si
∂fa

∂sj
, i, j = 1, . . . , n, a = 1, . . . , l,

of the monitor surface Srn over the domain Sn

gijs = δ
i
j − dab

∂fa

∂si
∂f b

∂sj
, i, j = 1, . . . , n, a, b, c = 1, . . . , l. (5.68)

Computation of the Metric Jacobian

For computing the equations in (5.4) one also needs to know the determinant
of the monitor tensor (gsij).

Theorem 4. Let gsij be the monitor metric (5.58) with z(s) > 0. Then there
is valid the following formula

gs = [z(s)]ngxs det(dab), (5.69)

where gxs = det(gxsij ), while (d
ab) is the matrix whose elements are specified

by (5.62).

Proof. First we prove the theorem for l = 1. Let

g1ij = z(s)g
xs
ij , g

ij
1 =

1

z(s)
gijsx , i, j = 1, . . . , n ,

then formula (5.58) is as follows:
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gsij = g
1
ij + F

1
i F
1
j , i, j = 1, . . . , n . (5.70)

Notice the rank of the matrix (F 1i F
1
j ) is not more than 1, therefore we get

from (5.70)

gs = g1 +
n∑
i=1

det(ḡikm) , (5.71)

where g1 = det(g1ij), while (ḡ
i
km) is the matrix derived from the matrix (g

1
km)

by replacing its i-th row with

(F 1i F
1
1 , . . . , F

1
i F
1
n) = F

1
i F
1 , i = 1, . . . , n ,

i. e.

(ḡikm) =

⎛
⎜⎜⎜⎜⎜⎜⎝

g111 . . . g
1
1n

. . . . . . . . .
g1i−11 . . . g

1
i−1n

F 1i F
1
1 . . . F

1
i F
1
n

g1i+11 . . . g
1
i+1n

. . . . . . . . .
g1n1 . . . g

1
nn

⎞
⎟⎟⎟⎟⎟⎟⎠ .

It is evident that

det(ḡikm) = F
1
i F
1
kG
ik , i, k = 1, . . . , n , i fixed ,

where
Gik = g1gik1 , i, k = 1, . . . , n ,

here gik1 is the (ik)-th element of the matrix (g
ij
1 ) inverse to (g

1
ij). So equation

(5.71) gives

gs = g1(1 + gik1 F
1
i F
1
k ) = g

1
(
1 +

1

z(s)
gjksxF

1
i F
1
k

)
= [z(s)]ngxsd11 ,

i, k = 1, . . . , n ,

i.e. formula (5.69) is valid for l = 1.
Let now l > 1. Assuming that the theorem is valid for l− 1, we represent

the monitor metric (5.58) as

gsij = g
2
ij + F

l
iF
l
j , i, j = 1, . . . , n ,

where

g2ij = z(s)g
xs
ij + F

k
i F

k
j , i, j = 1, . . . , n , k = 1, . . . , l − 1 .

Identifying g2ij with g
xs
ij we obtain that this monitor metric g

s
ij has the form

(5.58) for l = 1 and z(s) ≡ 1. By induction we get from (5.69) for z(s) ≡ 1
and l = 1
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gs = g2(1 +∇(Fl)) , (5.72)

where
g2 = det(g2ij), ∇(F

l) = gij2 F
l
iF
l
j , i, j = 1, . . . , n ,

gij2 is the (ij)-th element of the matrix inverse to the matrix (g
2
mp). Let (d

ab
2 ),

a, b = 1, . . . , l−1 be a (l−1)× (l−1) matrix whose elements are determined
as

dab2 = δ
a
b +

1

z(s)
∇(Fa,Fb) , a, b = 1, . . . , l − 1 ,

here ∇(Fa,Fb) is defined by (5.63). It is obvious that (dab2 ) is the first prin-
cipal minor of order l− 1 of the matrix (dab) whose elements are specified by
(5.62). Availing us of (5.64) and (5.69), valid in accordance with the induction
assumption, gives

gij2 =
1

z(s)
gijsx −

1

[z(s)]2
d2ab∇(F

a, ei)∇(Fb, ej) ,

i, j = 1, . . . , n , a, b = 1, . . . , l − 1 ,

g2 = [z(s)]ngxs det(d2ab) ,

where gij2 is the (ij)-th element of matrix inverse to (g
2
ij), g

2 = det(g2ij),

while (d2ab) is the matrix inverse to (d
ab
2 ). Substituting these expressions in

(5.72) yields

gs = g2
(
1 +

1

z(s)
gijsxF

l
iF
l
j −

1

[z(s)]2
d2abg

ik
sxF

a
k g
jm
sx F

b
mF

l
iF
l
j

)
=

= g2
(
1 +

1

z(s)
∇(Fl)−

1

[z(s)]2
d2ab∇(F

a,Fl)∇(Fb,Fl)
)
=

= [z(s)]ngxs det(dcd) ,

i, j, k,m = 1, . . . , n , a, b = 1, . . . , l − 1 , c, d = 1, . . . , l .

This proves the theorem. �

If Sxn is a domain Sn then gxs = 1 and equation (5.69), in this case,
comes to

gs = [z(s)]ndet(dab).

5.3.2 Formulations of Contravariant Elements

General Formulas

Notice both the functionals of grid smoothness (5.27) and diffusion (5.51) as
well as the Beltrami equations in (5.4) and diffusion equations (5.16) are for-
mulated through the contravariant metric components gijs in the coordinates
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s1, . . . , sn. Therefore instead of the covariant metric components gsij one may
originally, in particular in order to define a measure of grid departure from
a required grid, formulate the contravariant components gijs of the monitor
metric, for example, like the most general form (5.58),

gijs = ε(s)g
ij
sx +B

i
kB
j
k, i, j = 1, . . . , n , k = 1, . . . , l, (5.73)

where Bik, i = 1, . . . , n, are the components of a contravariant vector Bk =
(B1k, . . . , B

n
k ), k = 1, . . . , l.

Then the quantity gs in (5.4) and (5.27) is defined from the equation

gs = 1/gs, gs = det(g
ij
s ).

Consequently if ε(s) > 0 then the covariant metric components can be com-
puted using an analog of formula (5.64). For this purpose we, similarly
to (5.62), introduce two mutually inverse matrices (cab) and (c

ab), a, b =
1, . . . , l, assuming

cab = δ
a
b +

1

ε(s)
gxsij B

i
aB
j
b , i, j = 1, . . . , n, a, b = 1, . . . , l. (5.74)

Then, in the same way as for (5.64) and (5.69), the following formulas are
proved

gsij =
1

ε(s)
gxsij −

1

[ε(s)]2
gxsmig

xs
pj c
abBma B

p
b ,

i, j,m, p = 1, . . . , n, a, b = 1, . . . , l,

(5.75)

gs = [ε(s)]
ngsxdet(cab), (5.76)

where gsx = det(g
ij
sx).

Formulas for Domains.

Let Sxn be a domain Sn and s1, . . . , sn be the Cartesian coordinates. Then,
in the coordinates s1, . . . , sn,

gijsx = g
xs
ij = δ

i
j , i, j = 1, . . . , n,

so the contravariant components (5.73) of the monitor metric become as

gijs = ε(s)δ
i
j +B

i
kB
j
k, i, j = 1, . . . , n , k = 1, . . . , l. (5.77)

Thus for the elements of the matrix (5.74) we have

cab = δ
a
b +

1

ε(s)
Bma B

m
b , m = 1, . . . , n, a, b = 1, . . . , l.
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Therefore equation (5.76) yields

gs = [ε(s)]
ndet(cab), a, b = 1, . . . , l, (5.78)

in particular,

gs = [ε(s)]
n−1[ε(s) + |B1|

2], l = 1,

gs = [ε(s)]
n−2
{
[ε(s) + |B1|

2][ε(s) + |B2|
2]− (B1 ·B2)

2
}
, l = 2.

(5.79)

Here and further
Ba ·Bb = BiaB

i
b, i = 1, . . . , n,

|Ba|2 = Ba ·Ba, a fixed.

Consequently formula (5.75) gives

gsij =
1

ε(s)
δij −

1

[ε(s)]2
cabBiaB

j
b , i, j = 1, . . . , n, a, b = 1, . . . , l, (5.80)

thus, for l = 1,

gsij =
1

ε(s)

[
δij −

1

ε(s) + |B1|2
Bi1B

j
1

]
, i, j = 1, . . . , n. (5.81)

Analogously, for l = 2,

gsij =
1

ε(s)
δij −

1

d(s)
(c22B

i
1B
j
1 − 2c12B

i
1B
j
2 + c11B

i
2B
j
2), i, j = 1, . . . , n,

(5.82)

where
d(s) = [ε(s) + |B1|

2][ε(s) + |B2|
2]− (B1 ·B2)

2.

5.3.3 Specification of Individual Monitor Metrics

Generation of Vector Field-Aligned Grids

Contravariant metric tensor in the form (5.73) can be used to define a mea-
sure of departure of the grid from a grid aligned to a vector-field B in a
domain Sn, in particular, to control the angle between a normal to the grid
coordinate hypersurface and the vector-field B at the points of the domain
Sn. As a tensor of the first rank in the formulas (5.73) one may take either
the same or a transformed vector field. The generation of grids through such
metric is helpful for solving numerically problems with strong anisotropy, in
particular, problems of magnetically-confined plasmas. For example, the con-
dition of orthogonality between a vector field B = (B1, . . . , Bn) specified at
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the points of the domain Sn and the vector grad ξ1 normal to the coordinate
hypersurface ξ1 = const can be described as an equation for a quadratic form

(B · grad ξ1)2 ≡ BiBj
∂ξ1

∂si
∂ξ1

∂sj
= 0, i, j = 1, . . . , n.

This quadratic form as a measure of the grid departure from field-alignment
at a point of the domain Sn was proposed by Glasser and Tang (2004). The
integral measure of the grid departure can be expressed, for example, in the
form

L =

∫
Sn

w(s)BiBj
∂ξ1

∂si
∂ξ1

∂sj
ds , i, j = 1, . . . , n. (5.83)

However the problem of minimizing this functional is ill-posed for n ≥ 2 since
the matrix (BiBj) is singular.
The integrands in the functionals of grid smoothness (5.27) and diffusion

(5.51) are formulated as the sum over the index i of quadratic forms

gjks
∂ξi

∂sk
∂ξi

∂sj
, i, j, k = 1, . . . , n, i fixed,

multiplied by
√
gs and w(s), respectively, and contrary to the integrand in

(5.83) with a nondegenerate matrix (gjks ). The condition of non-degeneracy
is indispensable for well-posedness of the corresponding variational and dif-
ferential problems and for obtaining unfolded grids through the minimiza-
tion of the functional or through the solution of the Euler-Lagrange equa-
tions. Therefore in order to get the grids that are both nearly field-aligned
(grad ξi for some i is nearly orthogonal to the vector field) and unfolded
we have to change slightly the matrix (BiBj) in the functional (5.83) to
make it nondegenerate and to replace the expressions (∂ξ1/∂si) (∂ξ1/∂sj)
by (∂ξk/∂si) (∂ξk/∂sj). The matrix (gijs ) whose elements are specified in the
form (5.73) is nondegenerate for an arbitrary ε(s) > 0 (see formula (5.76)),
in addition this matrix is close to the matrix (BiBj) when both ε(s) and
Bk, k = 2, . . . , l are small andB1 = B. Assuming this matrix as a contravari-
ant metric tensor of a monitor manifold Mn over Sn yields, in accordance
with (5.53), the following measure of grid nonalignment with the vector field
B

σ(s) = w(s)[ε(s)δik +B
j
aB
k
a ]
∂ξi

∂sj
∂ξi

∂sk
,

i, j, k = 1, . . . , n, a = 1, . . . , l.

(5.84)

Consequently the functional of diffusion (5.51) in such monitor metric
over Sn is as follows:
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I[ξ] =

∫
Sn

w(s)
[
ε(s)
∂ξi

∂sm
∂ξi

∂sm
+BjkB

p
k

∂ξi

∂sj
∂ξi

∂sp

]
ds ,

i, j,m, p = 1, . . . , n, k = 1, . . . , l.

(5.85)

Substituting here
√
gs for w(s), where gs = 1/

√
gs, gs = det(g

ij
s ), produces

the functional of grid smoothness (5.27). Availing us of functional (5.85)
yields that the diffusion equations (5.16) aimed at the generation of grids
providing that the angle betweenB and a normal to a coordinate hypersurface
is close to π/2 have the following form

∂

∂sj

{
w(s)[ε(s)δjk +B

j
aB
k
a ]
∂ξi

∂sk

}
= 0, i, j, k = 1, . . . , n, a = 1, . . . , l.

(5.86)

Substituting
√
gs for w(s) in (5.86) yields the Beltrami equations in (5.4) in

the metric (5.77).
Figure 5.6 demonstrates integral lines of a vector field (left-hand) and a

corresponding field-aligned quadrilateral domain grid obtained through the
solution of Beltrami equations in the metric (5.77).
Similarly, using general formula (5.73) one can formulate a measure of

grid nonalignment for an arbitrary physical geometry Sxn as

σ(s) = w(s)[ε(s)gjksx +B
j
aB
k
a ]
∂ξi

∂sj
∂ξi

∂sk
,

i, j, k = 1, . . . , n, a = 1, . . . , l.

(5.87)

and corresponding functionals and equations for generating field-aligned grids
in Sxn.

Fig. 5.6. Flux lines of a vector field (left-hand) and a field-aligned grid (right-hand).
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Monitor Metric for Generating Grids Adapting to the Gradient of
a Function

In accordance with a concept of Eiseman (1987) grid clustering in a phys-
ical geometry Sxn in the zones of large variation of a function f(s) =
(f1(s), . . . , f l(s)) can be provided by projecting a quasiuniform grid from
a regular monitor surface defined as the graph of the values of f(s). This
function f(s) referred to as a monitor function can be a solution to the prob-
lem of interest, a combination of its components or derivatives, or any other
variable scalar– or vector–valued quantity that suitably monitors the features
of the physical solution and/or of the geometry of the physical domain or sur-
face which significantly affect the accuracy of the calculations. The monitor
functions provide an efficient opportunity to control the grid quality, in par-
ticular, the concentration of grid nodes and the size of angles between grid
lines.
One of the techniques to generating quasiuniform grids on the monitor

surface is based on the use of the smoothness functional (5.27) proposed by
Liseikin (1991) which generalizes the functional introduced by Brackbill and
Saltzman (1982) for generating fixed grids in domains.

Generation of Adaptive Grids in Domains.

In the case, important for the generation of adaptive grids in a physical
domain Xn ⊂ Rn, the monitor manifold can be defined as an n-dimensional
monitor surface Srn formed by the values of some monitor vector-valued
function

f(x) : Xn → Rl , x = (x1, . . . , xn) , f = [f1(x), . . . , f l(x)] , (5.88)

over Xn. Thus the monitor surface Srn, whose points are

(x1, . . . , xn, f1(x), . . . , f l(x)), x = (x1, . . . , xn) ∈ Xn,

is the subset of the (n+ l)-dimensional space Rn+l. It is apparent that for the
parametric domain Sn there may be taken the domain Xn, so the parametric
mapping r(s) : Sn → Rn+l is defined as

r(s) = [s, f(s)] = [s1, . . . , sn, f1(s), . . . , f l(s)] , s = x . (5.89)

Consequently the covariant metric elements of this surface are specified in
the coordinates s1, . . . , sn by

gsij = δ
i
j +
∂f

∂si
·
∂f

∂sj
, i, j = 1, . . . , n, (5.90)

i.e. in the form (5.58) with z(s) = 1,

gxsij = δ
i
j , F

k
i =

∂fk

∂si
, i, j = 1, . . . , n, k = 1, . . . , l.
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According to Sect. 5.2.1. the numerical solution of the problem (5.4) with
respect to the metric (5.90) makes the grid become uniform in Srn. Therefore
the intermediate transformation s(ξ) that is the inverse of the map ξ(s) found
by the solution of the problem (5.4) in the metric (5.90) produces, in fact, the
very adaptive grid in Sn obtained by projecting the quasiuniform grid from
Srn. This adaptive grid provides node concentration in the zones of large
variation of f(s) (Fig. 5.5).
Formulas (5.64) and (5.69) give the following expressions for the con-

travariant elements of the monitor metric (5.90) and its Jacobian in the
parametric coordinates s1, . . . , sn

gijs = δ
i
j − dab

∂fa

∂si
∂f b

∂sj
, i, j = 1, . . . , n, a, b = 1, . . . , l,

gs = det(dab), a, b = 1, . . . , l,

(5.91)

where (dab) is an l × l matrix inverse to the matrix (dab) with

dab = δab +
∂fa

∂si
∂f b

∂si
, i = 1, . . . , n, a, b = 1, . . . , l,

Thus one measure of grid nonuniformity, given by (5.50), i.e. departure of
the grid from a quasiuniform grid in Srn and consequently from an adaptive
grid in Sn has the following form

σ(s) =
(
δjk − dab

∂fa

∂sj
∂f b

∂sk

)∂ξi
∂sj
∂ξi

∂sk

i, j, k = 1, . . . , n, a, b = 1, . . . , l.

In the case of a scalar monitor function f(s) we have

daa = 1 +∇(f), a = 1,

gijs = δ
i
j −

1

1 +∇(f)

∂f

∂si
∂f

∂sj
, i, j = 1, . . . , n,

gs = 1 +∇(f), ∇(f) =
∂f

∂si
∂f

∂si
= |grad f |2, i = 1, . . . , n.

(5.92)

These expressions substituted in the Beltrami equations in (5.4) give the fol-
lowing equations for determining the components ξi(s) of the transformation
ξ(s) : Sn → Ξn:

∂

∂sj

[√
1 +∇(f)

(
δjk −

1

1 +∇(f)

∂f

∂sj
∂f

∂sk

) ∂ξi
∂sk

]
= 0 ,

i, j, k = 1, . . . , n .

The inverse mapping s(ξ) forms an adaptive grid in Sn. An example of
such domain grid adapting to the gradient of a scalar-valued function f(s) is
demonstrated by Fig. 5.5.
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Analogously, the grid equations are written out with a vector-valued mon-
itor function f(s) for generating adaptive grids in domains.
Note the popular equations for generating adaptive grids in domains are

based on the numerical solution of the Poisson system

∂

∂xj

( ∂ξi
∂xj

)
= P i , i, j,= 1, · · · , n , (5.93)

where P i are the control functions. These equations are not equivalent to the
generalized Laplace equations in (5.4) if P i �= 0, i = 1, · · · , n. In the case
where Srn is a monitor surface, the system in (5.4) can also be interpreted as
a system of elliptic equations with a control function. The control function
is the monitor mapping f(s) whose values over the physical domain or sur-
face form the monitor hypersurface Srn. The influence of the control function
f(s) is realized through the magnitudes fsi · fsj in the terms g

s and gmls
in (5.4) and (5.27). These terms are determined by the tensor elements gsij
which define the covariant metric tensor (5.90) of the surface Srn in the coor-
dinates si represented by the parametrization (5.89). The system in (5.4), in
contrast to that of (5.93), has a divergent form and its solution is a harmonic
function, as was mentioned above. Besides this, its solution is independent of
parametrizations of Xn; as a rule, this is not valid for solutions of the system
(5.93).

Generation of Adaptive Grids on Surfaces.

When the monitor surface is formed by the values of a function f(x) over a
general n-dimensional surface Sxn lying in the space Rn+k and represented
by the parametrization

x(s) : Sn → Rn+k , x(s) = [x1(s), . . . , xn+k(s)]

from an n-dimensional parametric domain Sn ∈ Rn then the monitor surface
Srn over Sxn can be described by a parametrization from Sn in the form

r(s) : Sn → Rn+l+k , r(s) = {x(s), f [x(s)]} . (5.94)

In particular, a one-dimensional monitor surface Sr1 (in fact curve) over a
curve Sx1 lying in Rn and represented by x(s) : [a, b]→ Rn, has the following
parametrization

r(s) : [a, b]→ Rn+l , r(s) = {x(s), f [x(s)]} .

It is evident that the adaptive grid on the surface Sxn obtained by pro-
jecting the quasiuniform grid from Srn is formed, in fact, by mapping a
reference grid in Ξn with a composition of x(s) and the intermediate grid
transformation s(ξ), i.e. with x(s(ξ)) : Ξn → Sxn.
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If the monitor surface over Sxn is formed by a scalar-valued monitor
function f(s), then for the covariant metric tensor of Srn, designated by gsij
in the coordinates s1, . . . , sn, we have

gsij = g
xs
ij + fsifsj , i, j = 1, . . . , n ,

where
gxsij = xsi · xsj , i, j = 1, . . . , n ,

is the metric of Sxn. This monitor metric is a particular case of the metric
(5.57) and (5.58). Computing the elements gijs of the contravariant metric
tensor of Srn and the Jacobian of the monitor metric by formulas (5.64) and
(5.69) gives

gijs = g
ij
sx − g

ik
sx

∂f

∂sk
gjmsx

∂f

∂sm
, i, j, k,m = 1, . . . , n,

gs = gxs[1 +∇(f)],

(5.95)

where

∇(f) = gijsx
∂f

∂si
∂f

∂sj
, i, j = 1, . . . , n.

Substituting these expressions in (5.4) yields the following system for
generating adaptive grids on surfaces

∂

∂sj

[√
gxs[1 +∇(f)]

×
(
gjksx −

1

1 +∇(f)
gjlsxg

km
sx

∂f

∂sl
∂f

∂sm

) ∂ξi
∂sk

]
= 0 ,

i, j, k, l,m = 1, . . . , n .

Fig. 5.7. Fixed (left-hand) and adaptive (right-hand) surface grids.
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Figure 5.7 demonstrates fixed (left-hand) and adaptive (right-hand) sur-
face grids. The adaptive grid is subject to the Beltrami equations in the
monitor metric (5.95).
Similarly to the Poisson equations (5.93), for generating adaptive grids

on two-dimensional surfaces Sx2 ⊂ R3 there can also be used a combination
of the Beltramian operator and forcing terms:

∆xB[ξ
i] = P i , i = 1, 2 . (5.96)

Here the Beltramian operator is defined through the metric of Sx2, i.e.

∆xB[ξ
i] =

1
√
gxs

∂

∂sj

(√
gxsgkjsx

∂ξi

∂sk

)
, i, j = 1, 2 . (5.97)

If the forcing terms P i, i = 1, 2, are specified as functions of the coordinates
s1, s2 then the system (5.96) is independent of parametrizations of Sx2. How-
ever, the equations (5.96) are not the generalized Laplace equations and their
solution ξ(s) is not a harmonic function. So the theorem of Rado is not held
and consequently ξ(s) may not be a one-to-one mapping. Thus the grid cells
obtained from (5.96) may be folded.

Monitor Metric for Generating Grids Adapting to the Values of
a Function.

Fig. 5.8. Examples of adaptive domain grids.

For generating a numerical grid in a physical geometry Sxn with node cluster-
ing in the zones of the large values of a function v(s) the measure of departure
from the necessary grid can be expressed in the form

σ(s) = Z[v](s)gkmsx
∂ξi

∂sk
∂ξi

∂sm
, i, j, k,m = 1, . . . , n, (5.98)



158 5 Comprehensive Grid Models

where Z[v] > 0 is a positive operator such that Z[v](s) is large (small) where
v(s) is small (large). This measure for generating adaptive grids in domains
was introduced by Danaev, Liseikin, and Yanenko (1980) andWinslow (1981).
Consequently the contravariant elements of the monitor metric are as follows:

gij(s) = Z[v](s)gijsx, i, j = 1, . . . , n. (5.99)

This contravariant metric tensor can also be used for providing node clus-
tering in the zones of large variations of a function f(s), introducing for
this purpose an operator Z[grad f ] such that Z[grad f ](s) is large where
|grad f |(s) is small and vice versa.
Figure 5.8 illustrates adaptive domain grids generated through diffusion

equations (5.16) in the monitor metric (5.99) with a function v(s) that has
large values in the zones of grid clustering.

5.3.4 Monitor Metrics for Generating Balanced Grids.

For computing balanced numerical grids, that are field-aligned and adaptive
to the values of one function and/or to the variations of another function, a
natural way for defining a monitor metric consists in combining the covariant
or contravariant elements of the corresponding individual monitor metrics,
i.e. as

gsij(s) = ε1(s)g
al
ij + ε2(s)g

adg
ij + ε3(s)g

adv
ij , i, j = 1, . . . , n. (5.100)

or

gijs (s) = w1(s)g
ij
al + w2(s)g

ij
adg + w3(s)g

ij
adv, i, j = 1, . . . , n. (5.101)

where εi(s) ≥ 0 and wi(s) ≥ 0, i = 1, 2, 3 are weight functions specifying the
contribution of the covariant elements galij , g

adg
ij , and g

adv
ij or contravariant

elements gijal, g
ij
adg, and g

ij
adv, respectively. The marks al, adg and adv in these

formulas mean that the corresponding metric elements are chosen to grid
alignment, adaptation to gradients, and adaptation to values, respectively.
These metric elements were formulated above.
Figure 5.9 exhibits balanced grids adapting to the gradients of a function

and to a vector field (left-hand), and to the values of a function and to a
vector field (right-hand).
There may be other effective ways for combining the corresponding met-

ric components, in particular, for generating grids that are field-aligned and
adaptive to the values of a function v(s) good results are demonstrated by
the following contravariant elements of the monitor metric in the form (5.99):

gijs = Z[v](s)g
ij
al, i, j = 1, . . . , n. (5.102)

Figure 5.10 illustrates both the integral lines of a two-dimensional mag-
netic field (left-hand) and such a balanced grid aligned to the magnetic field
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Fig. 5.9. Examples of balanced grids.

Fig. 5.10. Magnetic vector field flux (left-hand) and a balanced grid (right-hand).

Fig. 5.11. Alignment and adaptation (left-hand) and scaled grid density (right-
hand).
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and adapted to the numerical error (right-hand) via the metric (5.102). Fig-
ure 5.11 exhibits a contour plot of alignment error for both alignment and
adaptation (left-hand) and scaled grid density (right-hand). The pictures of
Fig. 5.10 and Fig. 5.11 were performed by A. Glasser who used a spectral
element method for computing plasmas and diffusion grid equations (5.17)
in the metric (5.102) (see Glasser, Kitaeva, and Liseikin (2005), and Glasser
et al. (2005)).



6 Inverted Equations

In this chapter we establish some equivalent forms of the grid equations
with respect to the components si(ξ) of intermediate transformations (5.2)
using for this purpose the relations outlined in Chaps. 4–5. The equations
are obtained by inverting the comprehensive grid equations specified in (5.4)
and (5.16). The chapter also reviews the role of the mean curvature in the
grid equations and in measure of grid clustering.

6.1 General Forms of Equations

6.1.1 Relations to Beltrami Equations

Let si, i = 1, . . . , n, be a local coordinate system in a Riemannian manifold
Mn and gsij be its covariant metric tensor. Expanding the differentiation in

∆B[s
i] (formula (5.3)), we have

∆B[s
i] =

1
√
gs
∂

∂sj
(
√
gsgjis )

=
gjis√
gs
∂

∂sj
√
gs +

∂

∂sj
gjis , i, j = 1, . . . , n ,

(6.1)

where gs = det(gsij), g
ji
s is the (ji)-th contravariant metric element of M

n in

the coordinates s1, . . . , sn.
The application of (4.26) to the first item in the second line of this system

of equations yields

gjis√
gs
∂

∂sj
√
gs = gjis Υ

k
kj , i, j, k = 1, . . . , n ,

while for the second item we find from (4.25)

∂

∂sj
gjis = −g

ik
s Υ

j
kj − g

lj
s Υ

i
lj , i, j, k, l = 1, . . . , n .

Substituting these relations in (6.1) gives the following expression of ∆B[s
i]
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∆B[s
i] ≡ −gkjs Υ

i
kj , i, j, k = 1, . . . , n . (6.2)

Thus, assuming in (6.2) that ξ = s, the Beltrami equations in (5.4) formulated
for generating grids are as follows:

∆B[ξ
i] ≡ −gkjξ Υ

i
kj = 0 , i, j, k = 1, . . . , n . (6.3)

Note, the quantities in this formula are in the grid coordinates ξi, i =
1, . . . , n, in particular, the Christoffel symbols of the second kind are, in
accordance with (4.24), as

Υ ikj =
ξΥ ikj = g

im
ξ [kj,m]

ξ , i, j, k,m = 1, . . . , n .

Thus the grid equations (6.3) also have the following equivalent form

gkjξ g
im
ξ [kj,m]

ξ = 0 , i, j, k,m = 1, . . . , n .

Multiplying these equations by gξip gives the following equivalent grid system

gkjξ [kj, p]
ξ = 0 , j, k, p = 1, . . . , n . (6.4)

Let Mn be a regular surface Srn ⊂ Rn+l represented in the parametric
coordinates s1, . . . , sn by

r(s) : Sn → Rn+l , r(s) = [r1(s), . . . , rn+l(s)] , s = (s1, . . . , sn) ,

then, using in (6.4) the relations (4.27) with s = ξ, we find that the Beltrami
comprehensive grid equations in (5.4) with respect to the metric of the surface
Srn are equivalent to

gkjξ (rξkξj · rξi) = 0 , i, j, k = 1, . . . , n , (6.5)

where

rξkξj =
∂2r[s(ξ)]

∂ξk∂ξj
, j, k = 1, . . . , n , rξi =

∂r[s(ξ)]

∂ξi
, i = 1, . . . , n .

Note equations (6.5) mean that in the grid coordinates ξ1, . . . , ξn the
vector

gijξ rξiξj , i, j = 1, . . . , n ,

is orthogonal to the n-dimensional plane formed by the basic tangent vectors
rξi , i = 1, . . . , n consequently, it is orthogonal to the surface S

rn ⊂ Rn+l.
As

gijξ rξiξj +
1√
gξ

∂

∂ξj
(
√
gξgijξ )rξi

=
1√
gξ

∂

∂ξj
(
√
gξgijξ rξi) = ∆B[r] , i, j = 1, . . . , n ,
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we obtain, taking advantage of (5.5) that in the grid coordinates ξ1, . . . , ξn

gijξ rξiξj = ∆B[r] , i, j = 1, . . . , n , (6.6)

i.e. the vector∆B[r] being the same in arbitrary coordinates is also orthogonal
to the surface Srn ⊂ Rn+l. If l = 1, i.e. Srn ⊂ Rn+1 then there is defined the
mean curvature of Srn by the formula

Km =
1

n
gijξ rξiξj · n , i, j = 1, . . . , n ,

where n is a unit normal to Srn (see (4.66)). As ∆B[r] is a normal to S
rn we

can assume

n =
1

|∆B[r]|
∆B[r] , |∆B[r]| =

√
∆B[r] ·∆B[r] ,

hence with respect to this unit normal

Km =
1

n|∆B[r]|
∆B[r] ·∆B[r] =

1

n
|∆B[r]| . (6.7)

Notice ∆B[r] is an invariant of parametrizations of an arbitrary regular sur-
face Srn ⊂ Rn+l, l ≥ 1, so formula (6.7) can be considered as the mean
curvature of this surface as well. Thus using this formula (6.7) for the defini-
tion of the mean curvature of the regular surface Srn ⊂ Rn+l represented by
(4.1) we obtain from (6.6) that in the grid coordinates ξ1, . . . , ξn, satisfying
(5.4)

gijξ rξiξj = nKmn , i, j = 1, . . . , n , (6.8)

where n = ∆B[r]/|∆B [r]|.

6.1.2 Resolved Grid Equations

In general the systems of equations (6.4) and (6.5) are not resolved with
respect to the components si(ξ) of the intermediate transformation s(ξ). In
this section we establish some resolved forms of the grid equations convenient
for the implementation into numerical codes. Crucial for this purpose is a
basic elliptic operator.

Basic Elliptic Operator

The basic elliptic grid operator designated in local coordinates v = (v1, . . . , vn)
of the Riemannian manifold Mn by Lv is specified at an arbitrary twice-
differential function y(v) as

Lv[y] = gijv
∂2y

∂vi∂vj
, i, j = 1, . . . , n , (6.9)
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where gijv is the (ij)th element of the contravariant metric tensor of M
n in

the coordinates v1, . . . , vn. Note the value of the operator at y(v) is not an
invariant of parametrizations of Mn. The first line of equation (4.58) yields
the following relation between the basic elliptic and Beltrami operators:

Lv[y] = ∆B[y] + yvkg
ij
v Υ

k
ij , i, j, k = 1, . . . , n ,

while the application of (6.2) to this formula gives

Lv[y] = ∆B[y]− yvk∆B[v
k] , k = 1, . . . , n .

Assuming here that the coordinates v1, . . . , vn are the grid coordinates
ξ1, . . . , ξn satisfying (5.4) we obtain

Lξ[y] = ∆B[y] , (6.10)

i.e. in the grid coordinates the value of the basic elliptic operator at an ar-
bitrary function y(ξ) coincides with Beltrami’s second differential parameter
of this function.

Inverted Beltrami Equations

A general form of the inverted Beltrami grid equations in (5.4) resolved with
respect to the intermediate transformation s(ξ) is obtained after substituting
in (6.10) si(ξ) for y(ξ). Thus we have the following system of the inverted
Beltrami grid equations with respect to the components si(ξ), i = 1, . . . , n,

Lξ[si] = ∆B[s
i] , i = 1, . . . , n ,

i.e., using (6.9) and (5.3)

gkmξ
∂2si

∂ξk∂ξm
=
1
√
gs
∂

∂sj
(
√
gsgjis ), i, j, k,m = 1, . . . , n. (6.11)

As the value of the Beltramian operator is independent of the choice of
parametrizations we also find from (6.11)

Lξ[si] =
1√
gξ

∂

∂ξk

(√
gξgkpξ

∂si

∂ξp

)
, i, k, p = 1, . . . , n .

Another inference of equations (6.11) is carried out by multiplying the
system in (5.4) with ∂sl/∂ξi. Indeed this multiplication yields

∂

∂sj

(√
gsgjks

∂ξi

∂sk

)∂sl
∂ξi

=
∂

∂sj
(
√
gsgjls )−

√
gsgjks

∂2sl

∂ξi∂ξm
∂ξi

∂sk
∂ξm

∂sj

=
√
gs
(
∆B[s

l]− gimξ
∂2sl

∂ξi∂ξm

)
= 0 , i, j, k, l,m = 1, . . . , n ,

since (5.4), (4.15) and (4.18). We see that the equations in the last line are
identical to (6.11).
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Inverted Diffusion Equations

Similarly multiplying the system (5.16) by ∂sk/∂ξi yields the following in-
verted diffusion grid equations resolved with respect to sk(ξ) :

w[s(ξ)]Lξ[sk] =
∂

∂sj
[w(s)gjks ], j, k = 1, . . . , n, (6.12)

i.e. this system can be obtained from (6.11) after substituting w(s) for
√
gs,

and vice-versa, assuming in (6.12) w(s) =
√
gs yields equations (6.11).

6.1.3 Fluxes-Sources Equations

Finite-element and spectral-element methods are typically applied to the so-
lution of equations having fluxes-sources forms. This section establishes some
of these forms to the inverted grid equations.
As a system of grid equations with respect to the components si(ξ) of the

intermediate transformation (5.2) there can also be the system of the Euler-
Lagrange equations of the functional of grid smoothness (5.27) or diffusion
(5.51) rewritten with respect to the function s(ξ), i.e. in the form

I[s] =

∫
Ξn

F [s(ξ),
∂s

∂ξ1
, . . . ,

∂s

∂ξn
]dξ, (6.13)

where, for the functional (5.51),

F [s(ξ),
∂s

∂ξ1
, . . . ,

∂s

∂ξn
] = Jw[s(ξ)]gjms [s(ξ)]

∂ξk

∂sj
∂ξk

∂sm
, j, k,m = 1, . . . , n,

(6.14)

Of course we assume that w[s(ξ)] =
√
gs[s(ξ)] for the functional (5.27).

In (6.14) the Jacobian J = det(∂si/∂ξj) and the elements ∂ξl/∂sp, l, p =
1, . . . , n, of the matrix inverse to the Jacobi matrix (∂si/∂ξj) are the well-
known functions of the variables ∂sk/∂ξm, k,m = 1, . . . , n.
In accordance with (5.29) the components si(ξ) of the transformation s(ξ)

optimal to the functional (6.13) are subject to the Euler-Lagrange equations

Fsi −
∂

∂ξj

( ∂

∂(∂si/∂ξj)
F
)
= 0, i, j = 1, . . . , n. (6.15)

Availing us of the formulas of the tensor analysis yields

∂

∂(∂sk/∂ξj)
J = J

∂ξj

∂sk
, j, k = 1, . . . , n, (6.16)

and

∂

∂(∂sk/∂ξj)

∂ξl

∂sm
= −

∂ξj

∂sm
∂ξl

∂sk
, j, k, l,m = 1, . . . , n. (6.17)



166 6 Inverted Equations

In particular, the formula (6.16) follows from the relations

∂sk

∂ξm

(
J
∂ξm

∂sk

)
= J, k,m = 1, . . . , n, k fixed,

and
∂

∂(∂sk/∂ξj)

(
J
∂ξm

∂sk

)
= 0, k,m = 1, . . . , n, k fixed,

For obtaining formula (6.17) we see that

∂

∂(∂sm/∂ξi)

( ∂sl
∂ξp
∂ξp

∂sj

)
= δml

∂ξi

∂sj
+
∂sl

∂ξp
∂

∂(∂sm/∂ξi)

∂ξp

∂sj
= 0,

i, j, l,m, p = 1, . . . , n.

Multiplying these equations by ∂ξk/∂sl yields

∂ξk

∂sm
∂ξi

∂sj
= −

∂

∂(∂sm/∂ξi)

∂ξk

∂sj
, i, j, k,m = 1, . . . , n,

i.e. the equations (6.17).
Using the relations (6.16) and (6.17) we obtain for the function (6.14)

∂

∂(∂si/∂ξj)
F = F

∂ξj

∂si
− w(s)Jgkms

∂ξl

∂si

( ∂ξl
∂sm

∂ξj

∂sk
+
∂ξl

∂sk
∂ξj

∂sm

)
=

= F
∂ξj

∂si
− 2w(s)Jgjlξ

∂ξl

∂si
, i, j, k, l,m = 1, . . . , n.

(6.18)

Thus, taking advantage of (6.18) in (6.15) we find the following fluxes-sources
diffusion grid equations for the functional (6.13) with the integrand (6.14)

J
∂ξp

∂sk
∂ξp

∂sm
∂

∂si
[w(s)gkms ] =

∂

∂ξj

[
F
∂ξj

∂si
− 2w(s)Jgjmξ

∂ξm

∂si

]
,

i, j, k,m, p = 1, . . . , n. �
(6.19)

It is easily verified that the relations (6.18) for n = 1 and n = 2 become
as follows:

∂

∂(ds/dξ)
F = −

w(s)

gs(ds/dξ)2
, n = 1. (6.20)

∂

∂(∂si/∂ξj)
F = 2

w(s)

Jgs
gski
∂sk

∂ξj
− F
∂ξj

∂si
, i, j = 1, 2, n = 2. (6.21)

Therefore equation (6.19) for n = 1 is as

d

ds

[w(s)
gs

]dξ
ds
+
d

dξ

[w[s(ξ)]
gs

(dξ
ds

)2]
= 2
dξ

ds

d

dξ

[w[s(ξ)]
gs

dξ

ds

]
=

= −2
( gs

w[s(ξ)]

)2 ∂ξ
∂s

∂

∂ξ

[ gs

w[s(ξ)]

∂s

∂ξ

]
= 0.

(6.22)
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Analogously substituting (6.21) in (6.15) yields the following fluxes-sources
grid equations for n = 2

J
∂ξp

∂sk
∂ξp

∂sm
∂

∂si
[w(s)gkms ] =

∂

∂ξj

(
2w[s(ξ)]

gski
Jgs
∂sk

∂ξj
− F

∂ξj

∂si

)
,

i, j, k, l,m, p = 1, 2.

(6.23)

The corresponding fluxes-sources Beltrami grid equations for the func-
tional of the grid smoothness (5.27) written out with respect to the interme-
diate transformation s(ξ), i.e.

I[s] =

∫
Ξn

(√
gsgjks

∂ξi

∂sj
∂ξi

∂sk

)
Jdξ,

are obtained by substituting
√
gs for w(s) in the equations (6.19), (6.22), and

(6.23).
Note the inverted equations (6.12) and the fluxes-sources equations (6.19)

are equivalent if the transformation s(ξ) is not singular. This fact follows from
a relation connecting the Euler-Lagrange equations for a general functional

I[ξ] =

∫
Sn

F
[
s,
∂ξ

∂s1
, . . . ,

∂ξ

∂sn

]
ds, (6.24)

and for the same functional with respect to the inverted transformations s(ξ)

I[s] =

∫
Ξn

F
[
s(ξ),

∂ξ

∂s1
, . . . ,

∂ξ

∂sn

]
Jdξ. (6.25)

Indeed, using the relations (6.16) and (6.17) gives the following Euler-
Lagrange equations for the functional (6.25)

JFsi −
∂

∂ξj

(
FJ
∂ξj

∂si

)
+
∂

∂ξj

(
J
∂ξj

∂sm
∂ξk

∂si
∂

∂(∂ξk/∂sm)
F
)
= 0,

i, j, k,m = 1, . . . , n.

(6.26)

Since
∂

∂ξj

(
J
∂ξj

∂sm

)
= 0, j,m = 1, . . . , n,

we find from (6.26)

JFsi−J
∂F

∂si
+J

∂

∂sm

(∂ξk
∂si

∂

∂(∂ξk/∂sm)
F
)
= J
∂ξk

∂si
∂

∂sm

( ∂

∂(∂ξk/∂sm)
F
)
= 0.

Multiplying this system by (∂si/∂ξl)/J gives the Euler-Lagrange equations
for the functional (6.24). �
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One more form of the fluxes-sources diffusion grid equations is obtained
if we use the following relation of the tensor analysis

∂Ai

∂si
=
1

J

∂

∂ξj
(JÃj), i, j = 1, . . . , n, (6.27)

where

Ãj = Ak
∂ξj

∂sk
, j, k = 1, . . . , n.

Assuming

Am = w(s)gmks
∂ξi

∂sk
, i, k,m = 1, . . . , n,

we find

Ãj = w[s(ξ)]gmks
∂ξi

∂sk
∂ξj

∂sm
= w[s(ξ)]gijξ , i, j, k,m = 1, . . . , n.

So, in accordance with (6.27), the diffusion grid equations (5.16), as well as
(6.19), are equivalent to the following fluxes-sources diffusion grid equations

∂

∂ξj
{Jw[s(ξ)]gijξ } = 0, i, j = 1, . . . , n, (6.28)

(see also (5.17)).
Substituting here

√
gs for w(s) yields the fluxes-sources Beltrami grid

equations noted above by the formula (5.5).
In the two-dimensional case the equations (6.28) are as follows:

∂

∂ξj
F ji = 0, i, j = 1, 2, (6.29)

where

F 11 =
w[s(ξ)]

J

[
g11s

(∂s2
∂ξ2

)2
+ g22s

(∂s1
∂ξ2

)2
− 2g12s

∂s1

∂ξ2
∂s2

∂ξ2

]
,

F 22 =
w[s(ξ)]

J

[
g11s

(∂s2
∂ξ1

)2
+ g22s

(∂s1
∂ξ1

)2
− 2g12s

∂s1

∂ξ1
∂s2

∂ξ1

]
,

F 21 = F
1
2 =

w[s(ξ)]

J

[
−g11s

∂s2

∂ξ1
∂s2

∂ξ2
− g22s

∂s1

∂ξ1
∂s1

∂ξ2
+ g12s

(∂s1
∂ξ1
∂s2

∂ξ2
+
∂s1

∂ξ2
∂s2

∂ξ1

)]
.

6.2 Equations for Classical Monitor Metrics

In this section the inverted grid equations are written for some special monitor
metrics realizing the popular grid equations discussed in Sect. 5.1.6.
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6.2.1 Domain Grid Equations for a Diagonal Monitor Metric

Inverted Beltrami Equations

Euler Metric.

Let both Sxn and the monitor manifold be a domain Sn, i.e.

gsij = g
ij
s = δ

i
j , i, j = 1, . . . , n. (6.30)

In this case the inverted Beltrami grid equations (6.11) become the well-
known Winslow grid equations

gkmξs
∂2si

∂ξk∂ξm
= 0, i, k,m = 1, . . . , n, (6.31)

where

gkmξs =
∂ξk

∂sl
∂ξm

∂sl
, k, l,m = 1, . . . , n,

are the elements of the contravariant Euclidean metric tensor of Sn in the
grid coordinates ξi, . . . , ξn.

Spherical Metric.

If the monitor metric gsij of a monitor manifold M
n over a domain Sn is a

spherical one, i.e. in the Cartesian coordinates s1, . . . , sn of Sn it is of the
form

gsij = v(s)δ
i
j , i, j = 1, . . . , n , v(s) > 0 , (6.32)

then

gs = [v(s)]n, gijs =
1

v(s)
δij , i, j = 1, . . . , n ,

so, in accordance with (5.3),

∆B[s
k] =

1

[v(s)]n/2
∂

∂sj

{
δjk[v(s)]

n/2−1
}
=
n− 2

2(v(s))2
∂v

∂sk
,

i, j, k = 1, . . . , n .

Therefore the inverted Beltrami grid equations (6.11), in the spherical metric
(6.32), have the following form

Lξ[si] =
n− 2

2[v(s)]2
∂v

∂sk
, k = 1, . . . , n . (6.33)

Since the rule (4.15)

gimξ = g
kj
s

∂ξi

∂sk
∂ξm

∂sj
=
1

v(s)
gimξs , i, j, k,m = 1, . . . , n , (6.34)
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therefore we readily see that the basic operator specified by (6.9) in the metric
(6.32) is as follows:

Lξ[y] =
1

v(s)
gimξs

∂2y

∂ξi∂ξm
, i,m = 1, . . . , n .

So (6.33) is also expressed as follows:

gimξs
∂2sk

∂ξi∂ξm
=
n− 2

2v(s)

∂v

∂sk
, i, k,m = 1, . . . , n . (6.35)

As
n− 2

2v(s)

∂v

∂si
=
1

f(s)

∂f

∂si
, i = 1, . . . , n ,

where
f(s) = [v(s)](n−2)/2 ,

we find, using (6.35),

gijξs
∂2sk

∂ξi∂ξj
−
1

f

∂f

∂sk
= 0 , i, j, k = 1, · · · , n . (6.36)

Availing us of the relation (2.24), we have

∂f

∂sk
=
∂f

∂ξi
∂ξi

∂sk
= gijξs

∂f

∂ξi
∂sk

∂ξj
.

Therefore we obtain that the system (6.36) has also the following equivalent
form

gijξs

( ∂2sk
∂ξi∂ξj

−
1

f

∂f

∂ξi
∂sk

∂ξj

)
= fgijξs

∂

∂ξi

( 1
f

∂sk

∂ξj

)
= 0 .

Thus we have a more compact form in comparison with (6.36) of the inverted
Beltrami grid equations in the spherical metric (6.32):

gijξs
∂

∂ξi

( 1
f

∂sk

∂ξj

)
= 0 , i, j, k = 1, . . . , n . (6.37)

Note f(s) ≡ 1 for n=2 hence these equation for n=2 are equivalent to the
Winslow equations (6.31) regardless of the form of v(s).

General Diagonal Metric.

For the monitor metric (5.22) we get

∆B[s
i] =

1
√
gs
∂

∂si

( √gs
vi(s)

)
, i = 1, . . . , n , i fixed.

Therefore equations (6.11) become the following inverted Beltrami grid equa-
tions with respect to the monitor metric (5.22)
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gpmξ
∂2si

∂ξp∂ξm
=
1
√
gs
∂

∂si

( √gs
vi(s)

)
, i,m, p = 1, . . . , n , i fixed , (6.38)

where

gpmξ =
1

vk(s)
δki δ

k
j

∂ξp

∂si
∂ξm

∂sj
=

1

vk(s)

∂ξp

∂sk
∂ξm

∂sk
, i, j, k,m, p = 1, . . . , n .

(6.39)

In the two-dimensional case we have from (6.38)

gpmξ
∂2si

∂ξp∂ξm
=

1√
v1(s)v2(s)

∂

∂si
Gi(s) , i,m, p = 1, 2 , i fixed , (6.40)

where
G1(s) =

√
v2(s)/v1(s) , G2(s) = 1/G1(s) .

As
gξ = det(gξij) = g

sJ2, J = det(∂si/∂ξk),

and in the two-dimensional case

gpmξ = (−1)p+m
1

gξ
gξ3−p3−m , m, p = 1, 2 , m, p fixed ,

so the system (6.40) is equivalent to

gξ22
∂2si

∂ξ1∂ξ1
− 2gξ12

∂2si

∂ξ1∂ξ2
+ gξ11

∂2si

∂ξ2∂ξ2
= J2

√
gs
∂

∂si
Gi(s) ,

i = 1, 2 , i fixed .

(6.41)

where

gξij = g
s
lm

∂sl

∂ξi
∂sm

∂ξj
= vk(s)δkl δ

k
m

∂sl

∂ξi
∂sm

∂ξj
= vk(s)

∂sk

∂ξi
∂sk

∂ξj
, i, j, k, l,m = 1, 2.

The system (6.11) in the metric (5.22) can also be transformed to a more
compact form, similarly to the form of equations (6.37) in the metric (6.32).
For finding this form we note that

∂ξi

∂sm
= gpts

∂ξi

∂sp
∂ξj

∂st
∂sb

∂ξj
gsbm = g

ij
ξ g
s
bm

∂sb

∂ξj
, b, i, j,m, p, t = 1, . . . , n ,

therefore

1
√
gs
∂

∂ξi
(
√
gsgmks )

∂ξi

∂sm
= gijξ

1
√
gs
gsbm
∂sb

∂ξj
∂

∂ξi
(
√
gsgmks )

b, i, j, k,m = 1, . . . , n .

Availing us of these relations in (6.11) yields the following equivalent inverted
Beltrami equations
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gijξ

[ ∂2sk
∂ξi∂ξj

−
1
√
gs
gsbm

∂

∂ξi
(
√
gsgmks )

∂sb

∂ξj

]
= 0 , b, i, j, k,m = 1, . . . , n ,

(6.42)

Now if the monitor metric gsbm is diagonal, i.e. g
s
bm = 0, b �= m, then

gbms = 0 b �= m gmms = 1/gsmm, m fixed,

so equations (6.42) become

gijξ

[ ∂2sk
∂ξi∂ξj

−
1

√
gsgkks

∂

∂ξi
(
√
gsgkks )

∂sk

∂ξj

]
=

√
gsgkks g

ij
ξ

∂

∂ξi

( gskk√
gs
∂sk

∂ξj

)
= 0 , i, j, k = 1, . . . , n , k fixed .

Therefore the inverted Beltrami grid equations (6.11) with respect to the
metric (5.22) are also equivalent to the following equations

gijξ
∂

∂ξi

(vk(s)√
gs
∂sk

∂ξj

)
= 0 , i, j, k = 1, . . . , n , k fixed , (6.43)

while in the two-dimensional case they, analogously to (6.41), have the fol-
lowing form

gξ22
∂

∂ξ1

( 1

Gi(s)

∂si

∂ξ1

)
− gξ12

[ ∂
∂ξ1

( 1

Gi(s)

∂si

∂ξ2

)
+
∂

∂ξ2

( 1

Gi(s)

∂si

∂ξ1

)]
+

+gξ11
∂

∂ξ2

( 1

Gi(s)

∂si

∂ξ2

)
= 0 , i = 1, 2 , i fixed .

(6.44)

Inverted Diffusion Equations

Availing us of (6.34) we obtain that the inverted diffusion grid equations
(6.12) with respect to the spherical monitor metric (6.32) (in particular
(6.30)) have the form (6.37) with f(s) = v(s)/w(s), i.e.

gijξs
∂

∂ξi

(w(s)
v(s)

∂sk

∂ξj

)
= 0, i, j, k = 1, . . . , n, (6.45)

while for the general diagonal monitor metric (5.22) they, similarly to (6.43),
are as follows:

gijξ
∂

∂ξi

( w(s)
vk(s)

∂sk

∂ξj

)
= 0, i, j, k = 1, . . . , n, k fixed. (6.46)
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Fluxes-Sources Equations

The fluxes-sources diffusion grid equations (6.19) with respect to the spherical
metric (6.32) have the following form

Jgkkξs
∂

∂si

[w(s)
v(s)

]
=
∂

∂ξj

{w[s(ξ)]
v[s(ξ)]

J
(
gllξs
∂ξj

∂si
− 2gjmξs

∂ξm

∂si

)}
,

i, j, k, l,m = 1, . . . , n.

(6.47)

In the two-dimensional case equations (6.23) with respect to the metric
(6.32) are transformed to

Jgkkξs
∂

∂si

[w(s)
v(s)

]
=
∂

∂ξj

{w[s(ξ)]
v[s(ξ)]

( 2
J

∂si

∂ξj
− Jgllξs

∂ξj

∂si

)}
,

i, j, k, l = 1, 2.

(6.48)

Substituting in (6.47) and (6.48)
√
gs = [v(s)]n/2 for w(s) yields the cor-

responding fluxes-sources Beltrami grid equations in the metric (6.32). Also
assuming in (6.47) and (6.48) v(s) = 1 gives the corresponding fluxes-sources
diffusion grid equations with respect to the metric (6.32). When addition-
ally w(s) = 1 these equations become the fluxes-sources Winslow equations,
equivalent to (6.31).
The fluxes-sources equations (6.28) in the metric (6.32) are as follows:

∂

∂ξj

(
J
w(s)

v(s)
gijξs

)
= 0, i, j = 1, . . . , n. (6.49)

In the general monitor metric (5.22) the fluxes-sources grid equations
(6.19) and (6.28) are

J
∂ξp

∂sk
∂ξp

∂sk
∂

∂si

[ w(s)
vk(s)

]
=
∂

∂ξj

[
J
w(s)

vm(s)

∂ξk

∂sm

( ∂ξk
∂sm

∂ξj

∂si
− 2
∂ξj

∂sm
∂ξk

∂si

)]
,

i, j, k,m, p = 1, . . . , n,

(6.50)

and

∂

∂ξj

[
J
w(s)

vk(s)

∂ξi

∂sk
∂ξi

∂sk

]
= 0, i, j, k = 1, . . . , n, (6.51)

respectively.

6.2.2 Domain Grid Equations with Respect to the Metric of a
Monitor Surface

Inverted Beltrami Equations

Let the physical domain Xn be identified with the parametric domain Sn

while the intermediate transformation
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s(ξ) : Ξn → Sn

for generating a grid in Xn be determined as the inverse of the map

ξ(s) : Sn → Ξn

satisfying (5.4) with respect to the metric of a monitor surface Srn over the
domain Sn. If the monitor surface Srn over the domain Xn is formed by
a vector-valued monitor function f(x) = [f1(x), . . . , f l(x)] then, assuming
s = x, the parametrization of Srn is determined by

r(s) : Sn → Rn+l , r(s) = {s, f(s)} .

Hence in the grid coordinates ξ1, . . . , ξn we obtain

gξij = sξi · sξj + fξi · fξj , i, j = 1, . . . , n ,

rξmξj = (sξmξj , fξmξj ) , j,m = 1, . . . , n ,

rξk = (sξk , fξk) , k = 1, . . . , n ,

where for a function v(s)

vξi =
∂v[s(ξ)]

∂ξi
, vξmξj =

∂2v[s(ξ)]

∂ξm∂ξj
, j,m = 1, . . . , n .

Therefore, in this case, the grid system (6.5) is as follows:

gmjξ (sξmξj · sξk + fξmξj · fξk) = 0 , j, k,m = 1, . . . , n , (6.52)

and the multiplication of this system by ∂ξk/∂si yields the following inverted
grid equations, with respect to si(ξ), i = 1, . . . , n,

gmjξ

( ∂2si

∂ξm∂ξj
+ fξmξj · fsi

)
= 0 , i, j,m = 1, . . . , n , (6.53)

where

fsi =
∂f [s]

∂si
, i = 1, . . . , n .

The coefficients gmjξ in (6.53) are computed by the formula

gmjξ = giks
∂ξm

∂si
∂ξj

∂sk
, i, j, k,m = 1, . . . , n,

where the contravariant metric elements gijs of the monitor surface S
rn are

described by formula (5.68).
Using the definition of the basic operator Lξ, specified by (6.9), the system

(6.53) is rewritten in the form
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Lξ[si] + fksiL
ξ[fk] = 0 , i = 1, . . . , n , k = 1, . . . , l . (6.54)

Note, if ξ1, . . . , ξn are the coordinates satisfying (5.4) and consequently
(5.5) then for a function v(ξ)

Lξ[v] ≡ gmjξ
∂2v

∂ξm∂ξj
=
1√
gξ

∂

∂ξj

(√
gξgjmξ

∂v

∂ξm

)
= ∆B[v] ,

j,m = 1, . . . , n ,

so the system (6.54) also has the following equivalent forms

Lξ[si] + fksi∆B[f
k] = 0 , i = 1, . . . , n , k = 1, . . . , l . (6.55)

Note ∆B[f
p] is independent of a parametrization of Srn over Sn therefore

it can be computed in an arbitrary coordinate system, in particular, in the
parametric coordinates s1, . . . , sn.
If we consider in Sn new curvelinear coordinates v = (v1, . . . , vn), v ∈ V n

connected with the Cartesian coordinates s = (s1, . . . , sn) by the relations

v(s) : Sn → V n , s(v) : V n → Sn ,

then the parametrization of the monitor surface Srn in the coordinates
v1, . . . , vn is as follows:

r1(v) : V
n → Rn+l , r1(v) = {s(v), f [s(v)]} .

Therefore the grid equations equivalent to (6.53) and resolved with respect
to the functions vi(ξ) can be obtained from (6.11). Using (6.2), (4.24), and
(4.27) in (6.11) gives these equations the form

gijξ
∂2vp

∂ξi∂ξj
= −gijv g

pm
v (svivj · svm + fvivj · fvm) ,

i, j,m, p = 1, . . . , n ,

(6.56)

where

fvivj =
∂2f [s(v)]

∂vi∂vj
, fvm =

∂f [s(v)]

∂vm
.

Availing us of the notion of the basic elliptic operator (6.9) this system is
transformed to

Lξ[vp] = −gmpv (s
i
vmL

v[si] + fkvmL
v[fk]) ,

i,m, p = 1, . . . , n , k = 1, . . . , l .

Note, in general, equations (6.56) are more complicated than (6.53) and
(6.54).
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The system (6.53) is a special equivalent form of the general inverted
Beltrami grid equations (6.11), valid for the metric of the monitor surface
Srn over the domain Sn. The general equations (6.11) for this metric are as
follows:

gmjξ
∂2si

∂ξm∂ξj
=
1
√
gs
∂

∂sp

(√
gsgpis

)
, i, j,m, p = 1, . . . , n , (6.57)

where, in accordance with (5.68) and (5.69)

gijs = δ
i
j − dabf

a
sif
b
sj , i, j = 1, . . . , n, a, b = 1, . . . , l,

gs = det(dab), dab = δab + f
a
sif
b
si , i = 1, . . . , n, a, b = 1, . . . , l,

(dab) is the matrix inverse to the matrix (d
ab).

Inverted Diffusion Equations

The inverted diffusion grid equations with respect to the metric of the monitor
surface Srn over a domain Sn are described by the formula (6.12) where the
contravariant metric elements are computed by (5.68).

Fluxes-Sources Equations

Analogously the fluxes-sources grid equations for the monitor metric (6.87)
are of the form (6.19) and (6.28) with the contravariant metric elements
(5.68).

6.2.3 Surface Grid Equations for Some Special Monitor Metrics

Inverted Beltrami Equations

For generating a fixed grid on the surface Sxn represented by (5.1) there are
usually applied the Beltrami equations in (5.4) with respect to the metric of
Sxn, i.e. gsij = g

xs
ij , where

gxsij = xsi · xsj , i, j = 1, . . . , n. (6.58)

Consequently the inverted Beltrami equations (6.11) with respect to the met-
ric (6.58) are as follows:

gijξx
∂2sk

∂ξi∂ξj
=

1
√
gxs

∂

∂sm
(
√
gxsgmksx ), i, j, k,m = 1, . . . , n, (6.59)

where gxs = det(gxsij ), while g
km
sx and g

ij
ξx are contravariant metric elements

of Sxn in the coordinates s1, . . . , sn and ξ1, . . . , ξn, respectively.
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Surface grid equations analogous to the domain grid equations (6.33) are
also readily obtained for the following monitor metric

gsij = v(s)g
xs
ij , i, j = 1, . . . , n , v(s) > 0 , (6.60)

which is a particular case of the general form (5.58), namely, with z(s) =
v(s), F ki (s) = 0. Since, for the metric (6.60),

gijs =
1

v(s)
gijsx , i, j = 1, . . . , n ,

gs = [v(s)]ngxs , gxs = det(gxsij ) ,

the original grid equations ∆B[ξ
i] = 0 in (5.4) with respect to ξi(s), i =

1, . . . , n, in the metric (6.60) are equivalent to

∂

∂sj

{√
gxs[v(s)](n−2)/2gjkxs

∂ξi

∂sj

}
= 0 , i, j, k = 1, . . . , n .

These equations for n = 2 are equivalent to the Beltrami equations with
respect to the metric gxsij of the physical geometry S

xn regardless of v(s).
Consequently the inverted Beltrami equations in the metric (6.60) for n = 2
are the equations (6.59).
In accordance with (5.3) we find for the metric (6.60)

∆B[s
i] =

1

v(s)
∆xB[s

i] +
n− 2

2[v(s)]2
∂v

∂sk
gkisx , i, k = 1, . . . , n ,

where ∆xB is the operator of Beltrami with respect to the metric g
xs
ij of the

geometry Sxn i.e. for a function b(s)

∆xB[b] =
1
√
gx
∂

∂sm

(√
gxgmksx

∂b

∂sk

)
, k,m = 1, . . . , n .

Similarly to (6.36) we obtain, using (6.11), the following system of the
inverted Beltrami grid equations in the metric (6.60) resolved with respect
to si(ξ)

gkmξx
∂2si

∂ξk∂ξm
= ∆xB[s

i] +
1

f(s)

∂f

∂sk
gkisx

= ∆xB[s
i] +

1

f(s)

∂v

∂ξk
gkmξx

∂si

∂ξm
, i, k,m = 1, · · · , n ,

(6.61)

where
f(s) = [v(s)](n−2)/2 .

In the same way as it was made for (6.37) one can derive a more compact
form of the grid equations (6.61)

gkmξx
∂

∂ξk

( 1
f(s)

∂si

∂ξm

)
=
1

f(s)
∆xB[s

i] , i, k,m = 1, · · · , n . (6.62)
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Inverted Diffusion and Beltrami Equations

It is easily found that the inverted diffusion grid equations (6.12) in the
monitor metric (6.60) are of the form

w[s(ξ)]

v[s(ξ)]
gkmξx

∂2si

∂ξk∂ξm
=
∂

∂sj

[w(s)
v(s)
gjisx

]
, i, j, k,m = 1, . . . , n. (6.63)

These equations become the inverted Beltrami equations in the metric
(6.60) when w(s) =

√
gs = [v(s)]n/2

√
gxs.

Fluxes-Sources Equations

For the diffusion fluxes-sources surface equations in the monitor metric (6.60)
we, similarly to (6.47) and (6.48), readily obtain from (6.19) and (6.23) the
following equations

Jgkkξs
∂

∂sj

[w(s)
v(s)
gjisx

]
=
∂

∂ξi

[w[s(ξ)]
v[s(ξ)]

J
(
gllξx
∂ξj

∂si
− 2gjmξx

∂ξm

∂si

)]
,

i, j, k, l,m = 1, . . . , n,

(6.64)

and

Jgkkξs
∂

∂sj

[w(s)
v(s)
gjisx

]
=
∂

∂ξi

[w[s(ξ)]
v[s(ξ)]

(
2
gxski
Jgxs

∂sk

∂ξi
− gllξx

∂ξj

∂si

)]
,

i, j, k, l = 1, 2,

(6.65)

respectively.
Analogously the fluxes-sources surface grid equations (6.28) in the metric

(6.60) are as follows:

∂

∂ξj

(w(s)
v(s)
gijξx

)
= 0, i, j = 1, . . . , n. (6.66)

The equations (6.64), (6.65), and (6.66) after the substitution
√
gs for

w(s) become the Beltrami fluxes-sources equations.

6.2.4 Surface Grid Equations with Respect to the Metric of a
Monitor Surface

General Inverted Beltrami Equations

If the monitor surface Srn over a surface Sxn represented by

x(s) : Sn → Rn+n1 , x = (x1, . . . , xn+n1) , (6.67)
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is formed by a monitor function f(x) = (f1(x), . . . , f l(x)), i.e. its parametriza-
tion in the coordinates s1, . . . , sn is as follows:

r(s) : Sn → Rn+n1+l , r(s) = {x(s), f [x(s)]} , (6.68)

then, in the grid coordinates ξ1, . . . , ξn,

gξij = g
xξ
ij + fξi · fξj , i, j = 1, . . . , n ,

gxξij = xξi · xξj , i, j = 1, . . . , n ,

rξmξj = (xξmξj , fξmξj ) , j,m = 1, . . . , n ,

rξi = (xξi , fξi) , i = 1, . . . , n ,

(6.69)

where gξij and g
xξ
ij are the covariant metric tensors of S

rn and Sxn, respec-
tively. Consequently the grid equations (6.5) are as follows:

gmjξ (xξmξj · xξk + fξmξj · fξk) = 0 , j, k,m = 1, . . . , n . (6.70)

Since

xξmξj · xξk =
∂

∂ξm

( ∂x
∂sp
∂sp

∂ξj

)
·
∂x

∂sa
∂sa

∂ξk

=
( ∂2sp
∂ξm∂ξj

gxsap +
∂2x

∂sp∂sb
·
∂x

∂sa
∂sp

∂ξj
∂sb

∂ξm

)∂sa
∂ξk
,

a, b, j, k,m, p = 1, . . . , n ,

we obtain, after multiplying the system (6.70) by (∂ξk/∂sb)gbisx,

gmjξ (xξmξj · xξk + fξmξj · fξk)
∂ξk

∂sb
gbisx

= gmjξ

( ∂2si

∂ξm∂ξj
+ fξmξj · fsbg

bi
sx

)
+ gpjs (xspsj · xsb)g

bi
sx = 0 ,

b, i, j, k,m = 1, . . . , n .

(6.71)

Taking into account that

(xspsj · xsb)g
bi
sx =

xΥ ipj , i, j, p = 1, . . . , n ,

where xΥ ipj is the Christoffel symbol of the second kind of the surface S
xn in

the coordinates s1, . . . , sn, we obtain from (6.71) that the grid system (6.70)
resolved with respect to si(ξ), i = 1, . . . , n, has the following form

gmjξ

( ∂2si

∂ξm∂ξj
+ fξmξj · fsbg

bi
sx

)
= −gpjs

x
Υ ipj , b, i, j,m, p = 1, . . . , n , (6.72)
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Analogously to (6.10) we get, in the grid coordinates ξ1, . . . , ξn,

gmjξ
∂2f

∂ξm∂ξj
= Lξ[f ] = ∆B[f ] , j,m = 1, . . . , n ,

therefore equations (6.72) are also expressed as

Lξ[si] +∆B[f
k]
∂fk

∂sb
gbisx = −g

pj
s
x
Υ ipj ,

b, i, j, p = 1, . . . , n , k = 1, . . . , l .

(6.73)

Simplified Equations

Equations (6.72) and (6.73) are more complicated in comparison with the
equations (6.53) prescribed for generating grids in domains. So they may be
less malleable for the implementation into numerical codes in the case when
the process of grid generation on a surface Sxn is coupled with the compu-
tation of the points of this surface and the monitor function f(x) since the
quantities ∆B[f

k] and xΥ ipj in (6.72) and (6.73) include the second deriva-

tives with respect to si, i = 1, . . . , n of the function f [x(s)] and the surface
parametrization x(s). However, we can come to the equations of the simpler
form (6.53) for generating grids on the surface Sxn if we consider as a monitor
function over Sxn the following function

f1(s) = {s, f [x(s)]} . (6.74)

The monitor surface Sr1n over Sxn with this monitor function f1(s) is repre-
sented by the parametrization

r1(s) : S
n → Sr1n , r1(s) = {x(s), s, f [x(s)]} . (6.75)

Note the monitor surface Sr2n over Sn with the monitor function f2(s) =
{x(s), f [x(s)]}, and represented correspondently by

r2(s) : S
n → Sr2n , r2(s) = {s,x(s), f [x(s)]} , (6.76)

has the same metric tensor as the surface Sr1n. Hence the equations for gen-
erating the intermediate transformation s(ξ) : Ξn → Sn with these monitor
surfaces are identical and have, in accordance with (6.53), the following form

gmjξ

( ∂2si

∂ξm∂ξj
+ xξmξj · xsi + fξmξj · fsi

)
= 0 , i, j,m = 1, . . . ,m , (6.77)

where gmjξ are the contravariant metric elements of the monitor surface Sr2n

in the grid coordinates ξ1, . . . , ξn. Note, for the covariant metric tensor of
Sr2n in these coordinates we have

gξij =
∂s(ξ)

∂ξi
·
∂s(ξ)

∂ξj
+
∂x[s(ξ)]

∂ξi
·
∂x[s(ξ)]

∂ξj
+
∂f{x[s(ξ)]}

∂ξi
·
∂f{x[s(ξ)]}

∂ξj
,

i, j = 1, . . . , n .
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Using the notion of the basic elliptic operator (6.9) the equations (6.77)
also have the form

Lξ[si] + xp
si
Lξ[xp] + fksiL

ξ[fk] = 0 ,

i = 1, . . . , n , p = 1, . . . , n+ n1 , k = 1, . . . , l .
(6.78)

Equations (6.77) or (6.78) with respect to the components si(ξ), i =
1, . . . , n, of the intermediate transformation s(ξ) include the first derivatives
only of the functions x(s) and f [x(s)] in si, i = 1, . . . , n, , therefore they are
more convenient for the implementation into numerical codes in comparison
with the equations (6.72) and (6.73). Remind, the grid in Sxn is obtained
by mapping with x(s) a grid in Sn generated through the values of the
intermediate transformation s(ξ) at the points of a reference grid.
Instead of (6.76) we can also use the parametrization r1(s) in the form

r1(s) = [Nx(s), s, Nf(s)]

where N is some positive constant. With respect to this parametrization the
equations (6.77) are as follows:

gmjξ

( ∂2si

∂ξm∂ξj
+N2xξmξj · xsi +N

2fξmξj · fsi
)
= 0 , i, j,m = 1, . . . ,m .

(6.79)

It is obvious that the difference between the solutions of (6.79) and (6.72) is
lessened when N is increased.
Note that, similarly to (6.41), the equations (6.79) also have the following

form

Lξ[si] +N2Lξ[xj ]
∂xj

∂si
+N2Lξ[fk]

∂fk

∂si
= 0 ,

i = 1, . . . , n , j = 1, . . . , n+ n1 , k = 1, . . . , l .

(6.80)

Inverted Diffusion Equations

In general case when w(s) �=
√
gs the inverted diffusion grid equations (6.12)

in the metric of the monitor surface Srn do not have the form (6.53). Their
expressions are computed by substituting in (6.12) the formulas (5.67) for
the contravariant elements of the monitor metric of Srn.

Fluxes-Sources Equation

Similarly to the inverted diffusion grid equations, the fluxes-sources grid equa-
tions in the metric of the monitor surface Srn over the physical surface Sxn

are obtained from (6.19), (6.23), and (6.28) where the contravariant metric
elements gijs and Jacobian g

s = det(gsij) are computed by the formulas (5.67)
and (5.69), respectively.
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6.3 Role of the Mean Curvature

This section shows how the mean curvature, which is one of the abstract
geometric characteristics reviewed in Chap. 4, is involved in grid generation
technologies.

6.3.1 Mean Curvature and Inverted Beltrami Grid Equations

General Formulas

In the case of a regular surface Srn ⊂ Rn+1 defined by the parametrization

r(s) : Sn → Rn+1 , r(s) = [r1(s), . . . , rn+1(s)] ,

with its natural metric elements gsij specified in the coordinates s
1, . . . , sn as

gsij = rsi · rsj , i, j = 1, . . . , n ,

we have, from (6.2), (4.22), and (4.24),

∆B[s
i] = −gkjs Υ

i
kj = −g

kj
s g

im
s (rsksj · rsm) , i, j, k,m = 1, . . . , n . (6.81)

Now remind that the quantity

Km =
1

n
gkjs rsksj · n , j, k = 1, . . . , n , (6.82)

where n is an (n+ 1)-dimensional unit normal vector to Srn in Rn+1, is the
mean curvature of the monitor surface Srn with respect to this normal n.
Note the mean curvature with respect to the same normal is an invariant

of parametrizations of Srn.
It appears that the mean curvature of Srn is connected with the parametriza-

tion r(s) : Sn → Srn ⊂ Rn+1 by the following relation

∆B[r] = nKmn , (6.83)

where n is the same vector used in (6.82). Indeed we have

∆B[r] =
1
√
gs
∂

∂sj
(
√
gsggis rsi) = g

ji
srrsjsi +∆B[s

k]rsk ,

i, j, k = 1, · · · , n ,

(6.84)

and applying the relation (6.81) to the last item of (6.84) we obtain

∆B[r] = g
ji
sr[rsjsi − g

mk
sr (rsjsi · rsm)rsk ] , i, j, k,m = 1, · · · , n . (6.85)

Now taking into account equation (2.6), yielding that the expansion of the
vector rsisj in the basis (rs1 , · · · , rsn ,n) is expressed as
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rsisj = g
mk
sr (rsisj · rsm)rsk + (rsisj · n)n ,

we find, applying this expansion to (6.85) and using (6.82),

∆B[r] = g
ji
sr(rsjsi · n)n = nKmn , i, j = 1, · · · , n ,

i.e. equation (6.83) is valid. Consequently from the relation (6.84) we obtain

gjisrrsjsi +∆B[s
k]rsk = nKmn , i, j, k = 1, · · · , n . (6.86)

This formula is valid in arbitrary coordinates, in particular, in the grid co-
ordinates ξ1, · · · , ξn satisfying the Beltrami equations in (5.4) it results in
(6.8).

Application to a Monitor Surface over a Domain

Let the parametric transformation r(s) for Srn be specified as r(s) = [s, f(s)]
with a scalar-valued monitor function f(s). Then Srn ⊂ Rn+1 is a monitor
surface over Sn, whose covariant metric tensor in the coordinates s1, . . . , sn

is computed as

gsij = rsi · rsj = δ
i
j + fsifsj , i, j = 1, · · · , n . (6.87)

Taking advantage of (5.68) for l = 1 we find

gims fsm =
(
δim −

1

gs
fsifsm

)
fsm =

(
1−

1

gs
fsmfsm

)
fsi =

1

gs
fsi ,

i,m = 1, . . . , n .

(6.88)

since in accordance with (5.69)

gs = 1 + fsmfsm , m = 1, . . . , n.

So, using (6.2), we conclude that in the metric (6.87)

∆B[s
i] = −gkjs g

im
s fsksjfsm = −

1

gs
gkjs fsksjfsi , i, j, k,m = 1, . . . , n . (6.89)

For the parametrization r(s) = [s, f(s)] we find

rsi = (0, . . . , 0︸ ︷︷ ︸
i−1

, 1, 0, . . . , 0︸ ︷︷ ︸
n−i

, fsi) , i = 1, . . . , n ,

so it is obvious that for the unit normal n we can take

n =
1
√
gs
(−fs1 , . . . ,−fsn , 1) . (6.90)



184 6 Inverted Equations

For the above expressions for r(s) and n

rsksj · n =
1
√
gs
fsksj , j, k = 1, . . . , n ,

so, in accordance with (6.82), the mean curvature of this monitor surface Srn

with respect to the normal (6.90) is computed by the following formula

Km =
1

n
√
gs
gkjs fsksj , j, k = 1, . . . , n . (6.91)

Thus in the metric (6.87) equations (6.89), as well as (6.2), have the
following form

∆B[s
i] = −

n
√
gs
Kmfsi , i = 1, . . . , n . (6.92)

Consequently the inverted Beltrami grid equations (6.11) in application to a
domain Xn = Sn with a scalar monitor function f(x) are expressed through
the mean curvature of Srn with respect to the normal (6.90) as follows:

gijξ
∂2sk

∂ξi∂ξj
= −

n
√
gs
Kmfsk , i, j, k = 1, . . . , n . (6.93)

So ifKm = 0, i.e. the monitor surface S
rn is a minimal surface, then equa-

tions (6.93) have the simple form of equations (6.31) (with the zero right-hand
part). Some results related to the construction of minimal n-dimensional sur-
faces, providing such equations, can be found in the monograph by Fomenko
and Thi (1991).
Notice, another form for the expression of the mean curvature of the

monitor surface with the monitor metric (6.87) can be computed using the
(n + 1)th component of (6.83). Thus we have, with respect to the normal
(6.90),

Km =
1

n

√
gs∆B[f ] . (6.94)

Availing us of (6.88) we find, in the case of the parametrization r(s) =
[s, f(s)],

∆B[f ] =
1
√
gs
∂

∂sj

(√
gsgjks

∂f

∂sk

)
=
1
√
gs
∂

∂sj

( 1
√
gs
∂f

∂sj

)
, j, k = 1, . . . , n .

Thus from (6.94)

Km =
1

n

∂

∂sj

( 1
√
gs
∂f

∂sj

)
, j = 1, . . . , n , (6.95)

with respect to the normal (6.90). Since the points of the monitor surface
Srn ⊂ Rn+1 in the coordinates s1, . . . , sn, sn+1 can be found from the solu-
tion of the equation

sn+1 − f(s1, . . . , sn) = 0 ,
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the formula (6.95) is a particular case of (4.111) for

ϕ(s1, . . . , sn, sn+1) ≡ sn+1 − f(s1, . . . , sn)

and
grsij = δ

i
j , i, j = 1, . . . , n+ 1 .

6.3.2 Mean Curvature and Control of Grid Clustering

Fundamental Formula

It is well-known that when Sxn is a domain with the Euclidean metric tensor
then the operator of Beltrami in this metric is the Laplace operator and
the spacing between (n − 1)-dimensional grid hypersurfaces ξi = const in
Sxn related to the solution of the Laplace equations, for both n = 2 and
n = 3, increases near a boundary convex segment and, conversely, the spacing
decreases when the boundary segment in concave (see Fig. 6.1). It is shown
further that similar facts are also valid for the grid hypersurfaces related
to the solution of the Beltrami equations in arbitrary n-dimensional regular
surfaces Sxn.
Throughout this subsection we assume i0, 1 ≤ i0 ≤ n as a fixed index, i.e.

the summation in the formulas with i0 repeated is not carried out over this
index.

Fig. 6.1. Grid rarefaction (clustering) near convex (concave) boundary segments

Relative Spacing Between Coordinate Surfaces

Let s1, . . . , sn be an arbitrary local coordinate system of an n-dimensional
regular surface Sxn represented by (5.1). We first consider in the surface Sxn

a family of the coordinate (n − 1)-dimensional hypersurfaces si0 = const.
Analogously to the specification by (4.12) we can readily find that the vector
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ni0 lying in the tangent n-dimensional plane to S
xn and which is expressed

in the form

ni0 =
1√
gi0i0sx

gi0jsx xsj , j = 1, . . . , n , (6.96)

is a unit normal to the coordinate hypersurface si0 = c0. Here g
ij
sx is the

(ij)th element of the contravariant metric tensor of Sxn in the coordinates
s1, . . . , sn and the values of gijsx and xsj are considered at the points of S

n

for which si0 = c0. Indeed

ni0 · xsk =
1√
gi0i0sx

gi0jsx xsj · xsk =
1√
gi0i0sx

gi0jsx g
xs
jk =

1√
gi0i0sx

δi0k ,

j, k = 1, . . . , n ,

i.e. ni0 is orthogonal to the coordinate surface s
i0 = c0 in S

xn. Further

ni0 · ni0 =
1√
gi0i0sx

gi0jsx xsj ·
1√
gi0i0sx

gi0ksx xsk

=
1

gi0i0sx
gi0jsx g

i0k
sx g

xs
jk = 1 , j, k = 1, . . . , n ,

i.e. ni0 is a unit vector.
Let us denote by lh the distance between a point on the hypersurface

si0 = c0 and the nearest point on the hypersurface s
i0 = c0 + h in S

xn. We
have

lh = (ni0 · xsi0 )h+O(h
2) = h

1√
gi0i0sx

gi0jsx xsj · xsi0 +O(h
2)

= h
1√
gi0i0sx

gi0jsx g
xs
ji0
+O(h2) = h

1√
gi0i0sx

+O(h2) , j = 1, . . . , n .

So the quantity 1/
√
gi0i0sx with i0 fixed reflects the relative spacing between

the corresponding points on the coordinate hypersurfaces si0 = c0 + h and
si = c0 on S

xn (see Fig. 6.2 for n = 2).

Rate of Change of the Relative Spacing

The vector ni0 is orthogonal to the coordinate hypersurface s
i0 = c0 in S

xn

and therefore the derivative of 1/
√
gi0i0sx in the ni0 direction is the rate of

change of the relative spacing between the coordinate hypersurfaces si0 =
const. Using (6.96) we obtain

d

dni0

( 1√
gi0i0sx

)
=

1√
gi0i0sx

gi0jsx
∂

∂sj

( 1√
gi0i0sx

)

=
1√
gi0i0sx

∇
(
si0 ,

1√
gi0i0sx

)
, j = 1, . . . , n ,

(6.97)



6.3 Role of the Mean Curvature 187

Fig. 6.2. Spacing of the coordinate lines s2 = const on the regular surface

where ∇( , ) is the Beltrami’s mixed differential parameter. On the other
hand

d

dni0

( 1√
gi0i0sx

)
= −

1

2
√
(gi0i0sx )

3

d

dni0
gi0i0sx

= −
1

2(gi0i0sx )
2
gi0jsx

∂

∂sj
gi0i0sx , j = 1, . . . , n .

(6.98)

Availing us of (4.25) in this equation yields

d

dni0

( 1√
gi0i0sx

)
=

1

(gi0i0sx )
2
gi0lsx g

i0j
sx Υ

i0
lj , j, l = 1, . . . , n . (6.99)

Note this equation is valid for an arbitrary coordinate system s1, . . . , sn.

Relations to the Mean Curvature

In order to connect the rate of change of the relative spacing of the co-
ordinate hypersurfaces with geometrical characteristics we need to con-
sider the following general situation in the theory of matrices. Let (aij),
i, j = 1, . . . , n, n ≥ 2, be a nondegenerate symmetric matrix of rank n and
(aij), i, j = 1, . . . , n, be its inverse matrix. Let ai0i0 �= 0 for some fixed index
i0, 1 ≤ i0 ≤ n. Define a matrix (bij) where

bij =
1

ai0i0
(ai0i0aij − ai0iai0j) , i, j = 1, . . . , n . (6.100)

Let (ai0ij) and (b
ij
i0
) be the (n− 1)× (n− 1) matrices obtained by deleting the

i0th row and i0th column of the matrices (aij) and (b
ij), respectively.
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Theorem 5. The matrix (biji0) is the inverse of (a
i0
ij).

Proof. It is sufficient to show that

ai0ijb
jl
i0
= δil , i, j, l = 1, . . . , n , and i, j, l �= i0 . (6.101)

Here and further the entries i = 1, . . . , n, and i �= k mean i = 1, . . . , k −
1, k + 1, . . . , n.
From (6.100) we readily see

bi0k = bki0 = 0 , k = 1, . . . , n ,

therefore

ai0ijb
jl
i0
= aimb

ml , i, j, l,m = 1, . . . , n , and i, j, l �= i0 .

Since (6.100)

aimb
ml = aima

ml −
aim
ai0i0

ai0mai0l

= δil −
δii0
ai0i0

ai0l = δil , i, l,m = 1, . . . , n , and i, l �= i0 ,

i.e. (6.101) is valid. This proves the theorem. �

Now we apply the matrix consideration given above to the matrix (gxsij )
which is the covariant metric tensor of the regular surface Sxn in the coordi-
nates s1, . . . , sn.
Designate by (gi0ij ) the matrix obtained by deleting the i0th row and i0th

column of (gxsij ). It is clear that (g
i0
ij ) is the covariant metric tensor of the co-

ordinate hypersurface si0 = c0 in the coordinates s
1, . . . , si0−1, si0+1, . . . , sn.

The matrix which is inverse to (gi0ij ) is the contravariant metric tensor of

this coordinate hypersurface si0 = c0 in the same coordinates s
1, . . . , si0−1,

si0+1, . . . , sn. Let this matrix be designated by (giji0). Since

gi0i0sx = det(g
i0
ij )/g

xs �= 0 ,

where gxs = det(gxsij ), we find, availing us of theorem 5,

giji0 =
1

gi0i0sx
(gi0i0sx g

ij
sx − g

i0i
sx g

i0j
sx ) , i, j = 1, . . . , n , and i, j �= i0 .

Therefore

gi0isx g
i0j
sx = g

i0i0
sx (g

ij
sx − g

ij
i0
) , i, j = 1, . . . , n , and i, j �= i0 . (6.102)

Since
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gi0lsx g
i0j
sx Υ

i0
lj = g

i0k
sx g

i0p
sx Υ

i0
kp + 2g

i0i0
sx g

i0j
sx Υ

i0
i0j
− gi0i0sx g

i0i0
sx Υ

i0
i0i0
,

j, k, l, p = 1, . . . , n , and k, p �= i0 ,

we obtain, using (6.102),

gi0lsx g
i0j
sx Υ

i0
lj = g

i0i0
sx (g

kp
sx − g

kp
i0
)Υ i0kp + 2g

i0i0
sx g

i0j
sx Υ

i0
i0j
− gi0i0sx g

i0i0
sx Υ

i0
i0i0

= gi0i0sx g
lj
sxΥ

i0
lj − g

i0i0
sx g

kp
i0
Υ i0kp ,

j, k, l, p = 1, . . . , n , and k, p �= i0 .

(6.103)

Now we note that from (4.28)

Υ i0kp = g
i0l
sx [xsksp · xsl ] , k, l, p = 1, . . . , n ,

so, since (6.96),

Υ i0kp =

√
gi0i0sx xsksp · ni0 , k, p = 1, . . . , n ,

where ni0 is the unit normal to the coordinate hypersurface s
i0 = c0 in S

xn.
Thus, in the designation (4.79),

Υ i0kp =

√
gi0i0sx bkp , k, p = 1, . . . , n , and k, p �= i0 , (6.104)

where
bkp = xsksp · ni0 , k, p = 1, . . . , n , and k, p �= i0 ,

is the (kp)th element of the second fundamental form of the coordinate hy-
persurface si0 = c0 in S

xn. Therefore, using (4.81) and (6.104), we find

gkpi0 Υ
i0
kp =

√
gi0i0sx g

kp
i0
bkp = (n− 1)

√
gi0i0sx Km(s

i0) ,

k, p = 1, . . . , n , and k, p �= i0 ,
(6.105)

where Km(s
i0) is the mean curvature of the coordinate hypersurface si0 = c0

in Sxn with respect to the normal ni0 . Further, from (6.2), we obtain

gljsxΥ
i0
lj = −∆

x
B[s

i0 ] , j, l = 1, . . . , n ,

where ∆xB is the operator of Beltrami in the metric of S
xn. Substituting this

equation and (6.105) in (6.103) gives

gi0lsx g
i0j
sx Υ

i0
lj = −g

i0i0
sx ∆

x
B[s

i0 ]− (n− 1)(gi0i0sx )
3/2Km(s

i0) , j, l = 1, . . . , n .

Therefore, using (6.99), we conclude that the rate of change of the relative
spacing of the coordinate hypersurfaces si0 = const is expressed through the
mean curvature and the Beltrami’s second differential parameter as follows:



190 6 Inverted Equations

d

dni0

( 1√
gi0i0sx

)
= −

1

gi0i0sx
∆xB[s

i0 ]−
n− 1√
gi0i0sx

Km(s
i0) . (6.106)

The application of (6.97) to this equation gives the following relation between
the mean curvature of the coordinate hypersurface si0 = c0 and the Beltrami’s
mixed and second differential parameters:

(n− 1)Km(s
i0) +∇

(
si0 ,

1√
gi0i0sx

)
+
∆xB[s

i0 ]√
gi0i0sx

= 0 . (6.107)

Note the equations (6.106) and (6.107) are readily rewritten for the case
of the monitor surface Srn, namely, it suffices to substitute s for sr in these
equations. In particular, when Srn is the monitor surface over Sn with a
scalar-valued monitor function f(s), i.e. Srn is represented by

r(s) : Sn → Rn+1 , r(s) = [s, f(s)] ,

then, availing us of (6.92), we obtain that the equation (6.106) has the fol-
lowing specific form

d

dni0

( 1√
gi0i0s

)
=

n√
gsgi0i0s

Km(S
rn)fsi0 −

n− 1√
gi0i0s

Km(s
i0) (6.108)

where gs = 1 + fsifsi , i = 1, . . . , n, Km(S
rn) is the mean curvature of Srn

in Rn+1 with respect to the unit normal (6.90).

Two-Dimensional Case

Let Sx2 be an arbitrary two-dimensional regular surface. Since for the coor-
dinate line si0 = c0 in S

x2

Km(s
i0) = σi0 , (6.109)

where σi0 is the geodesic curvature of the curve s
i0 = c0 in S

xn, the equations
derived from (6.106) in the two-dimensional case have the form

d

dn1

( 1√
g11sx

)
= −

1

g11sx
∆xB[s

1]−
σ1√
g11sx
,

d

dn2

( 1√
g22sx

)
= −

1

g22sx
∆xB[s

2]−
σ2√
g22sx
.

(6.110)

While equation (6.107) in the two-dimensional case yields

σ1 +∇(s1, 1/
√
g11sx) +∆

x
B[s

1]/
√
g11sx = 0 ,

σ2 +∇(s2, 1/
√
g22sx) +∆

x
B[s

2]/
√
g22sx = 0 .

(6.111)
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Basic Relation to Grid Coordinates

Let us apply formulas (6.106) and (6.110) to the grid coordinates ξ1, . . . , ξn

in Sxn obtained by the composition of the parametrization (5.1) and inter-
mediate transformation (5.2).

Basic Theorem

We designate by vp the rate of change of the relative spacing between the
grid hypersurfaces ξp = const in Sxn, i.e., analogously to (4.63),

vp =
d

dnp

( 1√
gppξx

)
=

1

(gppξx)
2
gplξxg

pj
ξxΥ

p
lj , j, l, p = 1, . . . , n , p fixed , (6.112)

here Υ plj is the Christoffel symbol of the second rank of S
xn in the grid co-

ordinates ξ1, . . . , ξn, np is the normal to the grid hypersurface ξ
p = const,

namely, similar to (6.96),

np =
1√
gppξx

gpjξx
∂

∂ξj
x[s(ξ)] , j, p = 1, . . . , n , p fixed . (6.113)

We see that if vp < 0(vp > 0) then the nodes of the coordinate grid cluster
(rarefy) in the np direction, i.e. vp is a measure of change of grid spacing. We
also call it a measure of grid clustering. The formulas (6.106) and (6.110),
rewritten in the grid coordinates, result in the following:

Theorem 6. Let x(s) in (5.1) and s(ξ) in (5.2) be nondegenerate transfor-
mations of the class C2[Sn] and C2[Ξn], respectively. Then

vp = −
1

gppξx
∆xB[ξ

p]−
n− 1√
gppξx

Km(ξ
p) , p = 1, . . . , n , p fixed , (6.114)

where ∆xB is the operator of Beltrami defined by (5.3) in the metric of S
xn; the

function ξp(s) is the pth component of the transformation ξ(s) : Sn → Ξn

inverse to (5.2); Km(ξ
p) is the geodesic curvature of the curve ξp = c0 in

Sx2 when n = 2, while Km(ξ
p), when n > 2, is the mean curvature of the

hypersurface ξp = c0 in S
xn.

Remarks

We assume here that the logical domain Ξn in the boundary value problem
(5.4) formulated for generating boundary conforming grids is a rectangular
n-dimensional parallelepiped 0 ≤ ξi ≤ li, i = 1, . . . , n, and the (n − 1)-
dimensional boundary plane ξi = 0 or ξi = li is mapped onto some (n− 1)-
dimensional segment of the boundary of Sxn.
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Formula (6.114) demonstrates how the measure vp of grid clustering near
a boundary hypersurface ξp = c0 in S

xn depends on its mean curvature. In
particular, when the grid coordinate function ξp(s), p = 1, . . . , n, is subject
to the corresponding pth equation of the grid system

∆xB[ξ
i] = 0 , i = 1, . . . , n , (6.115)

in the original metric of the physical geometry Sxn then (6.114) yields

vp = −
n− 1√
gppξx

Km(ξ
p) , p = 1, . . . , n , p fixed . (6.116)

So the sign of vp is determined by the sign of Km(ξ
p). Note the equations

(6.115) proposed for two-dimensional domains by Winslow (1967) and for
surfaces by Warsi (1981) are the most popular for the generation of fixed
grids in domains and on two-dimensional surfaces.
If Sxn is a domain Sn with the Euclidean metric then the equations

(6.115) are the Laplace equations

∇2[ξi] ≡
∂

∂sj

(∂ξi
∂sj

)
= 0 , i, j = 1 . . . , n . (6.117)

In the monographs of Thompson J.F., Warsi Z.U.A., and Mastin C.W. (1985)
and Liseikin V.D. (1999) there was proved that the nodes of the coordinate
grid obtained in Sn by the solution of the equations inverse to (6.117) on a
rectangular computational domain Ξn : 0 ≤ ξi ≤ li, i = 1, . . . , n, cluster
near concave boundary segments of Sn and rarefy near its convex boundary
segments (see Fig. 6.1). However the formula (6.116) yields more strong con-
clusions for n-dimensional domains when n ≥ 3. In order to formulate these
results we first note that the unit normal np, specified by (6.113), in this case
is as follows

np =
1√
gppξs

gpjξssξj , j, p = 1, . . . , n , p fixed ,

where

gpjξs =
∂ξ

∂sp
·
∂ξ

∂sj
, j, p = 1, . . . , n .

Since

np · sξp =
1√
gppξs

> 0 , p = 1, . . . , n , p fixed ,

the unit normal np is directed to the interior of S
n at the points of the

boundary hypersurface ξp = 0. Contrary, at the points of the hypersurface
ξp = lp it is directed to the exterior of S

n. Therefore the inequality vp >
0 (vp < 0) at the points of the boundary hypersurface ξ

p = 0 means that
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the grid nodes cluster (rarefy) near it. Contrary for the hypersurface ξp = lp
in Sn the inequality vp > 0 (vp < 0) means rarefaction (clustering) of grid
nodes near it. Thus the nodes of the grid produced by the equations inverted
to (6.117) will also cluster (rarefy) near the boundary ξp = lp if this segment
is not concave (convex) but has the negative (positive) mean curvature, for
example, it is a saddle surface.
Formula (6.116) yields also a new result in the theory of surface grid

generation. Namely, the nodes of the coordinate grid on the surface Sx2 gen-
erated through the equations inverse to (6.115) cluster (rarefy) near concave
(convex) segments of the boundary of Sx2. Figure 6.3 of the surface grid gen-
erated through the solution of equations (6.115) for n = 2 demonstrates node
clustering near its concave boundary segments. The right-hand part of Fig.
6.3 illustrates the grid in a parametric domain S2.

Fig. 6.3. A surface grid with clustering near concave boundary segments.

Application of Theorem to Beltrami Grid Equations

Formula (6.114) gives one an opportunity for finding explicitly the necessary
values of control functions in grid equations to provide the generation of
grids whose nodes cluster or rarefy, if it is required, near specified boundary
segments of an arbitrary physical geometry Sxn.
We assume that the logical domain Ξn in the boundary value problem

(5.4) formulated for generating grids is the standard unit cube, i.e. 0 ≤ ξi ≤ 1,
i = 1, . . . , n. Besides this, let the (n− 1)-dimensional boundary plane ξi = 0
or ξi = 1 of Ξn for some i, 1 ≤ i ≤ n, be mapped onto some segment of
the boundary of Srn, i.e. the segment is an (n − 1)-dimensional coordinate
hypersurface. For the sake of definitiveness we consider further the boundary
segments ξp = 0 whose normal (6.113) is directed to the interior of the
physical geometry Sxn. So the condition vp > 0(vp < 0) at the points of
such a boundary segment means grid clustering (rarefaction) near it. For the
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segments with opposite direction of the normal (6.113) all results are readily
reformulated.
We establish in this section a relation between the Beltrami’s second dif-

ferential parameter ∆B[ξ
i] with respect to the monitor surface Srn over Sn

and the magnitude ∇2[ξi] which, in fact, is also the Beltrami’s second differ-
ential parameter of ξi(s) with respect to the Euclidean metric of Sn.

General Multidimensional Case

Let a grid in Sn be controlled by a monitor surface Srn over Sn represented
by a scalar-valued monitor function f(s), i.e.

r(s) : Sn → Rn+1 , r(s1, . . . , sn) = [s1, . . . , sn, f(s1, . . . , sn)] , (6.118)

and whose metric is borrowed from Rn+1, namely,

gsij = rsi · rsj = δ
i
j + fsifsj , i, j = 1, . . . , n . (6.119)

This situation occurs when adaptive grids are generated by the numerical
solution of the inverted Beltrami equations in an n-dimensional domain Xn

which is identified with Sn.
Let some functions ξi(s), i = 1, . . . , n, comprise a new coordinate system.

We establish now a relation between ∇2[ξi] and ∆B[ξi], where ∆B is the
operator of Beltrami (5.3) with respect to the metric of the monitor surface
Srn. Expanding the differentiation in ∆B[ξ

i] gives

∆B[ξ
i] =

1
√
gs
∂

∂sj

(√
gsgjks

∂ξi

∂sk

)
= gjks

∂2ξi

∂sj∂sk
+∆B[s

k]
∂ξi

∂sk
, i, j, k = 1, . . . , n .

(6.120)

As the covariant metric elements gsij , i, j = 1, . . . , n, are specified by (6.119)
so, in accordance with (5.68) and (5.69) for v(s) ≡ 1,

gs = det(gsij) = 1 +
∂f

∂sj
∂f

∂sj
, i, j = 1, . . . , n,

gjks = δ
j
k −

1

gs
∂f

∂sj
∂f

∂sk
, j, k = 1, . . . , n .

(6.121)

Therefore equations (6.120) with respect to the metric (6.119) have the fol-
lowing form

∆B[ξ
i] =

(
δjk −

1

gs
∂f

∂sj
∂f

∂sk

) ∂2ξi
∂sj∂sk

+∆B[s
k]
∂ξi

∂sk

= ∇2[ξi]−
1

gs
∂f

∂sj
∂f

∂sk
∂2ξi

∂sj∂sk
+∆B[s

k]
∂ξi

∂sk
, i, j, k = 1, . . . , n ,
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where ∇2 =
∂

∂sj
∂

∂sj
, j = 1, . . . , n. These equations give the following con-

nection between ∇2[ξi] and ∆B[ξi]:

∇2[ξi] = ∆B[ξ
i]−∆B[s

k]
∂ξi

∂sk
+
1

gs
∂f

∂sj
∂f

∂sk
∂2ξi

∂sj∂sk
,

i, j, k = 1, . . . , n . �
(6.122)

Note the Laplace operator ∇2 is the Beltrami operator with respect to the
Euclidean metric in Sn therefore, from (6.2)

∇2[ξn] = −gklξsΓ
n
lk , l, k = 1, . . . , n ,

where the metric elements and Christoffel symbols are in the coordinates
ξ1, . . . , ξn and defined by the formulas

gsξij = sξi · sξj =
∂sk

∂ξi
∂sk

∂ξj
, i, j, k = 1, . . . , n ,

gijξs =∇ξ
i ·∇ξj =

∂ξi

∂sk
∂ξj

∂sk
, i, j, k = 1, . . . , n ,

Γmij = sξiξj ·∇ξ
m =

∂2sl

∂ξi∂ξj
∂ξm

∂sl
, i, j, l,m = 1, . . . , n ,

(6.123)

here Γmij , i, j,m = 1, . . . , n, are the Christoffel symbols of S
n in the coordi-

nates ξ1, . . . , ξn,

∇ξi =
( ∂ξi
∂s1
, . . . ,

∂ξi

∂sn

)
, i = 1, . . . , n .

Now, applying (6.2) to ∆B[ξ
i] and ∆B[s

k], we find from (6.122)

gljξ
ξΥ ilj − g

lj
s
sΥ klj
∂ξi

∂sk
− gljξsΓ

i
lj −

1

gs
∂f

∂sj
∂f

∂sk
∂2ξi

∂sj∂sk
= 0 ,

i, j, k, l = 1, . . . , n ,

(6.124)

where ξΥ ilj ,
sΥ klj are the Christoffel symbols of the second kind of the monitor

surface Srn in the coordinates ξ1, . . . , ξn and s1, . . . , sn, respectively, while
Γ ilj are the Christoffel symbols of the second kind of the parametric domain

Sn in the coordinates ξ1, . . . , ξn. Note the equations (6.120), (6.122), and
(6.124) are valid for an arbitrary coordinate system ξ1, . . . , ξn.
Let now the coordinates ξ1, . . . , ξn be obtained by the solution of the

problem (5.4) with respect to the metric (6.119). Then applying (6.122) with
i = n and the condition ∆B[ξ

n] = 0 to (6.106) we obtain



196 6 Inverted Equations

d

dnsξn

( 1√
gnnξs

)
= −

1

gnnξs
∇2[ξn]−

n− 1√
gnnξs
Ksξm (ξ

n)

= −
1

gnnξs g
s

∂f

∂sj
∂f

∂sk
∂2ξn

∂sj∂sk
+
1

gnnξs
∆B[s

k]
∂ξn

∂sk
−
n− 1√
gnnξs
Ksξm (ξ

n) ,

j, k = 1, . . . , n .

(6.125)

This formula establishes a connection between the rate of change of the rel-
ative spacing of the grid hypersurfaces ξn = const in Sn near a hypersurface
ξn = c0 and the monitor function and the mean curvature of this hypersur-
face.
Analogous formula, for the coordinate surfaces ξi = const, is obtained

from (6.125) by substituting the fixed index i for n.
Now we establish a relation between the Christoffel symbols of the second

kind of the monitor surface Srn and domain Sn in the coordinates ξ1, . . . , ξn

designated as ξΥ ijk and Γ
i
jk, respectively. Using (4.48) with the identification

ξi = si we find

ξΥ ijk = Γ
i
jk +

1

gs
∂f

∂sp
∂ξi

∂sp
∇ξjk(f) , i, j, k, l,m = 1, . . . , n , (6.126)

where

∇ξjk(f) = (fξjξk − fξlΓ
l
jk) =

(
fξjξk − fξl

∂2sm

∂ξj∂ξk
∂ξl

∂sm

)

=
(
fξjξk −

∂f

∂sl
∂2sl

∂ξj∂ξk

)
, i, k, l,m = 1, . . . , n ,

(6.127)

is the mixed derivative of f [s(ξ)] in the metric gsξij . Since ∇
ξ
jk(f) is a covariant

tensor of the second rank we obtain

∇ξjk(f) = fslfsp
∂sl

∂ξj
∂sp

∂ξk
, j, k, l, p = 1, . . . , n .

Further for gjkξ we have from (6.121) and (4.15)

gjkξ = g
jk
ξs −

1

gs
∂f

∂sm
∂ξj

∂sm
∂f

∂sl
∂ξk

∂sl
, j, k, l,m = 1, . . . , n ,

therefore
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gjkξ
ξΥ ijk =

(
gjkξs −

1

gs
∂f

∂sm
∂ξj

∂sm
∂f

∂sl
∂ξk

∂sl

)
×
(
Γ ijk +

1

gs
∂f

∂sp
∂ξi

∂sp
∇ξjk(f)

)

= gjkξsΓ
i
jk −

1

gs
∂f

∂sm
∂ξj

∂sm
∂f

∂sl
∂ξk

∂sl
Γ ijk

+
1

gs
∂f

∂sp
∂ξi

∂sp
∂2f

∂sm∂sm

−
1

(gs)2
∂f

∂sm
∂f

∂sl
∂2f

∂sm∂sl
∂f

∂sp
∂ξi

∂sp
,

i, j, k, l,m, p = 1, . . . , n .

(6.128)

In accordance with (4.28)

sΥ kij = −
1

gs
∂2f

∂si∂sj
∂f

∂sk
, i, j, k = 1, . . . , n ,

so using (6.2) and (6.121) gives

−∆B[sp] =
1

gs
glms

∂2f

∂sl∂sm
∂f

∂sp

=
1

gs

(
δlm −

1

gs
∂f

∂sl
∂f

∂sm

) ∂2f

∂sl∂sm
∂f

∂sp

=
1

gs

( ∂2f

∂sm∂sm
−
1

gs
∂f

∂sm
∂f

∂sl
∂2f

∂sm∂sl

) ∂f
∂sp
, l,m, p = 1, . . . , n ,

and consequently equations (6.128) also have the form

gjkξ Υ
i
jk = g

jk
ξsΓ

i
jk −∆B[s

p]
∂ξi

∂sp
−
1

gs
∂f

∂sm
∂ξj

∂sm
∂f

∂sl
∂ξk

∂sl
Γ ijk ,

i, j, k, l,m, p = 1, . . . , n ,

which is equivalent to (6.122) and (6.124). Hence, in the case of the grid
coordinates, satisfying (5.4), we find

∇2[ξi] = −∆B[s
p]
∂ξi

∂sp
−
1

gs
∂f

∂sm
∂ξj

∂sm
∂f

∂sl
∂ξk

∂sl
Γ ijk ,

i, j, k, l,m, p = 1, . . . , n . �
(6.129)

Availing us of (6.129) we also obtain another form of (6.125), assuming
n = i,
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d

dnsξi

( 1√
giiξs

)
=

1

giiξsg
s

∂f

∂sp
∂ξj

∂sp
∂f

∂sl
∂ξk

∂sl
Γ ijk

+
1

giiξs
∆B[s

k]
∂ξi

∂sk
−
n− 1√
giiξs

Ksξm (ξ
i) ,

i, j, k, l, p = 1, . . . , n , i fixed .

(6.130)

Using (6.92) and the relation

gradξi =
√
giiξsn

sξ
i , i = 1, . . . , n , i fixed ,

we conclude that

∆B[s
k]
∂ξi

∂sk
= −n

√
giiξs
√
gs
gradf · nsξi Km(S

rn) , i = 1, . . . , n , i fixed ,

where the quantity

Km(S
rn) =

1

n
√
gs
gkjs fsksj , j, k = 1, . . . , n ,

is, in accordance with (6.91), the mean curvature of the monitor surface Srn

in Rn+1 with respect to the unit normal (6.90). Therefore (6.130) also has
the following form

d

dnsξi

( 1√
giiξs

)
=

1

giiξsg
s

∂f

∂sp
∂ξj

∂sp
∂f

∂sl
∂ξk

∂sl
Γ ijk

−
1√
giiξs

[nKm(Srn)√
gs

gradf · nsξi + (n− 1)K
sξ
m (ξ

i)
]
,

i, j, k, l, p = 1, . . . , n , i fixed .

(6.131)

Now we establish a relation between the mean curvature of the grid hy-
persurfaces ξi = c0 in S

rn and ξi = c0 in S
n. Let the mean curvature of this

hypersurface in Srn be designated by Krξm (ξ
i). For the sake of simplicity, we

assume i = n.
We designate by gijsn and g

ij
rn the contravariant metric elements in the

coordinates ξ1, . . . , ξn−1 of the grid hypersurface ξn = c0 in S
n and on Srn,

respectively. Then from (6.100) we obtain

gijsn =
1

gnnξs
(gnnξs g

ij
ξs − g

in
ξsg
jn
ξs ) , i, j = 1, . . . , n− 1 ,

gijrn =
1

gnnξ
(gnnξ g

ij
ξ − g

in
ξ g
jn
ξ ) , i, j = 1, . . . , n− 1 .

Since the elements of the covariant metric tensor of the grid hypersurface
ξn = c0 in S

rn in the coordinates ξ1, . . . , ξn are defined by
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gξij = rξi · rξj = sξi · sξj +
∂f

∂ξi
∂f

∂ξj
= gsξij +

∂f

∂ξi
∂f

∂ξj
, i, j = 1, . . . , n− 1 ,

we also find from (5.67) and (4.15)

gijrn = g
ij
sn −

1

1 +∇n(f)
gilsng

jp
sn

∂f

∂ξl
∂f

∂ξp
, i, j, k, l,m, p = 1, . . . , n− 1 ,

where

∇n(f) = gklsn
∂f

∂ξk
∂f

∂ξl
, k, l = 1, . . . , n− 1 .

Therefore, availing us of (6.105) and (6.126), we conclude that

Krξm (ξ
n) =

1

(n− 1)
√
gnnξ
gijrn

ξΥnij

=
1

(n− 1)
√
gnnξ

(
gijsn −

1

1 +∇n(f)
gilsng

jp
sn

∂f

∂ξl
∂f

∂ξp

)
×
(
Γnij +

1

gs
∂f

∂sk
∂ξn

∂sk
∇ξiξj (f)

)

=

√
gnnsξ√
gnnξ
Ksξm (ξ

n) +
1

(n− 1)
√
gnnξ

[ 1
gs
∂f

∂sk
∂ξn

∂sk
∇ξiξj (f)g

ij
rn

−
1

1 +∇n(f)
gilsng

jp
sn

∂f

∂ξl
∂f

∂ξp
Γnij

]
,

i, j, l, p = 1, . . . , n− 1 , k = 1, . . . , n ,

(6.132)

where Ksξm (ξ
n) is the mean curvature of the coordinate hypersurface ξn = c0

in Sn. �

Control of Grid Clustering near Boundary Segments

Let now the monitor function be specified as

f(s) = g[ϕ(s)] , s ∈ Sn , (6.133)

where ϕ(s) is such scalar-valued function that the (n−1)-dimensional surface
defined from the equation ϕ(s) = 0 coincides with the coordinate surface
ξi = c0 for some c0. We designate this (n− 1)-dimensional surface by Sn−1c0

.
We also assume that all expressions throughout this paragraph are considered
at the points of the surface Sn−1c0

and

grad ϕ(s) ·∇ξi(s) = ϕsk(s)
∂ξi

∂sk
(s) > 0 , s ∈ Sn−1c0

,

i, k = 1, . . . , n , i fixed .

(6.134)
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With these assumptions it is readily found that

nsξi = grad ϕ/|grad ϕ| ,

gradf = g′grad ϕ ,

and, consequently,
grad f · nsξi = g

′|grad ϕ| .

Further, availing us of (4.106), we have

Km(S
n−1
c0
) =

1

(n− 1)|grad ϕ|3
(ϕsiϕsjϕsisj − |grad ϕ|

2ϕslsl) ,

i, j, l = 1, . . . , n ,

(6.135)

where Km(S
n−1
c0
) is the mean curvature of the surface Sn−1c0

in Sn.
Analogously we can compute the mean curvature Km(S

rn) of the monitor
surface Srn in Rn+1 with respect to the normal (4.77), using the formula
(4.83). For this purpose we find, taking advantage of (6.133),

fsi = g
′ϕsi , i = 1, . . . , n ,

gs = 1 +∇(f) = 1 + (g′)2|grad ϕ|2 .
(6.136)

Similarly
fsisj = g

′ϕsisj + g
′′ϕsiϕsj , i, j = 1, . . . , n ,

so

∇2[f ] = g′∇2[ϕ] + g′′|grad ϕ|2 ,

fsifsjfsisj = (g
′)2ϕsiϕsj (g

′ϕsisj + g
′′ϕsiϕsj )

= (g′)3ϕsiϕsjϕsisj + (g
′)2g′′|grad ϕ|4 , i, j = 1, . . . , n .

Availing us of these relations and (6.135), we obtain

∇2[f ]−
1

gs
fsifsjfsisj

=
1

gs
{[1 + (g′)2|grad ϕ|2][g′∇2[ϕ] + g′′|grad ϕ|2]

−(g′)3ϕsiϕsjϕsisj − (g
′)2g′′|grad ϕ|4}

=
1

gs
{g′∇2[ϕ]− (n− 1)(g′)3|grad ϕ|3Km(S

n−1
c0
) + g′′|grad ϕ|2} ,

i, j = 1, . . . , n .

Hence (4.105) gives
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Km(S
rn) =

1

n(gs)3/2
{g′∇2[ϕ]

−(n− 1)(g′)3|grad ϕ|3Km(Sn−1c0
) + g′′|grad ϕ|2} ,

(6.137)

Now using this equation we conclude that

n
√
gs
grad f · nsξi Km(S

rn) + (n− 1)Km(S
n−1
c0
)

=
ng′|grad ϕ|
√
gs

Km(S
rn) + (n− 1)Km(S

n−1
c0
)

=
g′|grad ϕ|

(gs)2
{g′∇2[ϕ] + g′′|grad ϕ|2}

+(n− 1)
(
1−
(g′)4|grad ϕ|4

(gs)2

)
Km(S

n−1
c0
) , i = 1, . . . , n .

(6.138)

Further we note that in the case of (6.133) we obtain

∂f

∂sp
∂ξj

∂sp
∂f

∂sl
∂ξk

∂sl
Γ ijk =

∂f

∂ξp
gpjξs
∂f

∂ξl
glkξsΓ

i
jk

=
( ∂f
∂ξi

)2
gijξsg

ik
ξsΓ

i
jk = (g

ii
ξs)
2
( ∂f
∂ξi

)2 d
dnsξi

( 1√
giiξs

)

= giiξs∇(f)
d

dnsξi

( 1√
giiξs

)
, i, j, k, l, p = 1, . . . , n , i fixed ,

(6.139)

since (6.112) with p = i. Now, substituting (6.138) and (6.139) in (6.131), we
find

d

dnsξi

( 1√
giiξs

)
= −

1√
giiξsg

s
b[s, g′(0), g′′(0)] , i = 1, . . . , n , i fixed , (6.140)

where

b[s, g′(0), g′′(0)] = g′(0)|grad ϕ|{g′(0)∇2[ϕ]

+g′′(0)|grad ϕ|2}+ (n− 1)[1 + 2(g′(0))2|grad ϕ|2]Km(Sn−1c0
) .

Thus the positive (negative) sign of the expression b[s, g′(0), g′′(0)] indicates
the grid clustering (rarefaction) near the coordinate surface ϕ(s) = 0. If
this coordinate surface is a boundary surface of the domain Sn then the
quantity Km(S

n−1
c0
) is known and, by a suitable specification of the constants

a = g′(0) and b = g′′(0), we can realize the necessary sign of this expression.
Consequently the monitor function f = g(ϕ) in (6.133) can be chosen, for
example, by

g(ϕ) = aϕ+
1

2
bϕ2 . (6.141)
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Another example of the monitor function gives the following formula

g(ϕ) =
a2

b
exp
( b
a
ϕ
)
.

Let g′(0) be specified such that g′(0) �= 0 then

b[s, g′(0), g′′(0)] > 0

if

g′′(0) > max
s∈Sn−1c0

−
1

g′(0)|grad ϕ|3
D1 , (6.142)

where

D1 = [g
′(0)]2|grad ϕ|∇2[ϕ] + (n− 1)[1 + 2[g′(0)]2|grad ϕ|2]Km(S

n−1
c0
) ,

while
b[s, g′(0), g′′(0)] < 0

if

g′′(0) < min
s∈Sn−1c0

−
1

g′(0)|grad ϕ|3
D1 . (6.143)

For example, assuming g′(0) = 1, we readily find that

b[s, 1, g′′(0)] > 0

if

g′′(0) > max
s∈Sn−1c0

−
1

|grad ϕ|3
D2 , (6.144)

where

D2 = |grad ϕ|∇
2[ϕ] + (n− 1)(1 + 2|grad ϕ|2)Km(S

n−1
c0
) .

Analogously
b[s, 1, g′′(0)] < 0

if

g′′(0) < min
s∈Sn−1c0

−
1

|grad ϕ|3
D2 . (6.145)

Since the terms in the formula (6.140) are computed locally, we can choose
a single function of the form (6.133) to realize the necessary requirements of
grid clustering near opposite segments of the boundary of Sn.
For example, let ξi = c0 and ξ

i = c1 be two opposite boundary segments
of Sn found from the equations ϕ0(s) = 0 and ϕ1(s) = 0, respectively. Then
assuming in (6.133) and (6.141)

ϕ(s) = ϕ0(s)ϕ1(s) ,

we can, analogously to (6.142) and (6.143), find g′(0) and g′′(0) to provide
the necessary grid behavior near these boundary segments.
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Two-Dimensional Case

In the two-dimensional case the mean curvature in (6.130) is replaced by
the curvature of the corresponding curvilinear line, in accordance with the
relation,

Ksξm (ξ
i) = ki , i = 1, 2 ,

where ki is the curvature of the curve ξ
i = c0 in S

2. We find from (6.132), in
the two-dimensional case,

σ2 =
ξΥ 211√
g22ξ g

ξ
11

=

√
g22ξsg

sξ
11√

g22ξ g
ξ
11

(k2 + b2) , (6.146)

where σ2 is the geodesic curvature of the curve ξ
2 = c0 on S

r2, k2 is the
curvature of the curve ξ2 = c0 in S

2, while

b2 =
1

gs
√
g22ξsg

sξ
11

∂f

∂sk

∂ξ2
∂sk

∂2f

∂sl∂sm

∂sm
∂ξ1

∂sl
∂ξ1
, k, l,m = 1, 2 .

Thus

k2 =

√
g22ξ√
g22ξsg

sξ
11

σ2 − b2 , (6.147)

where

k2 =
1√
g22ξsg

sξ
11

∂2sl

∂ξ1∂ξ1
∂ξ2

∂sl
=

1√
g22ξsg

sξ
11

Υ 211 , (6.148)

is the curvature of the coordinate line ξ2 = const in the parametric domain
S2. Substituting this expression in (6.110) gives

Fig. 6.4. Grid clustering (rarefaction) near a convex (concave) boundary segment
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Fig. 6.5. Examples of surface grids with node clustering near boundary segments.

d

dnsξ2

( 1√
g22ξs

)
=
1

g22ξs
∆B[sk]

∂ξ2

∂sk
−

√
g22ξ

g22ξsg
sξ
11

σ2 +
b2√
g22ξs

−
1

g22ξsg
s

∂f

∂sj
∂f

∂sk
∂2ξ2

∂sj∂sk
, k = 1, 2 .

(6.149)

Since

b2√
g22ξs

−
1

g22ξsg
s

∂f

∂sj
∂f

∂sk
∂2ξ2

∂sj∂sk
=

1

gsg22ξsg
sξ
11

( ∂f
∂sk
∂ξ2

∂sk
∂2f

∂sl∂sm
∂sm

∂ξ1
∂sl

∂ξ1

−gsξ11
∂f

∂sj
∂f

∂sk
∂2ξ2

∂sj∂sk

)
, j, k, l,m = 1, 2 ,

so in contrast to (6.116) a sign of the change rate of the grid spacing
near a boundary segment in S2 is not determined by the curvature of this
segment only; it depends as well on the derivatives of the monitor function
f(s). Therefore one can control the grid spacing near the boundary of S2

with a proper choice of this function.

Fig. 6.6. Triangular surface grids.
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Thus using (6.149) with the choice of the monitor function f(s1, s2) and
the boundary transformation s(ξ1, const) we can, in principle, provide grid
nodes clustering near the boundary curve ξ2 = 0 on Sr2 or in S2, respectively,
regardless of its geometry in S2. Analogous results are obtained for the grid
lines near the boundaries ξ2 = 1 and ξ1 = 1 and ξ1 = 0.
Figure 6.4 demonstrates domain grids with the clustering (rarefaction)

provided near the convex (concave) segments of domains by monitor functions
of the form (6.133).
In the same way there is provided grid clustering (rarefaction) near bound-

aries of physical surfaces. Figures 6.5 and 6.6 demonstrate quadrilateral and
triangular surface grids generated without node clustering (left-hand) and
with node clustering (right-hand) realized by a function of the type (6.133)
near boundary segments.

Application to Diffusion Grid Equations

The second popular approach for generating grids is based on the solution of
diffusion equations

∂

∂sj

[
w(s)

∂ξi

∂sj

]
= 0 , i, j = 1, . . . n , (6.150)

where w(s) > 0 is a diffusion function specified by the user to provide grid
control. Equations (6.150) were proposed for n = 2 by Danaev N.T., Liseikin
V.D., and Yanenko N.N. (1980) and Winslow A.M. (1981) for the generation
of adaptive grids in domains.
The transformed equations, for finding the intermediate map (5.2), in

which the dependent and independent variables are mutually altered have,
in accordance with (6.37), the following form

gkjξs
∂

∂ξj

( 1

w(s)

∂sl

∂ξk

)
= 0 , j, k, l = 1, . . . n , (6.151)

where

gkjξs =
∂ξk

∂si
∂ξj

∂si
, i, j, k = 1, . . . n .

If Sxn is a domain Sn with the Euclidean metric then the operator of
Beltrami ∆B coincides with the Laplace operator ∇2 and besides this

grad ξp =
(∂ξp
∂s1
, . . . ,

∂ξp

∂sn

)
=
√
gppξxnp , p = 1, . . . , n , p fixed .

Therefore we obtain, if (6.150) is held,

∇2[ξp] = −

√
gppξx

w
grad w · np , p = 1, . . . , n , p fixed ,
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and consequently formulas (6.114) and (6.150) yield

vp =
1√
gppξx

( 1
w
grad w · np − (n− 1)Km(ξ

p)
)
,

p = 1, . . . , n , p fixed .

(6.152)

The normal np and the mean curvature of the boundary of the domain
Sn is known beforehand so the characteristic vp of the rate of change of the
grid spacing near a boundary segment is defined explicitly by the diffusion
function w(s) in the vicinity of the segment. Thus the grid points cluster
(rarefy) near the boundary segment ξp = 0 if w(s) is such that vp > 0
(vp < 0) in (6.152) at its points.
The specification of the diffusion function w(s) is facilitated if it is sought

in the form
w(s) = g[ϕ(s)]

where ϕ(s) is a scalar-valued function such that the equation ϕ(s) = 0 deter-
mines the boundary hypersurface ξp = 0. The vector

grad ϕ = (ϕs1 , . . . , ϕsn)

is orthogonal to this hypersurface and consequently parallel to np. We assume
that ϕ(s) is such that the both vectors gradϕ and np are of the same direction,
i.e.

np =
1

|grad ϕ|
grad ϕ .

Since
grad w = g′grad ϕ,

we readily obtain from (6.152)

vp =
1√
gppξx

(g′
g
|grad ϕ| − (n− 1)Km(ξ

p)
)
, p = 1, . . . , n , p fixed .

Thus vp > 0 (for grid clustering) if g(ϕ) �= 0 and

g′(0)

g(0)
> max
s|ϕ(s)=0

n− 1

|grad ϕ|
Km(ξ

p) ,

while g(ϕ) we can, for example, specify as

g(ϕ) = g(0) + g′(0)ϕ

or

g(ϕ) = g(0) exp
[g′(0)
g(0)

ϕ
]
.
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Note for the hypersurface ϕ(s) = 0 in Sn the invariant Km(ξ
p) can, in

accordance with (4.111), be computed by the following formula

Km(ξ
p) = −

1

n− 1

∂

∂sj

( 1√
∇(ϕ)

ϕsj
)
, j = 1, . . . , n ,

where
∇(ϕ) = ϕskϕsk , k = 1, . . . , n .

Analogously, with the help of a function w(s) = g[ϕ(s)] in diffusion equa-
tions (5.16) there is controlled the sign of the measure of grid clustering
near boundary segments of a regular surface Sxn. Figure 6.7 illustrates sur-
face grids obtained by the numerical solution of equations (5.26) (left-hand)
and (5.16) (right-hand) with node rarefaction (clustering) near the boundary
segment ”a”.

Fig. 6.7. Examples of surface grids generated through diffusion equations.

The approach for controlling grid behavior near boundary segments is
readily applied to the generation of meshes by the Poisson system (5.93). A
detailed description of how the source functions P i in (5.93) are specified for
this purpose is in the monograph by Liseikin (2004).

6.4 Practical Grid Equations

This section discusses in detail one-, two-, and three-dimensional grid equa-
tions adjusted to generating grids on the boundary curves and surfaces of
three-dimensional blocks and in the interior of the blocks. The equations are
considered with respect to both monitor surfaces and monitor metrics.
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6.4.1 Equations for Generating Grids on Curves

General Equation

Let a curve Sx1 in the k-dimensional space Rk be represented as

x(s) : [0, 1]→ Rk , x = (x1, . . . , xk) . (6.153)

For a general monitor metric gs over Sx1, in particular (5.58), one-
dimensional inverted diffusion grid equation is obtained from (6.22) as

d

dξ

[ gs
w(s)

ds

dξ

]
= 0. (6.154)

For the inverted Beltrami grid equation we have, assuming in (6.154) w(s) =√
gs,

d

dξ

[√
gs
ds

dξ

]
= 0. (6.155)

Of course the equations (6.153) and (6.155) are also the corresponding
fluxes-sources one-dimensional grid equations.

Equation with Respect to the Metric of a Monitor Curve

Let f(x) = [f1(x), . . . , f l(x)] be a monitor function, determining the monitor
curve Sr1 over Sx1. Then Sr1 is parametrized by the following transformation

r(s) : [0, 1]→ Rl+k , r(s) = {x(s), f [x(s)]} , (6.156)

consequently the covariant gs and contravariant gs metric tensor of S
r1 in

the coordinate s is

gs = rs · rs = g
xs + fs · fs and gs = 1/g

s , (6.157)

respectively, where

gxs = xs · xs , (6.158)

is the covariant metric tensor of Sx1, while fs = df [x(s)]/ds. So the intermedi-
ate transformation s(ξ) for generating a grid on Sx1 is subject, in accordance
with (6.11), to the following equation

gξ
d2s

dξ2
=
1
√
gs
d

ds
(
√
gsgs) =

1
√
gs
d

ds

( 1
√
gs

)
, (6.159)

where gξ is the contravariant tensor of S
r1 in the grid coordinate ξ, i.e.

gξ = 1/g
ξ , gξ = gs(ds/dξ)2 .

Equation (6.159) is readily converted to
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d2s

dξ2
=
√
gξ
d

dξ

( 1
√
gs

)
= −

1

2gs
ds

dξ

d

dξ
gs , (6.160)

and consequently to the following divergent form

d

dξ

(√
gs
ds

dξ

)
= 0 , ξ ∈ [0, 1] , (6.161)

i.e. to the equation (6.155).

Simplified Equation

Note if k = 1 in (6.153), i.e. Sx1 is an interval [a, b], then x(s) in (6.153) is
a scalar function x(s) mapping the interval [0,1] onto [a, b] and consequently
the metric tensor gs in the grid equations (6.159 – 6.161) has the form

gs = (xs)
2 + fs · fs .

In particular, when x(s) ≡ s, then

gs = 1 + fs · fs ,

while the grid equation in this particular case is also, in accordance with
(6.5),

d2s

dξ2
+
d2f [s(ξ)]

dξ2
·
df(s)

ds
= 0 . (6.162)

If the monitor function f(s) is a scalar-valued function f(s) then applying
(3.10) with the identification x = s and u = f we find

d2f [s(ξ)]

dξ2
=
d2f

ds2

(ds
dξ

)2
+ fs

d2s

dξ2
= k[1 + (fs)

2]3/2
(ds
dξ

)2
+ fs

d2s

dξ2
,

where k is the curvature of the monitor surface Sr1. Substituting this expres-
sion in (6.162) gives the following one-dimension grid equation

d2s

dξ2
+ k
√
1 + (fs)2fs

(ds
dξ

)2
= 0 , (6.163)

for a scalar-valued monitor function.
A form of a curve grid equation similar to (6.162) can be obtained for

an arbitrary curve Sx1 parametrized by (6.153) if we, analogously to (6.74),
specify a monitor function f1(s) over S

x1 as

f1(s) = {s, f [x(s)]} .

Then, similarly to (6.77), the curve grid equation is as follows:

d2s

dξ2
+
d2x[s(ξ)]

dξ2
·
dx(s)

ds
+
d2f{x[s(ξ)]}

dξ2
·
df(s)

ds
= 0 . (6.164)
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6.4.2 Equations for Generating Grids on Two-Dimensional
Surfaces

Surface Grid Equations in General Monitor Metric

Inverted Diffusion Equations.

Let a two-dimensional surface Sx2 in Rk be represented by a parametrization

x(s) : S2 → Rk , x = (x1, . . . , xk) . (6.165)

The most general diffusion form of the two-dimensional surface grid equations
in an arbitrary monitor metric gsij over S

x2, in particular (5.58), follows from
(6.12) as

w[s(ξ)]gkmξ
∂2si

∂ξk∂ξm
=
∂

∂sj
[w(s)gjis ], i, j, k,m = 1, 2, (6.166)

where

gijξ = g
mp
s

∂ξi

∂sm
∂ξj

∂sp
, i, j,m, p = 1, 2.

The grid on Sx2 generated through the equations (6.166) (this system is
equivalent to the diffusive system (5.16) with n = 2) is obtained by mapping
a reference grid in Ξ2 on Sx2 by the function x[s(ξ)] where s(ξ) : Ξ2 → S2

is the intermediate transformation whose components si(ξ), i = 1, 2, satisfy
these equations. In the same way, the grid on Sx2 is obtained by mapping
with x(s) the grid in S2 found by the numerical solution of (6.166) on the
reference grid in Ξ2.
The coefficients gijξ in (6.166) can be found by two ways:

1. by expressing these elements through gξmp,

2. by expressing the elements
∂ξi

∂sj
in the formulas for gkmξ through

∂sm

∂ξp
.

In the first way the quantities gξij are computed by the formula

gξij = g
s
mp

∂sm

∂ξi
∂sp

∂ξj
, i, j,m, p = 1, . . . , n.

Note that, similarly to (2.21), in the two-dimensional case the elements gijξ
of the contravariant monitor metric tensor in the grid coordinates ξ1, ξ2 are
computed through the elements gξij of the covariant monitor metric tensor

(gξkm) in the same coordinates ξ
1, ξ2 by the formula

gijξ =
(−1)i+j

gξ
gξ3−i3−j , i, j = 1, 2 ; i, j fixed , (6.167)

where
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gξ = det(gξij) = g
sJ2, J = det

( ∂si
∂ξj

)
.

Now introducing the operator L2 by the formula

L2[v] = gξ22
∂2v

∂ξ1∂ξ1
− 2gξ12

∂2v

∂ξ1∂ξ2
+ gξ11

∂2v

∂ξ2∂ξ2
(6.168)

and taking into account that

L2[v] = gsJ2Lξ[v] , (6.169)

where Lξ is the basic operator defined by (6.9) for n = 2, we find from (6.166)
the following surface grid system

w[s(ξ)]L2[si] = gsJ2
∂

∂sj
[w(s)gjis ] , i, j = 1, 2 . (6.170)

In the second way we get, availing us of the identities (2.1)

gkmξ =
1

J2
bkm, k,m = 1, 2,

where

bkm = (−1)k+l+m+pglps
∂s3−l

∂ξ3−k
∂s3−p

∂ξ3−m
, k, l,m, p = 1, 2, k,m fixed.

Thus from the equations (6.166) we also obtain the following equivalent dif-
fusion grid system

w[s(ξ)]bkm
∂2si

∂ξk∂ξm
= J2

∂

∂sj
[w(s)gjis ], i, j, k,m = 1, 2, (6.171)

The transformed equations (6.170) and (6.171) are in fact the equations
(6.166) multiplied by gξ and J2, respectively. Though the equations (6.170)
and (6.171) are equivalent to the equations (6.166) if J does not vanish at
any point of Ξn, they are more convenient for solving by iterative numerical
methods because they do not include J as a denominator. Thus the numerical
solution of these equations can be fulfilled if the Jacobian vanishes in the
process of iterations.
Note the functionals of grid smoothness (5.32) and diffusion (5.52) as

well as the fluxes-sources equations (6.19), (6.23), and (6.28) include J as
a denominator. Therefore the process of finding the grid nodes through the
minimization of the functionals or through the numerical solution of the
fluxes-sources equations rules out any opportunity for the Jacobian to vanish
even at one point.

Inverted Beltrami Equations.

The inverted two-dimensional Beltrami surface grid equations are yielded
from (6.166), (6.170), and (6.171) by assuming in these equations w(s) =

√
gs.
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Fluxes-Sources Equations.

Since (2.1)
∂ξp

∂sk
∂ξp

∂sm
=
1

J2
akm, k,m, p = 1, 2,

where

akm = (−1)
k+m ∂s

3−k

∂ξj
∂s3−m

∂ξj
, j, k,m = 1, 2, k,m fixed,

so we get from the fluxes-sources diffusion grid system (6.23) the following
equivalent system for generating grids on two-dimensional surfaces

akm
∂

∂si
[w(s)gkms ] = J

∂

∂ξj

{
w[s(ξ)]

(
2
gspi
Jgs
∂sp

∂ξj
− (−1)i+j

1

J2
bll
∂s3−i

∂ξ3−j

)}
,

i, j, k, l,m, p = 1, 2, i fixed.

(6.172)

This system of equations is in fact the system (6.23) multiplied by J .
Another form of the fluxes-sources two-dimensional grid equations is pre-

sented by equations (6.29).

Inverted Beltrami Equations with Respect to the Metric of a
Monitor Surface

Let us consider here a monitor surface Sr2 formed by the values of a vector-
valued function f(x) = [f1(x), . . . , f l(x)] over a two-dimensional surface Sx2

represented by (6.165). The monitor surface Sr2 is represented in the coor-
dinates s1, s2 by the following parametrization

r(s) : S2 → Rl+k , r(s) = {x(s), f [x(s)]} , s = (s1, s2) . (6.173)

Consequently for the elements gxsij and g
s
ij in the coordinates s

1, s2 of the

covariant metric tensor of Sx2 and Sr2, respectively, we find

gxsij = xsi · xsj , i, j = 1, 2 ,

gsij = rsi · rsj = g
xs
ij + fsi · fsj , i, j = 1, 2 .

(6.174)

Analogously in the grid coordinates ξ1, ξ2

gξij = g
xξ
ij +

∂f{x[s(ξ)]}

∂ξi
·
∂f{x[s(ξ)]}

∂ξj
, i, j = 1, 2 ,

gxξij =
∂x[s(ξ)]

∂ξi
·
∂x[s(ξ)]

∂ξj
, i, j = 1, 2 .

(6.175)

Using the description (6.168) of the operator L2 we find from the grid
systems (6.11) and (6.73) with n = 2, suitable to generate grids on two-
dimensional surfaces, the following systems
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L2[si] = gsJ2∆B[s
i] , i = 1, 2 , (6.176)

and

L2[si] + gsJ2
[
∆B[f

a]
∂fa

∂sb
gbisx + g

pj
s
xΥ ipj

]
= 0 ,

b, i, j, p = 1, 2 , a = 1, . . . , l ,

(6.177)

respectively. Contrary to (6.11) and (6.73) these systems are nor divided by
J .
Similarly to (6.171) there are obtained the equations by multiplying (6.11)

and (6.73) with J2.

Simplified Equations

The equations (6.177) are simplified if the monitor function over Sx2 is chosen
in the form

f [x(s)] = [s,v(s)] , v(s) = [v1(s), . . . , vl(s)] . (6.178)

The metric tensor of this monitor surface Sr2 over Sx2, formed by the monitor
function (6.178), coincides with the metric tensor of the monitor surface over
S2 formed by the monitor function f1[s] = [x(s),v(s)] so, in accordance with
(6.78), the grid equations with respect to si(ξ) are in this case as follows:

L2[si] +
∂xm

∂si
L2[xm] +

∂vp

∂si
L2[vp] = 0 ,

i = 1, 2 , m = 1, . . . , k , p = 1, . . . , l .

(6.179)

Note the metric element gξij in (6.179) for the operator L
2 are computed by

the formula

gξij =
∂sa(ξ)

∂ξi
∂sa(ξ)

∂ξj
+
∂xm[s(ξ)]

∂ξi
∂xm[s(ξ)]

∂ξj
+
∂vp[s(ξ)]

∂ξi
∂vp[s(ξ)]

∂ξj
,

i, j, a = 1, 2 , m = 1, . . . , k , p = 1, . . . , l .

If the surface Sx2 lies in R3 and is represented by a parametrization

x(s) = (s, x3(s)) = (s1, s2, x3(s1, s2)) (6.180)

then the simplified equations can be obtained for an arbitrary monitor func-
tion f(x) since the parametrization (6.173) of the monitor surface Sr2 has
the following form

r(s) = {s1, s2, x3(s1, s2), f [x(s1, s2)]} , (6.181)

i.e. Sr2 is also the monitor surface over the domain S2, formed by the values
of the vector-valued function
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g(s) = {x3(s), f [x(s)]} .

Note a nondegenerate, smooth surface Sx2 ⊂ R3 is always represented
locally as the graph of a bivariate function, i.e. in the form similar to (6.180).
In the case of the parametrization (6.181) of the monitor surface Sr2 over S2

we can also generate grids on Sx2 with the use of equations (6.78), for n = 2,
which analogously to (6.179) are converted to

L2[si] +
∂x3

∂si
L2[x3] +

∂fp

∂si
L2[fp] = 0 ,

i = 1, 2 , p = 1, . . . , l ,

(6.182)

where
∂x3

∂si
=
∂x3[s]

∂si
,
∂fp

∂si
=
∂f [x(s)]

∂si
, i = 1, 2 ,

while the metric elements gξij in the description (6.168) of the operator L
2

are as follows:

gξij =
∂s(ξ)

∂ξi
·
∂s(ξ)

∂ξj
+
∂x3[s(ξ)]

∂ξi
∂x3[s(ξ)]

∂ξj
+
∂f [x(s(ξ))]

∂ξi
·
∂f [x(s(ξ))]

∂ξj
,

i, j = 1, 2 .

The form (6.180) of the parametrization of Sx2 allows one to include
the mean curvature Km of this surface into the grid equations with respect
to the metric of this surface, i.e. without a monitor function. Indeed the
parametrization (6.180) also represents the parametrization of the monitor
surface Sr2 over S2 with a scalar-valued monitor function f(s) = x3(s).
Therefore, availing us of (6.93) for n = 2 and (6.169), we obtain the following
grid equations for generating a fixed grid on Sx2

L2[si] + 2
√
gsJ2Km

∂x3

∂si
= 0 , i = 1, 2 . (6.183)

6.4.3 Equations for Generating Grids in Domains

Two-Dimensional Domains

There are two approaches for controlling the grid behavior in a two-dimensional
domain X2 ⊂ R2: with the use of monitor surfaces and monitor manifolds.

General Monitor Metric.

Two-dimensional domain grid equations in an arbitrary monitor metric gsij
over the domain S2 are naturally obtained from the equations (6.170),
(6.171), and (6.172) for two-dimensional surfaces, assuming in the corre-
sponding formulas gxsij = δ

i
j , i, j = 1, 2.
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Equations with Respect to a Monitor Surface.

Let
f(x) : X2 → Rl , x = (x1, x2) , f = (f1, . . . , f l) ,

be a monitor function over X2. Then the monitor surface Sr2 over X2 is
parametrized as follows:

r(x) : X2 → R2+l , r(x) = [x1, x2, f(x)] .

Particular forms of the grid equations in the metric of the monitor surface
Sr2 are obtained from (6.53) or (6.55) with n = 2 by the assumption xi = si,
i = 1, 2. Since (6.167), (6.169) the equations are as follows:

L2[xi] +
∂fk

∂xi
L2[fk] = 0 , i = 1, 2 , k = 1, . . . , l . (6.184)

Here the elements gξij of the metric tensor of S
r2 in the definition (6.168) of

the operator L2 are computed by the formula

gξij =
∂xm

∂ξi
∂xm

∂ξj
+
∂fk[x(ξ)]

∂ξi
∂fk[x(ξ)]

∂ξj
, i, j,m = 1, 2 , k = 1, . . . , l .

Analogously to (6.171) the equations (6.184) are also equivalent to

bjm
∂2xi

∂ξj∂ξm
+
∂fk

∂xi
bjm
∂2fk[x(ξ)]

∂ξj∂ξm
, i, j,m = 1, 2, k = 1, . . . , l. (6.185)

In the case f(x) is a scalar-valued monitor function f(x) over X2, the grid
equations are also represented by (6.93) with n = 2, si = xi, i = 1, 2. So the
equations (6.184) have one more equivalent form

L2[xi] + 2gξ
√
gxJ2Kmfxi = 0 , i = 1, 2 , (6.186)

where

gξij =
∂xm

∂ξi
∂xm

∂ξj
+
∂f [x(ξ)]

∂ξi
∂f [x(ξ)]

∂ξj
, i, j,m = 1, 2 ,

gξ = det(gξij) , g
x = 1 + (fx1)

2 + (fx2)
2 ,

Km =
1

2
√
gx
gkjx fxkxj , j, k = 1, 2 ,

gkjx , j, k = 1, 2, are the elements of the contravariant metric tensor of S
r2

in the coordinates x1, x2. Since the elements gxij , i, j = 1, 2, of the covariant

metric tensor of Sr2 in the coordinates x1, x2, are expressed by

gxij = δ
i
j + fxifxj , i, j = 1, 2 ,
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and analogously to (6.167),

gijx = (−1)
i+jgx3−i3−j/g

x , i, j = 1, 2 , i, j fixed ,

we find

Km =
1

2(gx)3/2
B , (6.187)

where

B = (1 + fx2fx2)fx1x1 − 2fx1fx2fx1x2 + (1 + fx1fx1)fx2x2 .

Thus equations (6.186) can be written in the following form

L2[xi] +
J2B

1 + (fx1)2 + (fx2)2
fxi = 0 , i = 1, 2 . (6.188)

Three-Dimensional Domains

Analogously to the two-dimensional case discussed above we consider two
types of three-dimensional grid equations for generating grids in a three-
dimensional domain X3 ⊂ R3.

Equation in General Monitor Metric

Inverted Diffusion Equations.

Three-dimensional inverted equations with respect to an arbitrary monitor
metric gsij , i, j = 1, 2, 3, over the domain S

3 and weight function w(s) > 0
are described by the formula (6.12) with n = 3. However for the purpose of
practical applications we, analogously to the two-dimensional cases consid-
ered above, change in two ways the coefficients gijξ in the description of the

operator Lξ by multiplying them with gξ and J2, in order the Jacobian J
was not included in the equations as a denominator. Such equations can be
solved by iterative methods if the Jacobian vanishes during some iterations
at the points of Ξn.
In the first way the elements of the inverse matrix (gijξ ), i, j = 1, 2, 3, can

be found from the elements of (gξij) by the following general formula

gijξ =
1

gξ
(gξi+1j+1g

ξ
i+2j+2 − g

ξ
i+1j+2g

ξ
i+2j+1) , i, j = 1, . . . , n ,

gξ = det(gξij) ,

(6.189)

in which any index, say i, is identified with i± 3, so, for instance, gξ45 = g
ξ
12.
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So the grid equations (6.12) with n = 3 are as follows

w[s(ξ)]L3[si] = gsJ2
∂

∂sj
(w[s]gjis ), i, j = 1, 2, 3, (6.190)

where

L3[v] = [gξ22g
ξ
33 − (g

ξ
23)
2]
∂2v

∂ξ1∂ξ1
+ 2[gξ23g

ξ
13 − g

ξ
12g
ξ
33]
∂2v

∂ξ1∂ξ2

+2[gξ12g
ξ
23 − g

ξ
22g
ξ
13]
∂2v

∂ξ1∂ξ3
+ [gξ11g

ξ
33 − (g

ξ
13)
2]
∂2v

∂ξ2∂ξ2

+2[gξ12g
ξ
13 − g

ξ
11g
ξ
23]
∂2v

∂ξ2∂ξ3
+ [gξ11g

ξ
22 − (g

ξ
12)
2]
∂2v

∂ξ3∂ξ3
.

Analogously, we obtain equivalent equations, in the second way, expressing
in the contravariant elements

gijξ = g
km
s

∂ξi

∂sk
∂ξj

∂sm
, i, j, k,m = 1, 2, 3,

the terms ∂ξi/∂sj by ∂sk/∂ξm, in accordance with formulas (2.2).

Inverted Beltrami Equations.

Three-dimensional inverted Beltrami Equations are obtained from the in-
verted diffusion equation (6.190) by substituting in these formulas

√
gs for

w(s).

Fluxes-Sources Equations.

Three-dimensional fluxes-sources equations for the general monitor metric
are of the form (6.19) with n = 3. Equivalent forms of these equations are
obtained by changing the terms ∂ξi/∂sj and gijξ with the elements of the

matrix (∂si/∂ξj) and (gξij), respectively.

Equations with Respect to a Monitor Surface.

Let a monitor function

f(x) : X3 → Rl , x = (x1, x2, x3) , f = (f1, . . . , f l) ,

over X3 have been specified. Then the monitor surface Sr3 over X3 has the
following parametrization

r(x) : X3 → R3+l , r(x) = [x1, x2, x3, f(x)] .

The grid equations in X3 are, for example, the equations (6.53) in which n =
3, xi = si, i = 1, 2, 3, while the contravariant metric tensor (gijξ ), i, j = 1, 2, 3,
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of the surface Sr3 in the grid coordinates ξ1, ξ2, ξ3, is the matrix inverse to
the covariant metric tensor (gξij), i, j = 1, 2, 3, where

gξij =
∂xm(ξ)

∂ξi
∂xm(ξ)

∂ξj
+
∂fk[x(ξ)]

∂ξi
∂fk[x(ξ)]

∂ξj
,

i, j,m = 1, 2, 3 , k = 1, . . . , l .

(6.191)

Thus the equations for gridding the domain X3 with the monitor function
f(x) : X3 → Rl are transformed from (6.53) to

L3[xi] + L3[fk]
∂fk

∂xi
= 0 , i = 1, 2, 3 , k = 1, . . . , l . (6.192)

If f(x) is a scalar-valued monitor function then, analogously to the two-
dimensional case considered above, the grid equations are represented by
(6.93) with n = 3, si = xi, i = 1, 2, 3. Similarly to (6.186) these equations
also have the form, following from (6.93) for n = 3,

L3[xi] + 3gξ
√
gxJ2Kmfxi = 0 , i = 1, 2, 3 , (6.193)

where, in accordance with (5.69) and (6.91),

gx = 1 + (fx1)
2 + (fx2)

2 + (fx3)
2 ,

Km =
1

3
√
gx
gkjx fxkxj , j, k = 1, 2, 3 ,

J = det
(∂xi
∂ξj

)
.

Here gkjx , j, k = 1, 2, 3, are the elements of the contravariant metric tensor of
Sr3 in the coordinates x1, x2, x3. These elements are computed, for example,
by the formula (5.68) with n = 3 in which s is identified with x, i.e.

gijx = δ
j
i −

1

gx
fxjfxi , j, i = 1, 2, 3 .



7 Numerical Implementation
of Grid Generators

The systems of grid equations (6.11), (6.12), and their modifications described
in Chap. 6 allow one to generate grids in domains or on surfaces in a unified
manner, regardless of their dimension. In particular, these systems can be ap-
plied to produce grids in spatial blocks by means of the successive generation
of grids on curvilinear edges, faces, and parallelepipeds, using the solution
at a step i < n as the Dirichlet boundary condition for the following step
i+ 1 ≤ n. Thus both the interior and the boundary grid points of a domain
or surface can be calculated by the similar elliptic solver.
This chapter reviews some finite-difference numerical algorithms for grid

generation based on the equations and functionals discussed in Chaps. 5 and
6.
In the chapter the following rule is observed: the indices related to the

numeration of cells and/or cell vertices are considered as fixed, i.e. the sum-
mation in formulas over such indices is not carried out.

7.1 Method of Fractional Steps

In this section we describe one version of the algorithm of fractional steps
proposed by Yanenko (1971). Other versions of this algorithm that can be
readily implemented for solving the resulting multidimensional grid equa-
tions, in particular, the popular ADI (alternating direction implicit) method
are reviewed by Kovenya, Tarnavskii, and Chernyi (1990), Fletcher (1997),
and Langtangen (2003).

7.1.1 One-Dimensional Equation

Here we consider a curve Sx1 specified by a parametrization

x(s) : [0, 1]→ Rk , x = (x1, . . . , xk) .

For generating a grid on the curve Sx1 we use the inverted equation (6.155), in
which gs is a monitor covariant metric over the curve, in particular, specified
in the form (5.58) for n = 1, i.e.
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gs = z(s)gxs + Fm(s)Fm(s) , m = 1, . . . , l ,

gxs =
∂x

∂s
·
∂x

∂s
.

The metric gs can also be the metric of a monitor curve Sr1 prescribed by a
monitor function for controlling grid properties

f(x) : Gk → Rl , f = (f1, . . . , f l) ,

where Gk is a domain in Rk containing Sx1. As a result the monitor curve
Sr1 over Sx1 is parametrized by

r(s) : [0, 1]→ Rl+k , r(s) = (x(s), f [x(s)]) ,

and consequently

gs = grs = xs · xs + fs · fs =
dx

ds
·
dx

ds
+
df [x(s)]

ds
·
df [x(s)]

ds
.

Numerical Algorithm

The numerical grid on Sx1 is computed after solving the Dirichlet boundary
value problem with respect to s(ξ) for the equation (6.155), i.e.

d

dξ

(√
gs
ds

dξ

)
= 0 , 0 < ξ < 1 ,

s(0) = 0 , s(1) = 1 .

(7.1)

Namely, the grid nodes xj , j = 0, 1, . . . , N, on S
x1 are defined by the relation

xj = x(s(jh)) , j = 0, 1, . . . , N , h = 1/N ,

or by
xj = x(sj) , j = 0, 1, . . . , N , h = 1/N ,

here sj , j = 0, 1, . . . , N, is a difference function obtained by the numerical
solution on a uniform grid ξj = jh, j = 0, 1, . . . , N , of the Dirichlet problem
(7.1).

Iterative Scheme

The nonlinear problem (7.1) is solved by an iterative process which is en-
gendered by the numerical solution of the following parabolic problem with
respect to a function s(ξ, t)

∂s

∂t
−
∂

∂ξ

(√
gs
∂s

∂ξ

)
= 0 , 0 ≤ ξ ≤ 1 , 0 ≤ t ≤ T ,

s(0, t) = 0 , s(1, t) = 1 , s(ξ, 0) = s0(ξ) .

(7.2)
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The problem (7.2) is approximated on the uniform grid (ih, nτ) with
respect to sni , i = 0, 1, . . . , N, n = 0, 1, . . . , by the following natural stencil

sn+1i − sni
τ

=
1

h2
[vni+1/2(s

n+1
i+1 − s

n+1
i )− vni−1/2(s

n+1
i − sn+1i−1 )] ,

sn0 = 0 , s
n
N = 1 , s

0
i = s0(ih) , h = 1/N ,

(7.3)

where

vni+1/2 =
1

2

(√
gs(sni ) +

√
gs(sni+1)

)
, i = 0, 1, . . . , N − 1. (7.4)

The scheme (7.3) is implicit. Its solution is obtained from the algorithm
which is expounded by the application to the following well-known difference
reference problem

An+1i sn+1i−1 − C
n+1
i sn+1i +Bn+1i sn+1i+1 = −F

n
i , i = 1, 2, . . . , N − 1 ,

sn+10 = a , sn+1N = b .
(7.5)

The solution of (7.5) is found through the following recursive formulas

sn+1i = αn+1i+1 s
n+1
i+1 + β

n+1
i+1 , i = 1, . . . , N − 1 , s

n+1
N = b , (7.6)

where

αn+1i+1 =
Bn+1i

Cn+1i − αn+1i An+1i

, i = 1, . . . , N − 1 , αn+11 = 0 ,

βn+1i+1 =
An+1i βn+1i + Fni
Cn+1i − αn+1i An+1i

, i = 1, . . . , N − 1 , βn+11 = a .

(7.7)

Thus assuming in (7.5) a = 0, b = 1, and

An+1i = vni−1/2 , B
n+1
i = vni+1/2 , C

n+1
i = vni−1/2 + v

n
i+1/2 + θ ,

Fni = θs
n
i , θ = h

2/τ , i = 1, . . . , N − 1 ,
(7.8)

we obtain a solution of (7.3) at a step n+1 if it is known at the previous step
n. Note the values of the initial function s0i , i = 0, 1, . . . , N, are specified by
the user. Naturally it may be assumed that

s0i = ih , i = 0, . . . , N , h = 1/N .

As an approximate numerical solution of (7.1) there is taken the solution
sni , i = 0, 1, . . . , N, of (7.3) at a step number n if

max
0≤i≤N

|sn+1i − sni |

τ
≤ ε , (7.9)

for some sufficiently small ε > 0.
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Step–by–Step Algorithm

The algorithm described above is presented here in a step-by-step manner.
Step 1.
Define an initial grid distribution of the parametric interval [0,1] by intro-
ducing a monotone difference function s0i , i = 0, . . . , N, such that s

0
0 = 0,

s0N = 1.
Step 2.
Compute the difference function v0i+1/2, i = 0, . . . , N − 1, by formula (7.4).
Step 3.
Compute the difference functions A1i , B

1
i , C

1
i , F

0
i , i = 1, . . . , N − 1, by for-

mulas in (7.8).
Step 4.
Compute the coefficients α1i and β

1
i , i = 1, . . . , N, by formulas in (7.7) with

a = 0.
Step 5.
Compute the difference solution s1i , i = 0, . . . , N, of the first step through
the formula (7.6) taking into account s10 = 0, s

1
N = b = 1.

Step 6.
Return to step 2 assuming s00 = s

1
i , i = 0, . . . , N, where s

1
i is the solution

obtained at the step 5.
Continue until the tolerance requirement (7.9) is observed.
The algorithm described is readily reformulated for the numerical solution

of the inverted diffusion equation (6.154), namely, by substituting in (7.2) and
(7.4) gs/w(s) for

√
gs.

7.1.2 Two-Dimensional Equations

In this section a finite-difference numerical algorithm for generating grids in
two-dimensional domains and surfaces is described.

Algorithms for Generating Grids in Two-Dimensional Domains

Boundary Value Problem

Let us first discuss the grid algorithm for a two-dimensional domain S2. We
shell use for the logical domain Ξ2 the unit square: Ξ2 = {0 ≤ ξ1, ξ2 ≤ 1}.
Let the transformation s(ξ) for generating a grid in S2 be specified on the
boundary of Ξ2, i.e. there is a map

ϕ(ξ) : ∂Ξ2 → ∂S2 , ϕ = (ϕ1, ϕ2) (7.10)

which is continuous on ∂Ξ2. Note the one-dimensional transformation on
any segment of ∂Ξ2 can be computed by the algorithm described in Sect.
7.1.1. The generation of a grid in S2 is based on the numerical solution of the
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Dirichlet problem for the most general systems of inverted diffusion equations
(6.170) or (6.171). In particular, the boundary value problem for the system
(6.170) has the following form

w[s(ξ)]L2[si] = gsJ2
∂

∂sj

[
w(s)gijs

]
, i, j = 1, 2 ,

si(ξ)
∣∣∣
∂Ξ2
= ϕi(ξ), i = 1, 2 ,

(7.11)

where

L2[v] = gξ22
∂2v

∂ξ1∂ξ1
− 2gξ12

∂2v

∂ξ1∂ξ2
+ gξ11

∂2v

∂ξ2∂ξ2
. (7.12)

As another equivalent system of the inverted diffusion grid equations in
(7.11) there can be the system (6.171).
Assuming in (7.11) w(s) =

√
gs yields also the boundary value problem

for finding grids by the inverted Beltrami equations.

Parabolic Equations

The nonlinear boundary–value problem (7.11) is solved by an iterative pro-
cess. For this purpose (7.11) is replaced by the following boundary-value
parabolic problem with respect to the functions si(ξ1, ξ2, t), i = 1, 2 :

∂si

∂t
= w[s(ξ)]L2[si]− gsJ2

∂

∂sj
[w(s)gijs ] , i, j = 1, 2 ,

si(ξ, t) = ϕi(ξ) , ξ ∈ ∂Ξ2 , t ≥ 0 ,

si(ξ, 0) = si0(ξ) , ξ ∈ Ξ
2 ,

(7.13)

where si0(ξ) is the i-th component of the initial transformation

s0(ξ) : Ξ
2 → S2, s0(ξ) = [s

1
0(ξ), s

2
0(ξ)],

specified by the user.
The solution s(ξ, t) satisfying (7.13) aspires to the solution of (7.11) when

t → ∞. Therefore an approximate solution of (7.11) is obtained from the
solution of (7.13) computed for some sufficiently large value t = T0.

Initial Transformation

The initial transformation

s(ξ, 0) = s0(ξ) : Ξ
2 → S2 .

can be found by propagating the values of ϕ(ξ) = [ϕ1(ξ), ϕ2(ξ)] from the
boundary points into the interior of the domain Ξ2, for example, if Ξ2 is a
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unit cube through the formula of the Lagrange two-dimensional transfinite
interpolation. This formula has the following recursive form for the compo-
nents si(ξ, 0) of the mapping s0(ξ):

F i(ξ1, ξ2) = αi01(ξ
1)ϕi(0, ξ2) + αi11(ξ

1)ϕi(1, ξ2) ,

si(ξ1, ξ2, 0) = F i(ξ1, ξ2) + αi02(ξ
2)[ϕi(ξ1, 0)− F i(ξ1, 0)]

+αi12(ξ
2)[ϕi(ξ1, 1)− F i(ξ1, 1)] , i = 1, 2, i fixed ,

(7.14)

where the functions αikj(s), 0 ≤ s ≤ 1, (referred to as blending functions) are
subject to the following restrictions

αi0j(0) = α
i
1j(1) = 1 , α

i
0j(1) = α

i
1j(0) = 0 . (7.15)

In particular for the simplest expressions of the blending functions

αi0j(s) = 1− s , α
i
1j(s) = s ,

satisfying (7.15) we find from (7.14)

F i(ξ1, ξ2) = (1− ξ1)ϕi(0, ξ2) + ξ1ϕi(1, ξ2) ,

si(ξ1, ξ2, 0) = F i(ξ1, ξ2) + (1− ξ2)[ϕi(ξ1, 0)− F i(ξ1, 0)]

+ξ2[ϕi(ξ1, 1)− F i(ξ1, 1)] , i = 1, 2 .

(7.16)

Iterative Algorithms for Generating Quadrilateral Grids

Let us introduce, for convenience, new dependent variables s(ξ, t) = s1(ξ, t),

v(ξ, t) = s2(ξ, t), gkm = g
ξ
km, k,m = 1, 2. With respect to the corresponding

discrete vector-valued function sn = (snij , v
n
ij), 0 ≤ i ≤ N1, 0 ≤ j ≤ N2, 0 ≤ n,

the problem (7.13) is approximated on the rectangular grid (ih1, jh2, nτ),
h1 = 1/N1, h2 = 1/N2, in the logical domain Ξ

2 × [0, T ], where Ξ2 is a
square (Fig. 7.1), by the scheme

s
n+1/2
ij − snij
τ

= w(sn)ij [g22(s
n)ijLij(s

n+1/2)− 2g12(s
n)ijMij(s

n)

+g11(s
n)ijSij(s

n)] +Pij(s
n) ,

1 ≤ i ≤ N1 − 1 , 1 ≤ j ≤ N2 − 1 , n ≥ 0 ,

(7.17)

v
n+1/2
ij − vnij
τ

= w(sn)ij [g22(s
n)ijLij(v

n+1/2)− 2g12(s
n)ijMij(v

n)

+g11(s
n)ijSij(v

n)] +Qij(s
n) ,

1 ≤ i ≤ N1 − 1 , 1 ≤ j ≤ N2 − 1 , n ≥ 0 ,

(7.18)
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Fig. 7.1. Two-dimensional quadrilateral stencil for finite differences

sn+1ij − sn+1/2ij

τ
= g11(s

n)ijSij(s
n+1 − sn) ,

1 ≤ i ≤ N1 − 1 , 1 ≤ j ≤ N2 − 1 , n ≥ 0 ,

(7.19)

vn+1ij − vn+1/2ij

τ
= g11(s

n)ijSij(v
n+1 − vn) ,

1 ≤ i ≤ N1 − 1 , 1 ≤ j ≤ N2 − 1 , n ≥ 0 ,

(7.20)

where

Lij(z) =
zi+1j − 2zij + zi−1j

(h1)2
,

Mij(z) =
zi+1j+1 − zi−1j+1 − zi+1j−1 + zi−1j−1

4h1h2
,
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Sij(z) =
zij+1 − 2zij + zij−1

(h2)2
,

Pij(s
n) =

{
gsJ2

∂

∂sk
[w(sn)gk1s (s

n)]
}
ij

=
{
gsJ(−1)k+l

∂s3−k

∂ξ3−l
∂

∂ξl

[
w(sn)gk1s (s

n)
]}
ij

= (gsJ)ij

[vnij+1 − vnij−1
2h2

w(sn)i+1jg
11
s (s

n)i+1j − w(sn)i−1jg11s (s
n)i−1j

2h1

−
vni+1j − v

n
i−1j

2h1

w(sn)ij+1g
11
s (s

n)ij+1 − w(sn)ij−1g11s (s
n)ij−1

2h2

−
snij+1 − s

n
ij−1

2h2

w(sn)i+1jg
12
s (s

n)i+1j − w(sn)i−1jg12s (s
n)i−1j

2h1

+
sni+1j − s

n
i−1j

2h1

w(sn)ij+1g
12
s (s

n)ij+1 − w(sn)ij−1g12s (s
n)ij−1

2h2
] ,

Qij(s
n) =

{
gsJ2

∂

∂sk
[w(sn)gk1s (s

n)]
}
ij

=
{
gsJ(−1)k+l

∂s3−k

∂ξ3−l
∂

∂ξl
[w(sn)gk2s (s

n)]
}
ij

= (gsJ)ij

[vnij+1 − vnij−1
2h2

w(sn)i+1jg
12
s (s

n)i+1j − w(sn)i−1jg12s (s
n)i−1j

2h1

−
vni+1j − v

n
i−1j

2h1

w(sn)ij+1g
12
s (s

n)ij+1 − w(sn)ij−1g12s (s
n)ij−1

2h2

−
snij+1 − s

n
ij−1

2h2

w(sn)i+1jg
22
s (s

n)i+1j − w(sn)i−1jg22s (s
n)i−1j

2h1

+
sni+1j − s

n
i−1j

2h1

w(sn)ij+1g
22
s (s

n)ij+1 − w(sn)ij−1g22s (s
n)ij−1

2h2
] ,
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g11(s
n)ij = g

s
11(s

n)ij

(sni+1j − sni−1j
2h1

)2
+2gs12(s

n)ij
sni+1j − s

n
i−1j

2h1

vni+1j − v
n
i−1j

2h1

+gs22(s
n)ij

(vni+1j − vni−1j
2h1

)2
,

g12[s
n]ij = g

s
11(s

n)ij
sni+1j − s

n
i−1j

2h1

snij+1 − s
n
ij−1

2h2

+gs12(s
n)ij
sni+1j − s

n
i−1j

2h1

vnij+1 − v
n
ij−1

2h2

+gs12[s
n]ij
snij+1 − s

n
ij−1

2h2

vni+1j − v
n
i−1j

2h1

+gs22(s
n)ij
vni+1j − v

n
i−1j

2h1

vnij+1 − v
n
ij−1

2h2
,

g22[s
n]ij = g

s
11(s

n)ij

(snij+1 − snij−1
2h2

)2
+2gs12(s

n)ij
snij+1 − s

n
ij−1

2h2

vnij+1 − v
n
ij−1

2h2

+gs22(s
n)ij

(vnij+1 − vnij−1
2h2

)2
,

1 ≤ i ≤ N1 − 1 , 1 ≤ j ≤ N2 − 1 , k, l = 1, 2.

Algorithm for Computation

The solution of the scheme described above is obtained by applying succes-
sively formulas (7.6) and (7.7) for the solution of the reference difference
problem (7.5). Namely, assuming

A
n+1/2
ij = g22(s

n)ij , B
n+1/2
ij = g22(s

n)ij ,

C
n+1/2
ij = 2g22(s

n)ij + θ1, θ1 = (h1)
2/τ ,

Fnij = θ1s
n
ij − 2g12(s

n)ijMij(s
n) + g11(s

n)ijSij(s
n) +Pij(s

n) ,

(7.21)

we obtain, in accordance with (7.6) and (7.7), a solution of (7.17) for each
fixed number j, 0 < j < N2,

s
n+1/2
ij = α

n+1/2
i+1j s

n+1/2
i+1j + β

n+1/2
i+1j ,

i = 1, . . . , N1 − 1 , s
n+1/2
N1j

= ϕ1(1, jh2) ,
(7.22)
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where

α
n+1/2
i+1j =

B
n+1/2
ij

C
n+1/2
ij − αn+1/2ij A

n+1/2
ij

,

i = 1, . . . , N − 1 , αn+1/21j = 0 ,

(7.23)

β
n+1/2
i+1j =

A
n+1/2
ij β

n+1/2
ij + Fnij

C
n+1/2
ij − αn+1/2ij A

n+1/2
ij

,

i = 1, . . . , N1 − 1 , β
n+1/2
1j = ϕ1(0, jh2) .

(7.24)

Analogously the solution of (7.18), for each index j, 1 ≤ j ≤ N2 − 1, is
expressed by the following recursive formula

v
n+1/2
ij = α

n+1/2
i+1j v

n+1/2
i+1j + β

n+1/2
i+1j ,

i = 1, . . . , N1 − 1 , v
n+1/2
N1j

= ϕ2(1, jh2) ,
(7.25)

where α
n+1/2
i+1j and β

n+1/2
i+1j are computed by (7.24) and (7.25), respectively,

with

α
n+1/2
1j = 0 , β

n+1/2
1j = ϕ2(0, jh2) ,

A
n+1/2
ij = g22(s

n
ij)ij , B

n+1/2
ij = g22(s

n)ij ,

C
n+1/2
ij = 2g22(s

n)ij + θ1, θ1 = (h1)
2/τ ,

Fnij = θ1v
n
ij − 2g12(s

n)ijMij(v
n) + g11(s

n)ijSij(v
n) +Qij(s

n) .

(7.26)

In order to compute (7.19) by (7.6) we assume, for each fixed i, 1 ≤ i ≤
N1 − 1,

An+1ij = g11(s
n)ij , B

n+1
ij = g11(s

n)ij , C
n+1
ij = 2g11(s

n)ij + θ2,

θ2 = (h2)
2/τ ,

F
n+1/2
ij = θ2s

n+1/2
ij − g11(sn)ijSij(sn) .

(7.27)

In accordance with (7.6) and (7.7) we find the solution of (7.19)

sn+1ij = αn+1ij+1s
n+1
ij+1 + β

n+1
ij+1 ,

j = 1, . . . , N2 − 1 , s
n+1
iN2
= ϕ1(ih1, 1) ,

(7.28)

where

αn+1ij+1 =
Bn+1ij

Cn+1ij − αn+1ij A
n+1
ij

,

j = 1, . . . , N2 − 1 , α
n+1
i1 = 0 ,

(7.29)
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βn+1ij+1 =
An+1ij β

n+1
ij + F

n+1/2
ij

Cn+1ij − αn+1ij A
n+1
ij

,

j = 1, . . . , N2 − 1 , β
n+1
i1 = ϕ1(ih1, 0) .

(7.30)

Analogously the solution of (7.20) for each fixed index i, 1 ≤ i ≤ N1 − 1,
is expressed by the recursive formula

vn+1ij = αn+1ij+1v
n+1
ij+1 + β

n+1
ij+1 , v

n+1
iN2
= ϕ2(ih1, 1), (7.31)

where αn+1ij and βn+1ij are computed by (7.30), and (7.31), respectively, with

θ2 = (h2)
2/τ ,

αn+1i1 = 0 , βn+1i1 = ϕ2(ih1, 0) ,

An+1ij = g11(s
n)ij , B

n+1
ij = g11(s

n)ij , C
n+1
ij = 2g11(s

n)ij + θ2 ,

F
n+1/2
ij = θ2v

n+1/2
ij − g11(sn)ijS(vn) .

(7.32)

Fig. 7.2. Stages of the iterative generation of a quadrilateral grid with the use of
a singular initial grid

An approximate solution of (7.13) is the solution snij at a step n such that

max
0≤i≤N1,0≤j≤N2

1

τ

√
(sn+1ij − snij)

2 + (vn+1ij − vnij)
2 ≤ ε , (7.33)

for some sufficiently small ε > 0.
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Fig. 7.3. Two-dimensional triangular stencil for finite differences

Step–by–Step Algorithm

The numerical algorithm described above is a sequential process. The details
of the algorithm are presented here in a step-by-step manner.
Step 1.
Define an initial grid distribution, using the formulas (7.14) or (7.16), by
introducing two difference functions s0ij and v

0
ij , 0 ≤ i ≤ N1, 0 ≤ j ≤ N2,

such that

(s00j , v
0
0j) = s(0, jh2) , (s

0
N1j
, v0N2j) = s(1, jh2) ,

(s0i0, v
0
i0) = s(ih1, 0) , (s

0
iN2
, v0iN2) = s(ih1, 1) .

Step 2.
Compute the functions g11(s

0
ij), g12(s

0
ij), g22(s

0
ij), g(s

0
ij), Mij(s

0), Mij(v
0),

Pij(s
0), Qij(s

0).
Step 3.

Compute s
0+1/2
ij using (7.22 – 7.24).

Step 4.

Compute v
0+1/2
ij using (7.25 – 7.26).

Step 5.
Compute s0+1ij using (7.28 – 7.30).
Step 6.
Compute v0+1ij using (7.31 – 7.32).
Step 9.
Return to step 2 assuming (s0ij , v

0
ij) = (s

1
ij , v

1
ij), where s

1
ij and v

1
ij are taken

from steps 5 and 6.
Continue until the tolerance (7.33) is observed.
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This algorithm is readily transformed for the numerical solution of the
grid equations (6.171), as well as of the inverted Beltrami equations simply
by substituting in the above formulas

√
gs for w(s).

Figure 7.2 demonstrates some steps of the grid generation in a two-
dimensional domain by the solution of the inverted Beltrami equations with
the iterative algorithm described. The initial grid is singular (all its interior
nodes merge into one node lying outside of the domain).

Generation of Triangular Grids

The numerical algorithms described for generating quadrilateral grids are
naturally applied to the generation of triangular grids when the logical do-
main is a symmetric trapezoid. The scheme, similar to that in Fig. 7.1, is
demonstrated in Fig. 7.3.
An example of a triangular domain grid generated by such algorithm is

exhibited by Fig. 7.4. As well as in Fig. 7.2 the initial grid is singular. All
its interior points are placed into three points, two of them lie outside of the
domain.

Algorithm for Generating Grids on Two-Dimensional Surfaces

In the same way as for domains there are generated grids in a two-dimensional
surface Sx2 represented as

x(s) : S2 → R3 , x = (x1, x2, x3) , s = (s1, s2) , (7.34)

by solving the boundary value problem for the inverted diffusion equations
(6.170) and (6.171) as well as for the corresponding inverted Beltrami equa-
tions with respect to a monitor metric gsij over S

x2.

Fig. 7.4. Stages for generating a triangular grid by using a singular initial grid



232 7 Numerical Implementation of Grid Generators

Fig. 7.5. Adaptive surface grids generated with the use of a monitor function. The
boundary grid nodes in the left figure are generated without the use of the monitor
function

Similarly to the case of a two-dimensional domain we also choose a square
or trapezoid for the logical domain Ξ2. We also assume that the boundary
transformation

ϕ(ξ) : ∂Ξ2 → ∂S2 , ϕ = (ϕ1, ϕ2) ,

which is continuous on ∂Ξ2, has been specified on the boundary grid points
of ∂Ξ2, for example, by computing it through the algorithm described in
Sect. 7.1.1.

Fig. 7.6. A triangular adaptive grid on a conical surface

The grid on Sx2 is obtained by mapping with x(s) the grid nodes com-
puted in S2 through the numerical solution of the Dirichlet problem with
respect to s(ξ) for the inverted grid equations.
Figures 7.5 and 7.6 illustrate surface grids generated by the algorithm.

7.1.3 Three–Dimensional Equations

For generating grids in a three-dimensional domain S3 ⊂ R3 with the use of
the inverted diffusion equations with respect to a monitor metric gsij , i, j =
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1, 2, 3 we formulate the following boundary value problem for the equations
(6.190)

w[s(ξ)]L3[si] = gsJ2
∂

∂sj

[
w(s)gijs

]
, i, j = 1, 2, 3 ,

s(ξ)
∣∣∣
∂Ξ3
= ϕ(ξ) ,

(7.35)

where

L3[v] = gξgijξ
∂2v

∂ξi∂ξj

= [gξ22g
ξ
33 − (g

ξ
23)
2]
∂2v

∂ξ1∂ξ1
+ 2[gξ23g

ξ
13 − g

ξ
12g
ξ
33]
∂2v

∂ξ1∂ξ2

+2[gξ12g
ξ
23 − g

ξ
22g
ξ
13]
∂2v

∂ξ1∂ξ3
+ [gξ11g

ξ
33 − (g

ξ
13)
2]
∂2v

∂ξ2∂ξ2

+2[gξ12g
ξ
13 − g

ξ
11g
ξ
23]
∂2v

∂ξ2∂ξ3
+ [gξ11g

ξ
22 − (g

ξ
12)
2]
∂2v

∂ξ3∂ξ3
.

Analogously to the solution of (7.13) we find a solution of (7.35) as a limit
with t→∞ of the solution of the corresponding parabolic problem

∂si

∂t
= w[s(ξ)]L3[si]− gsJ2

∂

∂sj

[
w(s)gijs

]
, i, j = 1, 2, 3 ,

s(ξ, t) = ϕ(ξ) , ξ ∈ ∂Ξ3 , t ≥ 0 ,

s(ξ, 0) = s0(ξ) , ξ ∈ Ξ3 .

(7.36)

Initial Transformation

The initial transformation

s(ξ, 0) = s0(ξ) : Ξ
3 → S3 .

can be found by propagating the values of ϕ(ξ) into the interior of the unit
cube Ξ3, for example, through the formula of Lagrange transfinite interpo-
lation. In particular, for the simplest expressions of the blending functions

αi0j(s) = 1− s , α
i
1j(s) = s ,

we find from (1.10)
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F i1(ξ
1, ξ2, ξ3) = (1− ξ1)ϕi(0, ξ2, ξ3) + ξ1ϕi(1, ξ2, ξ3) ,

F i2(ξ
1, ξ2, ξ3) = F i1(ξ

1, ξ2, ξ3) + (1− ξ2)[ϕi(ξ1, 0, ξ3)

−F i1(ξ
1, 0, ξ3)] + ξ2[ϕi(ξ1, 1, ξ3)− F i1(ξ

1, 1, ξ3)] ,

xi(ξ1, ξ2, ξ3) = F i2(ξ
1, ξ2, ξ3) + (1− ξ3)[ϕi(ξ1, ξ2, 0)

−F i2(ξ
1, ξ2, 0)] + ξ3[ϕi(ξ1, ξ2, 1)− F i2(ξ

1, ξ2, 1)] , i = 1, 2, 3 ,

(7.37)

A numerical algorithm for solving the problem (7.36) is formulated anal-
ogously to the two-dimensional algorithm reviewed by formulas (7.17–7.20),
namely, by splitting the process of the numerical solution into a series of
one-dimensional algorithms. In particular assuming

s(ξ, t) = s1(ξ, t), v(ξ, t) = s2(ξ, t), p(ξ, t) = s3(ξ, t),

the problem (7.36) with respect to the difference variables snijl, 0 ≤ i, j, l ≤ N ,
0 ≤ n, representing s(ξ, t) is approximated at the points (ih, jh, lh, nτ), h =
1/N, by the scheme:

s
n+1/3
ijl − snijl
τ

=
1

h2
[a11D11(s

n+1/2
ijl ) + 2a12D12(s

n
ijl)

+a22D22(s
n
ijl) + 2a

23D23

+2a13D13(s
n
ijl) + a

33D33(s
n
ijl)] +P

1(snijl),

1 ≤ i, j, l ≤ N − 1 , n ≥ 0 , i fixed ,

s
n+2/3
ijl − sn+1/3ijl

τ
=
1

h2
[a22D22(s

n+1
ijl − s

n
ijl)] ,

1 ≤ i, j, l ≤ N − 1 , n ≥ 0 , j fixed ,

sn+1ijl − s
n+2/3
ijl

τ
=
1

h2
[a33D33(s

n+1
ijl − s

n
ijl)] ,

1 ≤ i, j, l ≤ N − 1 , n ≥ 0 , l fixed .

where
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D11(zijl) = zi+1jl − 2zijl + zi−1jl , 1 ≤ i, j, l ≤ N − 1 ,

D12(zijl) =
1

4
(zi+1j+1l − zi−1j+1l − zi+1j−1l + zi−1j−1l) , 1 ≤ i, j, l ≤ N − 1 ,

D22(zijl) = zij+1l − 2zijl + zij−1l , 1 ≤ i, j, l ≤ N − 1 ,

D33(zijl) = zijl+1 − 2zijl + zijl−1 , 1 ≤ i, j, l ≤ N − 1 ,

D13(zijl) =
1

4
(zi+1jl+1 − zi−1jl+1 − zi+1jl−1 + zi−1jl−1) , 1 ≤ i, j, l ≤ N − 1 ,

D23(zijl) =
1

4
(zij+1l+1 − zij+1l−1 − zij−1l+1 + zij−1l−1) , 1 ≤ i, j, l ≤ N − 1 ,

akm = [w(s)gξgkmξ ]
n
ijl , 1 ≤ i, j, l ≤ N − 1 , k,m = 1, 2, 3 ,

P1(snijl) = −[g
sJ2

∂

∂sm
(w(s)g1ms )]

n
ijl , 1 ≤ i, j, l ≤ N − 1 , m = 1, 2, 3 .

Similar expressions are written out for computing the variables v(ξ, t) and
p(ξ, t).
An example of a three-dimensional spatial grid generated with the use of

this scheme is demonstrated in Fig. 7.7. The grid adaptation in the vicinity
of a sphere is provided by the weight function w(s), where

w(s) = 0.8 exp
[
3 exp(−

R2 − 0.0625

0.0001
)
]
,

R2 = (s1 − 0.5)2 + (s2 − 0.5)2 + (s3 − 0.5)2

Analogously, assuming in (7.35) w(s) =
√
gs, we get a numerical algorithm

for solving the Dirichlet boundary value problem for the three-dimensional
inverted Beltrami grid equations.

Fig. 7.7. Three-dimensional grid with node
clustering in the vicinity of a sphere
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7.2 Method of Minimization of Energy Functional

This section describes another finite-difference grid generation algorithm
based of the minimization of the functional (5.32). Following to Charakhch’yan
and Ivanenko (1988,1997) who originated it the algorithm is first expounded
for the two-dimensional version of the functional in the Euler metric, i.e.

I[s] =

∫
Ξ2

(xξ)
2 + (xη)

2 + (yξ)
2 + (yη)

2

J
dξdη, (7.38)

where J = xξyη − xηyξ, and then an explanation is given how it can be
generalized to monitor metrics and other dimensions. Note the functional
(5.32) in the Euler metric gsij = δ

i
j , i, j = 1, 2, becomes the functional (7.38)

when the following designations

ξ1 = ξ, ξ2 = η, s(ξ, η) = [x(ξ, η), y(ξ, η)].

are assumed.
By the algorithm the functional (7.38) is approximated by a discrete func-

tional Ih[ ]. This is made by approximating the integrand of (7.38) at each
grid cell of the logical domain Ξ2 and then carrying out summation over all
cells.

7.2.1 Generation of Fixed Grids

The problem of grid generation is treated as a discrete analog of the problem
of finding the components x(ξ, η) and y(ξ, η) of the intermediate transforma-
tion s(ξ, η) producing one-to-one mapping of the logical square

0 < ξ < 1, 0 < η < 1

onto a physical domain X2.
Instead of the logical square on the plane ξ, η the parametric rectangle

1 < ξ < N, 1 < η < M.

is introduced to simplify the computational formulas. This rectangle is asso-
ciated with the square grid (ξi, ηj) on the plane ξ, η such that ξi = i, ηj =
j, i = 1, . . . , N ; j = 1, . . . ,M .
It is readily shown that if a smooth mapping of one domain onto another

with a one-to-one transformation between boundaries possesses a positive
Jacobian, then such a mapping will be one-to-one. Hence, the grid coordinate
system, generated in the domain X2, will be non-degenerate if the Jacobian
of the mapping s(ξ, η) = [x(ξ, η) , y(ξ, η)] is positive:

J = xξyη − xηyξ > 0. (7.39)

Thus, the problem of the construction of the grid coordinates in the domain
X2 can be formulated as the problem of finding a smooth mapping of the
parametric rectangle onto the domain X2, which satisfies the condition of the
Jacobian positiveness.
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Formulation of Discrete Functional

Let the coordinates (x, y)ij of grid nodes be given. To construct the mapping
xh(ξ, η) , yh(ξ, η) of the parametric rectangle onto the domain X2 such that
xh(i, j) = xij and y

h(i, j) = yij quadrilateral isoparametric finite elements
are used. The square cell numbered as i + 1/2, j + 1/2 on the plane ξ, η is
mapped onto the quadrilateral cell on the plane x, y , formed by the nodes
with coordinates (x, y)ij , (x, y)ij+1, (x, y)i+1j+1, (x, y)i+1j . The cell vertices
are numbered from 1 to 4 in the clockwise direction. The node (i, j) corre-
sponds to the vertex 1, node (i, j + 1) to vertex 2 and so on. Each vertex is
associated with a triangle: vertex 1 with �412, vertex 2 with �123 and so on.
The doubled area Jk, k = 1, 2, 3, 4, of these triangles is introduced as follows

Jk = (xk−1 − xk)(yk+1 − yk)− (yk−1 − yk)(xk+1 − xk)

where one should put k − 1 = 4 if k = 1, k + 1 = 1 if k = 4.
The functions xh , yh for i ≤ ξ ≤ i+ 1, j ≤ η ≤ j + 1 are represented in

the form

xh(ξ, η) = x1 + (x4 − x1)(ξ − i) + (x2 − x1)(η − j)

+(x3 − x4 − x2 + x1)(ξ − i)(η − j),

yh(ξ, η) = y1 + (y4 − y1)(ξ − i) + (y2 − y1)(η − j)

+(y3 − y4 − y2 + y1)(ξ − i)(η − j).

(7.40)

Each side of the square is linearly transformed onto the appropriate side of the
quadrilateral. Consequently, the global transformation xh , yh is continuous
on the cell boundaries. To check the one-to-one property of the transformation
(7.40) we write out the expression for its Jacobian

Jh = xhξ y
h
η − x

h
ηy
h
ξ = det

(
x4 − x1 +A(η − j) x2 − x1 +A(ξ − i)
y4 − y1 +B(η − j) y2 − y1 +B(ξ − i)

)
,

where A = x3 − x4 − x2 + x1, B = y3 − y4 − y2 + y1. The function Jh is
linear, not bilinear, since the coefficient before ξη in this determinant is equal
to zero. Consequently, if Jh > 0 at all corner points of the square, it does
not vanish inside this square. At the corner node 1 (ξ = i, η = j) of the cell
i+ 1/2, j + 1/2 the Jacobian equals

Jh(i, j) = (x4 − x1)(y2 − y1)− (y4 − y1)(x2 − x1),

i.e. Jh(i, j) = J1 is the doubled area of the triangle �412, introduced above.
From this follows that the condition of the Jacobian positiveness xhξ y

h
η −

xhηy
h
ξ > 0 is equivalent to the system of inequalities

[Jk]i+1/2j+1/2 > 0, k = 1, 2, 3, 4; i = 1, . . . , N − 1; j = 1, . . . ,M − 1.
(7.41)
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If conditions (7.41) are satisfied, then all the grid cells are convex quadri-
laterals. The set of grids satisfying these inequalities is called a convex grid
set and denoted by D. This set belongs to the Euclidean space RN1 , where
N1 = 2(N − 2)(M − 2) is the total number of degrees of freedom of the grid
equal to twice the number of its interior nodes.
Finaly the problem is formulated as follows. The convex grid, satisfying

inequalities (7.41), must be generated in the domain X2 for the given coor-
dinates of the boundary nodes.
The mapping x(ξ, η) , y(ξ, η) is approximated by functions xh(ξ, η) ,

yh(ξ, η) introduced in (7.40). Substituting those expressions in (7.38) and
replacing integrals over square cells by the quadrature formulas with nodes
coinciding with the grid vertices on the plane ξ, η, the following discrete ana-
log of the functional (7.38) is obtained:

Ih =
N−1∑
i=1

M−1∑
j=1

4∑
k=1

1

4
[Fk]i+1/2 j+1/2 , (7.42)

where Fk is the integrand evaluated in the k - th grid node as

Fk = [(xk+1 − xk)
2 + (xk − xk−1)

2 + (yk+1 − yk)
2 + (yk − yk−1)

2]J−1k ,
(7.43)

and Jk is the doubled area of the triangle introduced above.
Notice some properties of the function (7.42). For this purpose we intro-

duce a parametric rectangle 0 < ξ < 1, 0 < η < α, where α = (M−1)/(N−1)
is the constant, instead of the unit logical square as a domain of integration
in (7.38). In this case the continuous limit of the expression Ih/(N−1)2 when
N,M → ∞ in such a way, that (M − 1)/(N − 1) = α = const, will be the
functional (7.38).
It is readily obtained the following identity

I =

1∫
0

α∫
0

x2ξ + y
2
ξ + x

2
η + y

2
η − 2(xξyη − xηyξ) + 2(xξyη − xηyξ)

J
dξdη

=

1∫
0

α∫
0

(xξ − yη)2 + (xη − yξ)2

J
dξdη + 2α.

From this follows that the functional (7.38) has a lower bound equal to 2α.
If this minimum is attained, the mapping s(ξ, η) is conformal:

xξ = yη, xη = −yξ.

To obtain the corresponding property of the discrete analog (7.42) of the
functional (7.38) consider one term in (7.43) for k = 2. We can assume that
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x2 = 0 and y2 = 0 since (7.43) contains only finite differences of the grid
node coordinates. In this case we obtain the following identity

F2 =
x21 + y

2
1 + x

2
3 + y

2
3

x1y3 − x3y1

=
x21 + y

2
1 + x

2
3 + y

2
3 − 2(x1y3 − x3y1) + 2(x1y3 − x3y1)

x1y3 − x3y1

=
(x1 − y3)2 + (x3 + y1)2

x1y3 − x3y1
+ 2.

From this follows that the function Ih/(N − 1)2 has on the set D a lower
bound equal to 2(M−1)/(N−1). If this minimum is attained, the coordinates
of the grid nodes satisfy a discrete analog of the conformal conditions

x1 = y3, x3 = −y1.

If these conditions are satisfied for all cells, each grid cell will be a a square.
Note, that the function (7.42) is not convex and, in principle, multiple

solutions may exist.
The function Ih possesses also the following very important property. If

G → ∂D for G ∈ D, where ∂D is the boundary of the set of convex grids
D, i.e. if at least one of the quantities Jk tends to zero for some cell while
remaining positive, then Ih(G) → +∞. In fact, suppose that Jk → 0 in
(7.43) for some cell, but Ih does not tend to +∞. Then the numerator in
(7.43) must also tend to zero, i.e. the lengths of two sides of the cell tend to
zero. Consequently, the areas of all triangles that contain these sides must
also tend to zero. Repeating the argument as many times as necessary, we
conclude that the lengths of the sides of all grid cells, including those at the
boundary of the domain, must tend to zero, which is impossible.
Thus, if the set D is not empty, the system of algebraic equations

Rx =
∂Ih

∂xij
= 0, Ry =

∂Ih

∂yij
= 0, i = 2, . . . , N − 1; j = 2, . . . ,M − 1,

(7.44)

has at least one solution which is a convex grid. To find it, one must first
find a certain initial grid G0 ∈ D, and then use some method of uncon-
strained minimization. Since the function (7.42) has the infinite barrier on
the boundary of the set D, each step of the method can be chosen so that
the grid always remains convex. Note, that in the common case the discrete
grid-generation equations (7.44) may have multiple solutions, but numerical
experiments have not met such opportunity.

Method of Minimization

First there is considered a method for minimizing the function (7.42) assum-
ing that the initial grid G0 ∈ D has been found. Suppose the grid at the
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l-th step of the iterations is determined. For finding the grid nodes at the
(l + 1)-th step the quasi-Newtonian procedure for each interior node can be
used:

τRx +
∂Rx
∂xij
(xl+1ij − x

l
ij) +

∂Rx
∂yij
(yl+1ij − y

l
ij) = 0,

τRy +
∂Ry
∂xij
(xl+1ij − x

l
ij) +

∂Ry
∂yij
(yl+1ij − y

l
ij) = 0

(7.45)

where τ is the iteration parameter. Note, that (7.45) is not the Newton -
Raphson iteration because only a part of the second derivatives of (7.42) is
taken into account. The rate of convergence for (7.45) is low by comparison.
At the same time the Newton - Raphson method gives much more complex
system of linear equations at each iteration.
Each of the derivatives in (7.45) is the sum of twelve terms, in accordance

with the number of triangles containing the given node as a vertex. Rather
than write out such cumbersome expressions, the first and second derivatives
of the terms in (7.42) are considered:

∂Fk
∂xk−1

= 2
xk−1 − xk
Jk

− Fk
yk+1 − yk
Jk

(7.46)

and so on. Arrays storing the derivatives of the function (7.42) were first
cleared, and then all grid triangles were scanned and the appropriate deriva-
tives added to the relevant elements of the arrays.
Now an algorithm is suggested for the choice of the iteration parameter

τ in (7.45), which was used only for the problems with moving boundaries.
Recall, that the minimized function (7.42) has the infinite barrier on the
boundary of the set of convex gridsD. Since if the initial grid G0 is convex the
iteration (7.45) gives, as a rule, a convex grid for any τ < 1. But in extreme
cases when G0 is very close to the boundary of the set D, the grid G(τ)
can cross the boundary of the set in the first iterations (7.45). Clearly, such
condition is fatal for the method because the same barrier on the boundary
of the set D does not allow the iterations to return into the set D in the
following iterations. To avoid this, a certain basic parameter τ0 is chosen so
that G(τ0/2) ∈ D and G(τ0) ∈ D. In the beginning τ0 = 1. If the above-
mentioned conditions are violated, we put τ0 = 1/4 or τ0 = 1/2, depending
on whether the grids G(τ0/2) or G(τ0) leave the set D, and so on.
In fixed boundary problems the simple choice τ = const · τ0 is used. For

time-dependent problems with moving boundaries a version of the method
of parabolas was developed. As the controlling quantity the squared residual
of the equations (7.45)

W =
∑
i,j

(R2x +R
2
y)i,j

was used. The parabola W (τ) is constructed from the grids obtained for
τ = 0, τ = τ0/2 and τ = τ0 . The parameter τ is then chosen so that
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W (τ) = min in the interval θτ ≤ τ ≤ ατ0 . The parameter θ ∼ 0.1 is given a
priori and bounds the value of τ away from zero. The parameter α bounds τ
above, i.e., prevents a very large extrapolation along the parabola. If τ0 = 1,
i.e., if the boundary of the set D is not crossed, we put α = 2. If τ0 < 1, then
α = 1. Finally, if the algorithm gives τ < τ0/2, the condition I

h(τ0/2) < I
h(0)

is checked. In the cases when this condition is found to be valid, τ = τ0/2
was put.
For one iteration of the above method a measurement of the computa-

tional cost gives the value of about double (but not three times) the cost of
the simple iteration. The reason is that the second derivatives of the function
(7.42) are not used in calculatingW while they are used in (7.45) to calculate
the direction of minimization.
The algorithm described can be used only if the initial grid is convex.

Otherwise, it is necessary either to obtain a convex grid by another algo-
rithm as a preliminary stage of the method or to modify the computational
formulas. The first approach is based on the minimization of the following
function

ID =
N−1∑
i=1

M−1∑
j=1

4∑
k=1

(
[ε− Jk]i+1/2 j+1/2

)2
+
, (f)+ = max(0, f), (7.47)

for some given ε > 0. This is accomplished by the gradient method with a
suitable choice of the iteration parameter. The iterative process is broken
off as soon as all inequalities (7.41) are satisfied. This method was used
by Charakhch’yan (1993, 1994) for studying gas dynamics problems with
moving boundaries when the initial interior grid nodes for minimizing (7.47)
were taken from the previous time step. As a result, the initial grid is either
convex or such that a convex grid is obtained after a few iterations.
In fixed boundary problems, the starting grid may be non-convex, con-

taining numerous self-intersecting cells. In such case the preliminary stage
of the method based on minimizing (7.47) can be unsuitable. Therefore an-
other approach had been developed by Ivanenko (1988). The computational
formulas (7.45) were modified so that the initial grid need not belong to the
set D of convex grids. The quantities Jk appearing in the expressions for Rx,
Ry and their derivatives are replaced with new quantities J̃k

J̃k =

{
Jk if Jk > ε,
ε if Jk ≤ ε,

where ε > 0 is some sufficiently small quantity.
It is quite important to choose an optimal value of ε so that the convex

grid is constructed as fast as possible. The method used for specifying the
value of ε is based on the computation of the absolute value of the average
area of triangles with negative areas

ε = max[αS/(N + 0.01), ε1],
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Fig. 7.8. Grids in a model domain (a) and for computing a cumulative jet (b).

where S is twice the absolute value of the total area of triangles with negative
areas, and N the number of these triangles. The quantity ε1 > 0 sets a lower
bound on ε to avoid very large values appearing in the computations. The
coefficient α is chosen experimentally and is in the range 0.3 ≤ α ≤ 0.7.
In practical implementation, an arbitrary set of grid nodes can be marked

as movable during iterations, while all other nodes are considered as sta-
tionary. All the terms in the function (7.42) which become independent
on movable nodes are excluded from computations. Since the boundary
nodes are always marked as stationary, four terms in (7.42) correspond-
ing to ”corner” triangles {(1, 2); (1, 1); (2, 1)}, {(N − 1, 1); (N, 1); (N, 2)},
{(1,M−1); (1,M); (2,M)}, and {(N−1,M); (N,M); (N,M−1)} are always
excluded from computations. As a result, the method becomes applicable to
those domains for which the angle between two intersecting boundaries is
greater than or equal to π, despite the fact that the corresponding grid cell
becomes non-convex regardless of the positions of interior nodes.
Examples of the grids generated by this method are exhibited in Figs.

7.8 and 7.9. Figure 7.9 demonstrates the application of the algorithm to
generating a grid for computing a high-velocity impact of a thin foil (a) upon
a conical target CD (Lomonosov, Frolova, and Charakhch’yan (1997)).

7.2.2 Adaptive Grid Generation

Numerical Algorithm

One approach of adaptive grid generation is based on the minimization of
the functional (5.32) in the metric of a monitor surface.
Let the monitor surface be defined by a function z = f(x, y) where f ∈ C1.

The expressions for the covariant elements and Jacobian of the monitor metric
in the grid coordinates ξ, η are as follows:
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Fig. 7.9. A fragment of the grid (right-hand) in the vicinity of the point E (left-
hand).

gξ11 = g
s
11

(∂x
∂ξ

)2
+ 2gs12

∂x

∂ξ

∂y

∂ξ
+ gs22

(∂y
∂ξ

)2
,

gξ22 = g
s
11

(∂x
∂η

)2
+ 2gs12

∂x

∂η

∂y

∂η
+ gs22

(∂y
∂η

)2
,

gξ = (J)2gs = (J)2[1 + (fx)
2 + (fy)

2],

where
gs11 = 1 + (fx)

2, gs12 = fxfy, g
s
22 = 1 + (fy)

2.

Substituting these expression in (5.32) for n = 2 we obtain the functional

Ia =

1∫
0

1∫
0

(x2ξ + x
2
η)[1 + (fx)

2] + (y2ξ + y
2
η)[1 + (fy)

2] + 2fxfy(xξyξ + xηyη)

J [1 + (fx)2 + (fy)2]1/2
dξdη.

(7.48)

Now we again consider the grid (x, y)ij , i = 1, . . . , N ; j = 1, . . . ,M and,
to simplify the computational formulas, the parametric rectangle 1 < ξ <
N, 1 < η < M substitutes for the unit square 0 < ξ < 1, 0 < η < 1. The
functional Ia is approximated by the function

Iha =
N−1∑
i=1

M−1∑
j=1

4∑
k=1

1

4
[Fk]i+1/2 j+1/2 , (7.49)

Fk =
D1[1 + (fx)

2
k] +D2[1 + (fy)

2
k] + 2D3(fx)k(fy)k

Jk[1 + (fx)2k + (fy)
2
k]
1/2

, (7.50)

where
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D1 = (xk−1 − xk)
2 + (xk+1 − xk)

2,

D2 = (yk−1 − yk)
2 + (yk+1 − yk)

2,
D3 = (xk−1 − xk)(yk−1 − yk) + (xk+1 − xk)(yk+1 − yk),
Jk = (xk−1 − xk)(yk+1 − yk)− (xk+1 − xk)(yk−1 − yk).

Derivatives (fx)k and (fy)k in the k-th cell vertex are equal to the corre-
sponding values of derivatives, evaluated at the grid node ij

(fx)ij =
(fi+1j − fi−1j)(yij+1 − yij−1)− (fij+1 − fij−1)(yi+1j − yi−1j)

(xi+1j − xi−1j)(yij+1 − yij−1)− (xij+1 − xij−1)(yi+1j − yi−1j)
,

(fy)ij =
(fi+1j − fi−1j)(xij+1 − xij−1)− (fij+1 − fij−1)(xi+1j − xi−1j)

(xi+1j − xi−1j)(yij+1 − yij−1)− (xij+1 − xij−1)(yi+1j − yi−1j)
.

(7.51)

These formulas must be modified for the boundary nodes. Indices, ”leaving”
the computational domain must be replaced by the nearest boundary indices.
For example, if j = 1, then (i, j − 1) must be replaced by (i, j).
Function (7.49) possesses the same property as the function (7.42):

Iha (G) → +∞ if G → ∂D for G ∈ D where D is the set of convex grids,
∂D is the boundary of the set.
As before, equations (7.45) are used to minimize the function Iha . Quan-

tities (fx)ij and (fy)ij are assumed to be parameters and therefore all their
derivatives in (7.45) vanish. Note that if (fx)ij and (fy)ij vanish, the function
Iha reduces to the function I

h (7.42).
The adaptive grid generation algorithm is formulated as follows:
1. Generate a grid for the given domain using unconstrained minimization

algorithm described.
2. Compute the values of the control function at each grid node. The

result is fij .
3. Evaluate derivatives (fx)ij and (fy)ij using the formulas (7.51).
4. Make one step in the minimization process for the function Iha using

equations (7.45) and compute new values of xij and yij .
5. Repeat starting with Step 2 to convergency.
It is important that at each step of the iterative process the grid remains

convex.

Redistribution of Boundary Nodes

There are several ways to redistribute the grid nodes along the boundary ∂X2

of the domain X2 during adaptation. The simplest one is a fixed position of
every point on ∂X2, referred to as “fixed position.” However if some phys-
ical quantities are not smooth (e.g. shock waves), then some instability in
the mesh generation and, consequently, in the physical problem solution near
the points where the discontinuity joins ∂X2 may arise. In some methods,
called as “unconstrained minimization”, the boundary nodes are treated as
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interior and the vectors of their shift are projected onto ∂X2. This way can
be used only if the discontinuity is nearly orthogonal to ∂X2. If not, then,
when condensing, the boundary nodes overlap, adjacent cells degenerate, and
modeling breaks. The next method referred to as “1-D minimization” relies
on using the 1-D functional along ∂X2. This method is more robust than the
two ones discussed above and can usually be used for adaptation. However,
the 1-D and 2-D functionals are as a rule inconsistent. By this reason the
parameters of adaptation for the interior and boundary nodes should be se-
lected separately. It requires additional work when modeling unsteady flow
problems.
In the method suggested by Azarenok (2002) instead of (7.49) there was

minimized the function

Ĩha =
N−1∑
i=1

M−1∑
j=1

4∑
k=1

1

4
[Fk]i+1/2j+1/2 +

∑
ij∈L

λijGij = I
h
a +

∑
ij∈L

λijGij , (7.52)

where the constraints Gij = G(xij , yij) = 0 define ∂X
2, λij are the Lagrange

multipliers, and L is the set of the boundary nodes. The function G(x, y) is
assumed piecewise differentiable, so the function Ĩha holds the infinite barrier
on the boundary of the set of convex grids as Iha does if f ∈ C

1.
If the set of convex grids is not empty, the system of the following algebraic

equations

Rx =
∂Iha
∂xij

+ λij
∂Gij
∂xij

= 0, Ry =
∂Iha
∂yij

+ λij
∂Gij
∂yij

= 0, Gij = 0,

(7.53)

has at least one solution that is a convex mesh. Here λij = 0 if ij /∈ L and
the constraints are defined for the boundary nodes ij ∈ L.
Consider the method of minimizing the function (7.52) assuming the grid

to be convex at the lth step of the iterative procedure. The quasi-Newton
procedure to find the coordinates xl+1ij , y

l+1
ij from the system (7.53) was used:

τRx +
∂Rx
∂xij

(xl+1ij − x
l
ij) +

∂Rx
∂yij

(yl+1ij − y
l
ij) +

∂Rx
∂λij

(λl+1ij − λ
l
ij)=0,

τRy +
∂Ry
∂xij

(xl+1ij − x
l
ij) +

∂Ry
∂yij

(yl+1ij − y
l
ij) +

∂Ry
∂λij

(λl+1ij − λ
l
ij)=0,

τGij +
∂Gij
∂xij

(xl+1ij − x
l
ij) +

∂Gij
∂yij

(yl+1ij − y
l
ij)=0,

where

∂Rx
∂xij

=
∂2Iha
∂x2ij

+ λij
∂2Gij
∂x2ij

,
∂Rx
∂yij

=
∂2Iha
∂xij∂yij

+ λij
∂2Gij
∂xij∂yij

,

∂Ry
∂xij

=
∂2Iha
∂xij∂yij

+ λij
∂2Gij
∂xij∂yij

,
∂Ry
∂yij

=
∂2Iha
∂y2ij

+ λij
∂2Gij
∂y2ij

,

∂Rx
∂λij

=
∂Gij
∂xij

,
∂Ry
∂λij

=
∂Gij
∂yij

.
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Resolving the last equation of (7.2.2) with respect to yl+1ij − y
l
ij and sub-

stituting it in the two remaining equations, the system(
a11 a12
a21 a22

)(
xl+1ij − x

l
ij

λl+1ij − λ
l
ij

)
=

(
a13
a23

)
,

is obtained, where

a11 =
∂Rx
∂xij

−
∂Rx
∂yij

∂Gij
∂xij

/
∂Gij
∂yij

,

a12 =
∂Gij
∂xij

,

a13 = τ

[
∂Rx
∂yij

Gij

/
∂Gij
∂yij

−Rx

]
,

a21 =
∂Ry
∂xij

−
∂Ry
∂yij

∂Gij
∂xij

/
∂Gij
∂yij

,

a22 =
∂Gij
∂yij

,

a23 = τ

[
∂Ry
∂yij

Gij

/
∂Gij
∂yij

−Ry

]
.

Denoting � = a11a22 − a12a21, �1 = a13a22 − a23a12, �2 = a11a23 − a21a13
(since Gij = 0, the terms a13, a23 are simplified), we obtain

xl+1ij = x
l
ij +�1/�, λ

l+1
ij = λ

l
ij +�2/�, (7.54)

while yl+1ij is determined from the third equation of (7.2.2). If the constraints
are resolved in y in the form G(x, y) = y − g(x) = 0, then

∂Gij
∂xij

= −
∂gij
∂xij

,
∂Gij
∂yij

= 1,

and the upper formulas are simplified. Analogously the constrains may be
resolved in x in the formG(x, y) = x−g̃(y) = 0.Note the equationG(x, y) = 0
can be locally resolved by one of these two forms.
If ∂X2 is specified by parametric functions x = x(t), y = y(t) or tabular

values (x, y)ij , the following algorithm can be used. Assume the index j is
fixed and i is variable. When calculating the coordinates of the (ij)th node,
in the interval (xi−1j , xi+1j) we construct an interpolating parabola t = t(x)
using the values in three nodes (i−1j) , (ij), and (i+1j). From (7.54) we
compute an intermediate value x̃l+1ij , further from the interpolation formula

we determine tij = t(x̃
l+1
ij ) and final values x

l+1
ij , y

l+1
ij from the parametric

formulas.



7.2 Method of Minimization of Energy Functional 247

Another way for redistributing the nodes along ∂X2, given as parametric
functions or by tabular values, employs an unconstrained minimization of the
function in a parametric form and is based on solving the following system
of algebraic equations, referred to as “parametric minimization,”

Rt = Rx
∂xij
∂tij

+Ry
∂yij
∂tij

= 0,

via the quasi-Newton procedure

τRt +
∂Rt
∂tij

(tl+1ij − t
l
ij) = 0. (7.55)

Here

∂Rt
∂tij

=
∂Rx
∂xij

(
∂xij
∂tij

)2
+
∂Ry
∂yij

(
∂yij
∂tij

)2
+

(
∂Rx
∂yij

+
∂Ry
∂xij

)
∂xij
∂tij

∂yij
∂tij

+Rx
∂2xij
∂t2ij

+Ry
∂2yij
∂t2ij

, Rx =
∂Ih

∂xij
, Ry =

∂Ih

∂yij
.

To the analytical control functions both the constrained and parametric min-
imization give similar results. Real-world 2-D flow computations have shown
that it is better to perform adaptation along the boundary using constrained
minimization (7.2.2) since the procedure (7.55) may not ensure consistent
redistribution of the nodes in X2 and on ∂X2.
The use of the constrained minimization without adaptation (i.e. when

f=const.) means that we seek the conformal mapping x(ξ, η), y(ξ, η) of the
parametric rectangle onto the domain X2 with an additional parameter, the
so-called conformal modulus.

Application to Unsteady Gas Dynamics Problems

The calculation of hydrodynamical problems on the adaptive moving meshes
requires special conservative numerical schemes which update directly the
flow parameters on the moving mesh at the new time level. Another way,
when interpolation of parameters from the fixed mesh to the moving one
is used at every time step, smears the singularities in the solution causing
decrease of accuracy of modeling. We describe here a modification of the
Godunov’s scheme of the second-order accuracy in time and space on moving
meshes, suggested by Azarenok (2000), to compute a two-dimensional gas
flow in the Euler approach.

System of Equations

Two-dimensional equations of gas dynamics, namely, the laws of conservation
of mass, momentum, and total energy are written in the integral form which
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can be derived by transformation of the volume integrals in the space (x, y, t)
to the surface integrals by virtue of the Gauss’s theorem:∫

Ω

(
∂σ

∂t
+
∂a

∂x
+
∂b

∂y

)
dΩ =

�
σdxdy + adydt+ bdtdx = 0, (7.56)

where Ω is an arbitrary control volume in space (x, y, t), ∂Ω is the boundary
of Ω,

σ =

⎡
⎢⎢⎣
ρ
ρu
ρv
E

⎤
⎥⎥⎦ , a =

⎡
⎢⎢⎣
ρu
ρu2 + p
ρuv
u(E + p)

⎤
⎥⎥⎦ , b =

⎡
⎢⎢⎣
ρv
ρuv
ρv2 + p
v(E + p)

⎤
⎥⎥⎦ .

Here u and v are the velocity components, p and ρ are the pressure and den-
sity, E=ρ[e+0.5(u2+v2)] is the total energy, while e is the specific internal
energy. The equation of state is p=(γ−1)ρe where γ is the ratio of specific
heats. Denote the vector-valued unknown function as f = (u, v, p, ρ)�. The
conservation laws (7.56) hold for any functions f both smooth and discon-
tinuous describing an ideal gas flow.

Numerical Scheme

Let a curvilinear moving grid in the x-y plane be introduced with the coordi-
nate lines ξ, η, the (i+1/2, j+1/2)th cell of which at the time range (tn, tn+1)
is shown in Fig. 7.10 by a domain Ω in R space (x, y, t), being a hexahedron
with planar top and bottom faces. The bottom (top) face of the hexahedron
Ω is the control volume at the time tn (tn+1).

Fig. 7.10. Hexahedron Ω in R space with bottom (1234) and top (1’2’3’4’) faces,
being the cell of the 2D moving mesh at the time tn and tn+1, respectively.
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Integrating (7.56) over the boundary ∂Ω of the hexahedron gives a cell-
centered finite-volume approximation of the governing gas dynamics equa-
tions

σn+1
i+1/2j+1/2A1′2′3′4′ − σ

n
i+1/2j+1/2A1234

+Q411′4′ +Q233′2′ +Q122′1′ +Q344′3′ = 0,
(7.57)

where σn+1
i+1/2j+1/2 and σ

n
i+1/2j+1/2 are the average values of σ at the time

tn+1 and tn in the center of the top and bottom faces, respectively; A1′2′3′4′
and A1234 are the areas of the corresponding faces. Each of the four vec-
tor values Q411′4′ , Q233′2′ , Q122′1′ and Q344′3′ is the amount of the mass,
momentum, and energy which flows into and out the quadrilateral cell 1234
within time �t = tn+1 − tn through the corresponding moving edges of the
cell.
For example, the vector-valued quantity Q122′1′ that is the change of the

parameters due to the flux through the edge 12 within time �t is given by

Q122′1′ = σ
n+1/2
i+1/2jA

xy
122′1′ + a

n+1/2
i+1/2jA

yt
122′1′ + b

n+1/2
i+1/2jA

tx
122′1′ , (7.58)

where σ
n+1/2
i+1/2j ,a

n+1/2
i+1/2j , and b

n+1/2
i+1/2j are calculated using the parameters f =

(u, v, p, ρ)� in the center of the face 122′1′, i.e. at the mid-point of edge 12
at the time tn+1/2 (or at the mid-point of edge 1′′2′′); Axy122′1′ , A

yt
122′1′ , A

tx
122′1′

are the areas of the projections of the face 122′1′ onto the coordinate planes
x-y, y-t, and t-x, respectively, given by

Axy122′1′ =

∫
122′1′

dxdy = 0.5[(x2′ − x1)(y1′ − y2)− (x1′ − x2)(y2′ − y1)],

Ayt122′1′ =

∫
122′1′

dydt = 0.5�t(y2′ + y2 − y1 − y1′),

Atx122′1′ =

∫
122′1′

dtdx = −0.5�t(x2′ + x2 − x1 − x1′).

These expressions are obtained from the formula for area of the quadrangle
1234

A1234 = A(x1, y1;x2, y2;x3, y3;x4, y4)

= 0.5[(x3 − x1)(y4 − y2)− (x4 − x2)(y3 − y1)] ,

when passing its contour in the anticlock-wise manner.
The values fn+1i+1/2j+1/2 are updated by two stages using a predictor-

corrector procedure. At the first stage (predictor) we compute the interme-

diate values f̄
n+1
i+1/2j+1/2 at the (n+1)th level by using (7.57).
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Let us consider the curvilinear coordinate ξ. Assume the function f
to be linear within the cell (i+1/2, j+1/2) in the ξ-direction. The values
fnij+1/2 and f

n
i+1j+1/2, specified at the left and right ends of the segment

((i, j+1/2), (i+1, j+1/2)) at the time tn, are defined as

fnij+1/2 = fni+1/2 j+1/2 − 0.5δf
n
i+1/2h

n
i+1/2 ,

fni+1j+1/2 = f
n
i+1/2 j+1/2 + 0.5δf

n
i+1/2h

n
i+1/2 .

Here δfni+1/2 is the ”effective” derivative in the ξ-direction, while the spac-
ing hni+1/2 is the length of the underlying segment. Note that δf

n
i+1/2 and

hni+1/2 are the notations for (δf
n
ξ )i+1/2j+1/2 and (h

n
ξ )i+1/2j+1/2, respectively.

When determining δfni+1/2, to suppress spurious oscillations in the vicinity
of discontinuities, the monotonicity algorithm should be applied. The spacing
hni+1/2 is given by

hni+1/2 =

0.5
√
(xni+1j + x

n
i+1j+1 − x

n
ij − x

n
ij+1)

2 + (yni+1j + y
n
i+1j+1 − y

n
ij − y

n
ij+1)

2.

By analogy the values fni+1/2j and f
n
i+1/2j+1 are calculated at the left

and right ends of the segment in the η-direction in the cell. Note, since we
interpolate f along the curvilinear coordinate lines ξ and η the order of inter-
polation, in general, is less then 2 and equal 2 only if the mesh is rectangular
and quasiuniform.
In order to find the values Q122′1′ we substitute in (7.58) the determined

values of f at the mid-point of the lateral edge 12 of the quadrilateral 1234,
i.e. at the time tn instead of the ones at the time tn+1/2. The values Q411′4′ ,
Q233′2′ , and Q344′3′ can be found in a similar way. Finally, from (7.57) we

obtain the intermediate valuesf̄
n+1
i+1/2j+1/2 at the (n+1)th level.

We now discuss the second stage, corrector. For this purpose we set the

effective derivatives at tn+1 equal to the ones at tn, i.e. δf̄
n+1
i+1/2=δf

n
i+1/2.

Then the values in the center of the faces 122′1′ and 344′3′, namely, at the
mid-point of the edges 12 and 34 at the time tn+1/2 are

f
n+1/2
ij+1/2 = 0.5[fni+1/2j+1/2 +f̄

n+1
i+1/2j+1/2 − 0.5δf

n
i+1/2(h

n
i+1/2 + h

n+1
i+1/2)] ,

f
n+1/2
i+1j+1/2 = 0.5[f

n
i+1/2j+1/2 +f̄

n+1
i+1/2j+1/2 + 0.5δf

n
i+1/2(h

n
i+1/2 + h

n+1
i+1/2)] .

We can obtain f
n+1/2
i+1/2j and f

n+1/2
i+1/2j+1 in a similar way. These four vector

values are used as the pre-wave states in the center of the corresponding
lateral faces of the hexahedron for the Riemann problem.
Let us consider the face 122′1′. To get the postwave states fn+1/2 in the

center of this face (for brevity we omit subscripts i, j), i.e. at the mid-point of
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the segment (1′′, 2′′), we solve the Riemann problem with the pre-wave states

(r, p, ρ)n+1/2 at this point on the both sides of the face. One state (r, p, ρ)
n+1/2
+

relates to the underlying hexahedron and the other (r, p, ρ)
n+1/2
− to the hex-

ahedron adjacent to the face 122′1′ (corresponding to the (i+1/2, j−1/2)th
cell). Here rn+1/2 is the normal component of the velocity to the segment
(1′′, 2′′). We also use the tangential components of the velocity qn+1/2 on
those sides. The normal and tangential components of the velocity are given
by

rn+1/2 = nxu
n+1/2 + nyv

n+1/2 , qn+1/2 = nyu
n+1/2 − nxv

n+1/2 ,

where nx, ny are the components of the outward unit normal vector to the
segment (1′′, 2′′).

After solving the Riemann problem, the post-wave values (r, p, ρ)
n+1/2
R

in the face center are defined. The post-wave tangential component of the

velocity q
n+1/2
R is given by

q
n+1/2
R =

{
q
n+1/2
+ if w12 ≤ dcont ,

q
n+1/2
− otherwise ,

(7.59)

where dcont is the contact discontinuity speed in the Riemann problem, w12
is the velocity of the edge 12 in the normal direction to this edge, and

q
n+1/2
+ , q

n+1/2
− are the pre-wave tangential components of the velocity in the

underlying hexahedron and in the one adjacent to the face 122′1′, respec-
tively. This condition expresses the fact that the tangential component of the
velocity is discontinuous across the tangential discontinuity. The velocity w12
can be derived from the equality

�tl1′′2′′w12 = A
xy
122′1′ , (7.60)

where l1′′2′′ is the length of the segment (1
′′, 2′′). Next we restore the Carte-

sian components of the post-wave velocity in the center of the face 122′1′

u
n+1/2
R = nxr

n+1/2
R + nyq

n+1/2
R , v

n+1/2
R = nyr

n+1/2
R − nxq

n+1/2
R .

Given the post-wave values (u, v, p, ρ)
n+1/2
R in the center of the face 122′1′,

we calculate Q122′1′ via (7.58). Similarly we treat the Riemann problem in
the center of the other three faces to obtain Q411′4′ , Q233′2′ , and Q344′3′ .
The final values of fn+1i+1/2j+1/2 at the time t

n+1 are obtained by using

(7.57). This scheme is of the second-order accuracy in the domains of smooth
flow provided that the mesh is quasiuniform and close to rectangular.

Riemann Problem on the Moving Mesh

To demonstrate how to take into account the movement of grid nodes let
us consider the midpoint of the segment (1′′2′′) within the time interval
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Fig. 7.11. Five possible cases of location of the segment ((x, y)
n+1/2
i j+1/2, (x, y)

n+1
i j+1/2)

in the wave pattern. Points 1, . . ., 5 indicate the location of the point (ij+1/2) at
tn+1. The axis l with zero at the point (ij+1/2) is aligned with the normal vector
towards the segment (1′′, 2′′) (in the direction ξ > 0) at the time tn+1/2.

(tn+1/2, tn+1) (see Fig. 7.11). Assume that after solving the Riemann prob-

lem at the point (x, y)
n+1/2
ij+1/2 we have the wave pattern depicted in Fig. 7.11.

There are 5 cases of location of the segment ((x, y)
n+1/2
ij+1/2, (x, y)

n+1
ij+1/2) in the

wave pattern depending on the velocity w12 of the edge 12. As the post-wave

values (r, p, ρ)
n+1/2
R we take:

1. (r, p, ρ)
n+1/2
R = (r, p, ρ)

n+1/2
− if w12 < dsh, where dsh is the speed of the

left shock in the l-axis direction.
2. (r, p, ρ)

n+1/2
R = (r, p, ρ)

n+1/2
2 if dsh < w12 < dcont, where the vector

(r, p, ρ)
n+1/2
2 defines the flow parameters behind the shock, dcont is the

speed of the contact discontinuity which equals to the velocity u in that
domain.

3. (r, p, ρ)
n+1/2
R = (r, p, ρ)

n+1/2
3 if dcont < w12 < d

lft
rar, where the vector

(r, p, ρ)
n+1/2
3 defines the parameters in the domain between the contact

discontinuity and left characteristic of the rarefaction wave expanding
with the speed dlftrar.

4. (r, p, ρ)
n+1/2
R = φ(α) if dlftrar < w12 < d

rght
rar , i.e. we calculate the

flow parameters in the rarefaction wave using the similarity variable α =
l/(t − tn+1/2). Here drghtrar is the speed of the right characteristic in the
rarefaction fan.

5. (r, p, ρ)
n+1/2
R = (r, p, ρ)

n+1/2
+ if w12 > d

rght
rar .

Note that in the first-order Godunov’s scheme the above algorithm is applied
at the time tn.
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Stability condition

To demonstrate how the stability condition on moving mesh is obtained let
us consider the one-dimensional case with the (i+1/2)th cell depicted in
Fig. 7.12. At the nth time level in this cell, the local time step is determined
by

�ti+1/2 =
hni+1/2

max(drghti − wi+1 , −d
lft
i+1 − wi)

, (7.61)

where drghti and dlfti+1 are the extreme right and left wave speeds at the points

xni and x
n
i+1, respectively, obtained by solving the Riemann problem at t

n+1/2,
wi is the velocity of the node xi, i.e. the slope of the intercell boundary
(xni , x

n+1
i ). The condition (7.61) implies that we estimate the time within

which the left-going characteristic (in the linearized analysis this is a straight
line), emanating from the (i+1)th node, arrives at the ith node moving with
the velocity wi, as well as the time within which the right characteristic,
emanating from the ith node, arrives at the (i+1)th node moving with the
velocity wi+1. From these two time steps we take the minimal one. The
resulting time step over the mesh is given by

�t = ccfl min
i
�ti+1/2 . (7.62)

The coefficient ccfl is a correction to the non-linearity of the Eqs. (7.56). To
calculate the node velocity wi, on one hand it is necessary to know the time
step �t, and on the other hand to take into account that wi participates in
determining �t. By these reasons at the time level n+1 we use �t obtained
at the preceding level n. The coefficient ccfl<1, usually about 0.5, may be
corrected during the computation.

Fig. 7.12. Computing cell of 1D moving grid at the time tn and tn+1

In the 2D case the choice of the admissible step �t may be estimated in
the energetic norm to the underlying Eqs. (7.56) written in a differential form
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as a t-hyperbolic by Friedrichs’s system. The step�t in the (i+1/2, j+1/2)th
cell (see Fig. 7.10) is given by

�ti+1/2j+1/2 =
�t

′
�t

′′

�t′ +�t′′
, (7.63)

where

�t
′

=
h
′

max(drght14 − w23;−d
lft
23 + w14)

,

�t
′′

=
h
′′

max(drght12 − w34;−d
lft
34 + w12)

, (7.64)

h
′

=
A1234

0.5
√
(x4 + x3 − x1 − x2)2 + (y4 + y3 − y1 − y2)2

,

h
′′

=
A1234

0.5
√
(x3 + x2 − x4 − x1)2 + (y3 + y2 − y4 − y1)2

.

Fig. 7.13. Supersonic flow in the mach wind tunnel containing a step. The bound-
ary nodes are distributed using constrained minimization. Adaptive mesh with frag-
ments I, II, III near the boundary and IV comprising the triple point.

Here �t
′
and �t

′′
are the admissible time steps to the one-dimensional

scheme in the ξ and η-direction, respectively; h
′
, h

′′
are the “average heights”

of the bottom face 1234, and w is the velocity of the corresponding cell



7.3 Generation of Multi-Block Grids 255

edge. For example, w12 is the velocity of the edge 12 in the normal direction
determined via (7.60). Next, drght12 and drght14 are the “extreme right wave”
speeds defined from solving the Riemann problem to the faces 122′1′ and
11′4′4, respectively; dlft23 and d

lft
34 are the “extreme left wave” speeds to the

faces 233′2′ and 433′4′, respectively.
The resulting time step over the mesh is given by

�t = ccfl min
ij
�ti+1/2j+1/2 .

7.2.3 Numerical Examples

Robustness of the adaptive mesh method is demonstrated in the two numer-
ical examples.
The first is a test presented by Fig 7.13 of the planar unsteady supersonic

flow in the wind tunnel containing a step (for details see Colella and Wood-
ward (1984)). This test was performed by Azarenok and Ivanenko (2002) on
the adaptive grids by applying the above flow solver when as a monitor func-
tion f in (7.48) there was used the modulus of velocity |V |. The boundary
nodes were adapted by applying 1-D minimization. One of the main difficul-
ties was to capture the triple point, caused by the irregular reflection of the
bow shock from the top wall, with clustered grid lines that required especial
efforts.
The use of constrained minimization for the boundary nodes allows both

to eliminate the above difficulty connected with capturing the triple point (see
fragment IV of the mesh in Fig. 7.13) and to perform robust node clustering
in the domains where the shocks are attached to the boundary or reflected
from it (see fragments I − III). The shock waves are smeared over 2 to 3
cells. There is also demonstrated compression of grid lines to the contact
discontinuity emanating from the triple point.
The second example is related to modeling motion of a detonation wave.

The adaptive mesh, obtained when modeling the unstable detonation wave
motion (for details see Azarenok and Tang (2005)) is presented in Fig. 7.14.
The pressure is used as a monitor function. To perform a stable mesh adap-
tation there was also employed the constrained minimization for the redistri-
bution of boundary nodes. The figure exhibits clustering of the grid lines to
the main incident shock and transverse waves.
The calculations related to Fig. 7.13 and 7.14 were carried out by B.

Azarenok.

7.3 Generation of Multi-Block Grids

The numerical algorithms described above are formulated for generating a
local single-block grid. This section reviews some approaches for extending
the algorithms for generating multi-block grids.
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Fig. 7.14. Adaptive mesh (a) and its fragments (b), (c).

In the commonly applied block strategy, the physical geometry is divided
into a few contiguous subgeometries referred to as blocks, which may be con-
sidered as the cells of a coarse, generally unstructured grid (see Fig. 7.15 for
a tokamak-related domain). And then a separate structured or unstructured
mesh is generated in each block. The union of these local grids constitutes a
mesh referred to as a multi-block grid. The main reasons for using multi-block
grids rather than single-block grids are that

(1) the physical geometry is exceedingly complicated, having a multiply con-
nected boundary, cuts, narrow protuberances, cavities, etc.;

(2) the physical problem is heterogeneous relative to some of the physical
quantities, so that different mathematical models are required in different
zones of the geometry to adequately describe the physical phenomena;

(3) the solution of the problem behaves non-uniformly: zones of smooth and
rapid variation of different scales may exist;

(4) opportunity to apply parallel algorithms.
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Fig. 7.15. Block structure for the tokamak-edge region.

7.3.1 Block-Structured Grids

If meshes in all blocks are structured then the multi-block grid can be con-
sidered as locally structured at the level of an individual block, but globally
unstructured when viewed as a collection of blocks. Such grids are called
block-structured grids. Thus a common idea with a block-structured grid
technique is the use of different structured grids, or coordinate systems, in
different zones of the physical geometry, allowing the most appropriate grid
configuration to be used in each zone.
Block-structured grids are considerably more flexible in handling com-

plex geometries than structured grids. Since these grids retain the simple
regular connectivity pattern of a structured mesh on a local level, these
block-structured grids maintain, in nearly the same manner as structured
grids, compatibility with efficient finite-difference, finite-volume, or spectral
element algorithms used to solve partial differential equations. However, the
generation of block-structured grids may take a fair amount of user interac-
tion and, therefore, requires the implementation of an automation technique
to lay out the block topology.
The blocks of locally structured grids in a three-dimensional region are

typically homeomorphic to a three-dimensional cube, thus having the shape
of a curvilinear hexahedron. However, some domains can be more effectively
partitioned with the use of cylindrical blocks as well. Cylindrical blocks are
commonly applied to the numerical solution of problems in regions with holes
and to the calculation of flows past aircraft or aircraft components (wings,
fuselages, etc.). For many problems it is easier to take into account the shape
of the physical geometry and the structure of the solution by using cylindrical
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Fig. 7.16. Computational domains adjusted to the physical domains

blocks. Also, the total number of blocks and sections might be smaller than
when using only blocks homeomorphic to a cube.

Topology of the Grid

The correct choice of the topology in a block, depending on the geometry
of the logical domain and the qualitative type of the transformation of the
region onto the block, has a considerable influence on the quality of the grid.
There are two ways of specifying the computational domain for a block:

(1) as a complicated polyhedron which maintains the schematic form of the
block subdomain (Fig. 7.16);

(2) simply as a solid cube or a cube with cuts (Fig. 7.17).

Fig. 7.17. A single-block topology for the tokamak-edge region.
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With the first approach, the problem of constructing the grid transforma-
tion is simplified, and this method is often used to generate a single-blocked
grid in a complicated domain. The second approach relies on a simplified
geometry of the computational domain but requires sophisticated methods
to derive suitable grid transformations.
In a block which is homeomorphic to a cylinder with thick walls, the

grid topology is determined by the topology of the two-dimensional grids in
the transverse sections. In applications, for sections of this kind, which are
annular planes or surfaces with a hole, wide use is made of three basic grid
topologies: H (Fig. 7.18), O (Fig. 7.19), and C (Fig. 7.20).
In H-type grids, the computational domain is a square with an interior

cut which is opened by the construction of the coordinate transformation and
mapped onto an interior boundary of the block. The outer boundary of the
square is mapped onto the exterior of the block. The interior boundary has
two points with singularities where one coordinate line splits. H−type grids
are used, for instance, when calculating the flow past thin bodies (aircraft
wings, turbine blades, etc.).
In O-type grids, the computational domain is a solid square. In this case

the system of coordinates in the block with a hole is obtained by bending the
square, sticking two opposite sides together and then deforming. The stuck
sides determine the cut, called the fictive edge, in the block. An example of
O-type grid is the nodes and cells of a polar system of coordinates. The O-
type grid can be constructed without singularities when the boundary of the
block is smooth. Grids of this kind are used when calculating the flow past
bulky aircraft components (fuselages, gondolas, etc.) and, in combination
with H-type grids, for multilayered block structures.
The computational domain is also a solid square in a C-type grid, but

the mapping onto the block with a hole involves the identification of some
segments of one of its sides and then deforming it. In the C-type grid, the
coordinate lines of one family leave the outer boundary of the block, circle

Fig. 7.18. H-type grid
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Fig. 7.19. O-type grid

the inner boundary and return again to the outer boundary. There is one
point on the inner boundary which has the same type of singularity as in the
H-type grid. The C-type grids are commonly used in regions with holes and
long protuberances.
The O and C-type techniques in fact introduce artificial interior cuts in

multiply connected physical geometries to generate single block-structured
grids. The cuts are used to join the disconnected components of the boundary
of the geometry in order to reduce their number. Theoretically, this operation
can allow one to generate a single coordinate transformation in a multiply
connected physical geometry.
The choice of the grid topology in a block depends on the structure of the

solution, the shape of the physical geometry, and, in the case of continuous or
smooth grid-line communication, on the topology of the grid in the adjacent
block as well. For complicated physical geometries, such as those near aircraft
surfaces or turbines with a large number of blades, it is difficult to choose the
grid topology of the blocks, because each component of the system (wing,

Fig. 7.20. C-type grid
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fuselage, etc.) has its own natural type of grid topology, but these topologies
are usually incompatible with each other.

Conditions Imposed on Grids in Blocks

A grid in a block must satisfy the conditions which are required to obtain
an acceptable solution. In any specific case, these conditions are determined
by features of the computer, the methods of grid generation available, the
topology and conditions of interaction of the blocks, the numerical algorithms,
and the type of data to be obtained.
One of the main requirements imposed on the grid is its adaptation to the

solution. Multidimensional computations are likely to be very costly without
the application of adaptive grid techniques. The basic aim of adaptation is
to enhance the efficiency of numerical algorithms for solving physical prob-
lems by a special nonuniform distribution of grid nodes. The appropriate
adaptive displacement of the nodes, depending on the physical solution, can
increase the accuracy and rate of convergence and reduce oscillations and the
interpolation error.
In addition to adaptation, the construction of locally structured grids of-

ten requires the coordinate lines to cross the boundary of the domain or the
surface in an orthogonal or nearly orthogonal fashion. The orthogonality at
the boundary can greatly simplify the specification of boundary conditions.
Also, a more accurate representation of algebraic models of turbulence, the
equations of a boundary layer, and parabolic Navier–Stokes equations is pos-
sible in this case. If for grids of O and C-type the coordinate lines are orthog-
onal to the boundary of each block and its interior cuts, the global block-
structured grid will be smooth. It is also desirable for the coordinate lines
to be orthogonal or nearly orthogonal inside the blocks. This will improve
the convergence of the difference algorithms, and the equations, if written in
orthogonal variables, will have a simpler form.
For unsteady gas-dynamics problems, some coordinates in the entire do-

main or on the boundary are required to have Lagrange or nearly Lagrange
properties. With Lagrangian coordinates the computational region remains
fixed in time and simpler expressions for the equations can be obtained in
this case.
It is also important that the grid cells do not collapse, the changes in the

steps are not too abrupt, the lengths of the cell sides are not very different,
and the cells are finer in any zone of high gradient, large error, or slow con-
vergence. Requirements of this kind are taken into account by introducing
quantitative and qualitative characteristics of the grid, both with the help of
coordinate transformations and by using the sizes of cell edges, faces, angles,
and volumes. The characteristics used include the deviation from orthogonal-
ity, the Lagrange properties, the values of the transformation Jacobian or cell
volume, and the smoothness and adaptivity of the transformation. For cell
faces, the deviation from a parallelogram, rectangle, or square, as well as the
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ratio of the area of the face to its perimeter, is also used. A detailed review
of these grid characteristics is given in the monograph of Liseikin (1999).

Communication of Adjacent Coordinate Lines

The requirement of mutual positioning or “communication” of grids in the
vicinity of adjacent grid blocks and fictive edges or faces can also have a
considerable influence on the construction of locally structured grids and on
the efficiency of the numerical calculations. The coordinate lines defining
the grid nodes of two adjacent blocks, in general, need not have points in
common, and can join smoothly or nonsmoothly (Fig. 7.21). If all adjacent
grid blocks join smoothly, interpolation is not required. If the coordinate lines
do not join, then during the calculation the solution values at the nodes of one
block must be transferred to those of the adjacent block in the neighborhood
of their intersection. This is done by interpolation or (in mechanics) using
conservation laws.

Fig. 7.21. Types of interface of grid lines between contiguous blocks (a discontin-
uous; b, c nonsmooth; d smooth)

The types of interaction between adjacent grid blocks and in the vicin-
ity of fictive edges or faces are selected on the basis of the features of the
physical quantities in the region of their intersection. If the gradient of the
physical solution is not high in these zones and interpolation can, therefore,
be performed with high accuracy, the coordinate lines do not need to join.
This greatly simplifies the algorithm for constructing the grid. If there are
high gradients of the solution near the intersection of two blocks or in the
neighborhood of fictive edges or faces, a smooth matching is usually per-
formed between the coordinate lines. The problem of smooth matching was
typically overcome by an algebraic technique using Hermitian interpolation,
or by elliptic methods, involving a choice of control functions. A combination
of Laplace and Poisson equations, yielding equations of fourth or even sixth
order, was also used for this purpose. A distinctive feature of these approaches
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is that the boundaries of joint blocks or fictive intersections as well as grid
distribution on these geometries remain fixed.

Fig. 7.22. Scheme for generating smooth grids by computing the common points
of the adjacent blocks through grid equations

Approaches to Smoothing Grids

In this section we describe two novel iterative approaches for providing
smooth matching of grid lines across adjacent blocks. These approaches are
readily applied to generating smooth grids in the vicinity of fictive edges of
faces as in the case of O- or C-types of meshes. The essential difference from
the previous methods for generating smooth block-structured grids is that
the current approaches are based on the computation of both the position
of the joint boundary segments of the blocks and grid distribution in these
segments. The position of the segments and grid distribution are found 1)
through the numerical solution of grid equations and 2) by the interpola-
tion from the nodes of the grid hypersurfaces neighboring the joint boundary
segment.

Computation Through Grid Equations.

The idea of this version of the approach is demonstrated in Fig. 7.22 rep-
resenting a two-block structured scheme for generating smooth quadrilateral
grids in a domain X2. The left-hand block of the domain is bounded by
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Fig. 7.23. Examples of nonsmooth and smooth triangular grids.

the curves A1B1, B1C1, C1D1, and D1A1. Similarly the right-hand block
is bounded by the segments A2B2, B2C2, C2D2, and D2A2. The curves
C1D1 and B2A2 are identical presenting the joint boundary of the blocks.
By the iterations the grid in the domain X2 is computed independently at
each block via solving numerically by the methods described in Sects. 7.1-7.3
the Dirichlet boundary value problem for grid equations at the nodes of the
corresponding logical domains Ξ21 and Ξ

2
2 with the identical boundary node

distribution at joint segments in X2. These segments and their grid points
are found in the process of iterations by solving the boundary value problem
at the points of a new logical domain ABCD.
Thus, during the first iteration we specify the joint boundary segment

A2B2 = D1C1 in X
2, the grid nodes at this segment, and the transformation

at this nodes from the grid points of the segments C1D1 and A2B2 of the
corresponding logical domains Ξ21 and Ξ

2
2 . Then we compute independently

the grid nodes in the both blocks of X2 through the grid equations. Having
done this we choose in the both blocks the corresponding grid lines AB and
CD, for example, neighboring the joint boundary line C1D1 = B2A2. After
this we solve numerically the boundary value problem for the grid equations
at the points of a new logical domain ABCD. The number of the points at

Fig. 7.24. Examples of nonsmooth and smooth quadrilateral grids.
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Fig. 7.25. Examples of nonsmooth and smooth C-type grids.

the segments AD in the domain X2 and in this new logical domain coincides.
The boundary points at the segments AB and CD in the logical domain are
mapped at the computed points of the corresponding segmentsAB and CD in
X2. The transformation of the boundary points at the segments AD and BC
coincides with the initial boundary transformation from the corresponding
points of the segments A1D1, A2B2 and B1C1, B2C2. In particular, the
points E and F are mapped at the points C1 and D1, respectively. By the
computation the points of the segment EF in the new logical domain are
transformed at the points of a new joint boundary segment (dotted line)
of two new blocks. Then the iterations continue up to satisfy a tolerance
condition. Similarly, there are generated smooth block-structured triangular
grids.
Figures 7.23, 7.24, and 7.25 demonstrate nonsmooth grids (left-hand)

computed in two-dimensional domains without the use of the smoothing
algorithm and smooth grids (right-hand) found by the application of the
algorithm.
Analogous procedure is formulated for generating smooth block-structured

surface and three-dimensional domain grids. Figure 7.26 exhibits nonsmooth
(left-hand) and smooth (right-hand) grids on a surface.

Fig. 7.26. Examples of nonsmooth and smooth surface grids.
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An essential feature of this approach is that the equations for generat-
ing grids in the blocks and for computing new joint boundary segments of
the blocks are the same. So such a smoothing process does not breach the
properties of the grids realized by particular monitor metrics.

Computation by Interpolation

Fig. 7.27. Scheme for generating smooth grids by interpolation.

In this approach the grid point at the i-th level of a new joint boundary seg-
ment (dotted line in Fig.7.27) is computed by the following procedure: after
computing the grid points at both blocks having a joint boundary line with a
grid nodeD we choose at the i-th level of grid lines two points neighboring the
previous joint segment point D of one block (the points B and C in Fig. 7.27)
and one neighboring a point of another block (point F in Fig. 7.27). Through
these points we draw a smooth line, for example, a circle segment. The i-th
level of a new joint boundary point E will lie on this segment. Its position at
the segment is defined from the relation CE/EF = AB/BC, where A is the
third grid point of the first block computed at the i-th level (overline means
the distance between the corresponding points). When all grid points of the
new joint boundary segment are found by such way then the grid points in
the blocks are found independently by solving grid equations. The process
continues up to satisfy a required tolerance.
Figure 7.28 illustrates an O-type nonsmooth (left-hand) and smooth

(right-hand) surface grids generated by this approach.
Similarly there are generated smooth block-structured three-dimensional

domain grids.
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Fig. 7.28. Examples of nonsmooth and smooth surface grids.

7.4 Application of Layer-Type Functions to Grid Codes

Formulations of general monitor metrics (5.58) as well as of the metrics
(5.73) and (5.101) for generating field-aligned and balanced grids rely on
some weight functions whose role is both to specify metrics and to determine
the influence of individual metrics on the resulting mesh. This section reviews
the application of some basic layer-type univariate mappings to defining the
weight functions.

7.4.1 Specification of Basic Functions

A suitable set of weight functions can be formulated by using three basic
functions ϕi(x, ε), i = 1, 2, 3, x ≥ 0, 0 < ε � 1 which model locally the
qualitative behavior of solutions to singularly perturbed problems along a
coordinate transverse to the layers of their rapid variation.
The first function is the familiar exponential layer-type mapping

ϕ1(x, ε) = exp(−bx/ε
k) , k > 0 , b > 0 , (7.65)

representing a layer-type function of the first order. The following mapping
is a power function, namely,

ϕ2(x, ε) =
εkb

(εk + x)b
, k > 0 , b > 0 , (7.66)

The third mapping is a logarithmic map

ϕ3(x, ε) =
ln(1 + xε−k)

ln(1 + ε−k)
, k > 0 . (7.67)
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The interval where any function ϕi(x, ε), i = 1, 2, 3, provides a rapid
stretching of the coordinate x coincides with the interval where the first
derivative with respect to x of this function is large. The first derivatives of
the basic functions are

dϕ1
dx
(x, ε) = −bε−k exp(−bx/εk) , k > 0 , b > 0 ,

dϕ2
dx
(x, ε) = −

bεkb

(εk + x)b+1
, k > 0 , b > 0 ,

dϕ3
dx
(x, ε) =

1

ln(1 + ε−k)(εk + x)
, k > 0 ,

Thus the lengths of the intervals of the rapid transition of the functions equals
to

x1 = C1ε
kln(ε−1), x2 = C2ε

kb/(b+1), x3 = C3/ln(1 + ε
−k),

respectively. The intervals [0, x1], [0, x2], and [0, x3] are referred to as layers
of singularity of corresponding functions ϕi(x, ε), i = 1, 2, 3.
The quantities k and b in the expressions for the functions ϕi(x, ε) are

positive constants that control some characteristics of the functions and the
layers of their singularity. In particular, the number k exhibits the scale of
a layer. The constant b controls the type of stretching nonuniformity and
the width of the layer. The parameter ε provides the major contribution to
determining the slopes of the functions in the vicinity of the point x = 0.
The basic functions ϕi(x, ε), i = 1, 2, 3, have the boundary layers of rapid

variation near the point x = 0. It is evident that the procedures of scaling,
shifting, and matching can yield layer-type functions with arbitrary boundary
and interior layers as well. These procedures are described in detail in the
monographs by Liseikin (1999, 2001a).
Originally the layer-type functions ϕi(x, ε) were used in the so called

stretching method for specifying grid node clustering in the zones of boundary
and interior layers for the numerical solution of singularly perturbed problems
(see Bakhvalov (1969) and Liseikin (2001a)).

7.4.2 Numerical Grids Aligned to Vector-Fields

Application to Formulation of Field-Aligned Monitor Metrics

For generating numerical grids in a domain Xn, aligned to a vector-field B,
there, in accordance with Sect. 5.3.3, can be used the contravariant metric
components (5.77). For specifying these components two vector-fields B1 and
B2 may be chosen by

B1 = B, B2 = kD,

where D is orthogonal to the field B, k is a small positive function. Thus the
contravariant components of the monitor metric for generating field-aligned
grids in the domain Xn are as follows:
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gijs = ε(s)δ
i
j +B

iBj + k2DiDj , i, j = 1, . . . , n. (7.68)

Since the vector field B is orthogonal to D and |B| = |D| we find from (5.79)

gs = det(g
ij
s ) = [ε(s) + |B|

2][ε(s) + k2|B|2]. (7.69)

Taking into account that for n = 2

BiBj = |B|2δij −D
iDj , i, j = 1, 2,

the contravariant metric components (7.68), for n = 2 and l = 2, are as
follows:

gijs = [ε(s) + |B|
2]δij + (k

2 − 1)DiDj

= [ε(s) + k2|B|2]δij + (1− k
2)BiBj , i, j = 1, 2,

(7.70)

i.e. of the form (5.77) for l = 1. So, availing us of (5.81) yields that the
covariant components of the monitor metric in the Cartesian coordinates
s1, s2 are expressed in both forms

gsij =
1

ε(s) + |B|2

[
δij −

k2 − 1

ε(s) + k2|B|2
DiDj

]
, i, j = 1, 2,

gsij =
1

ε(s) + k2|B|2

[
δij −

1− k2

ε(s) + |B|2
BiBj

]
, i, j = 1, 2,

(7.71)

Thus the covariant metric components in the grid coordinates ξ1, ξ2 are as

gξij =
1

ε(s) + |B|2

[ ∂s
∂ξi
·
∂s

∂ξj
−

k2 − 1

ε(s) + k2|B|2
Dm
∂sm

∂ξi
Dp
∂sp

∂ξj

]
=

1

ε(s) + k2|B|2

[ ∂s
∂ξi
·
∂s

∂ξj
−

1− k2

ε(s) + |B|2
Bm
∂sm

∂ξi
Bp
∂sp

∂ξj

]
,

i, j,m, p = 1, 2.

(7.72)

For generating a grid with the requirement that grid coordinates are
aligned with the vector field B , we assume k ∼ 0.01−0.1 and ε(s) as a func-
tion with small positive values when |B| ∼ 1, while ε(s) ∼ 1 when |B| = 0.
The second condition for ε(s) is stipulated by the effect of the solution of
inverted diffusive equations: the grid cells become very small at the points
where all elements gijs are small. The functions ε(s) satisfying these proper-
ties are formulated through the boundary layer-type functions (7.65)–(7.67)
assuming ε(s) = ϕ(|B(s)|2, δ), where

ϕ(x, δ) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
Mexp(−x/δ),

Mδα/(δ + x)α, α > 0,

M ln(δ + x)/ ln δ,
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Fig. 7.29. Field-aligned grid (right-hand) for a symmetric vector field.

for x ≥ 0, 0 < δ << 1, M = const. These boundary layer-type functions
help solutions of grid equations switch from one mode to another.
In the case of a two-dimensional domain X2 and a square logical domain

Ξ2, the boundary conditions at the points of the boundary segments ξ2 = 0; 1
of the logical square Ξ2, are found iteratively to satisfy the requirement of
orthogonality

∂s

∂ξ1
·
∂s

∂ξ2
= 0.

The conditions at the boundary points of the other coordinate family can be
either specified as fixed or they can be specified at one segment ξ1 = const
and computed iteratively at the points of the another segment to satisfy at
these points the requirement of grid lines alignment with the vector field

B3 = [B
1 + sgnB1ϕ(|B1|2, δ), (1− ϕ(|B1|2, δ))B2].

This vector field is introduced to rule out, at the corresponding boundary
points, the direction (0, B2) parallel to the boundary segment ξ1 = const for
a coordinate curve ξ2 = const emanating from this segment.

Fig. 7.30. Field-aligned grid (right-hand) for a vector field with two islands.
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Fig. 7.31. Field-aligned grid (right-hand) for a nonsymmetric vector field.

Numerical Experiments

Figures 7.29–7.32 demonstrate isocontours (left-hand) of a vector field B in a
two-dimensional domain X2 and pictures (right-hand) of the corresponding
grids. The vector field B is formed by a model function ψ(s) via the relation

B = (−
∂ψ

∂s2
,
∂ψ

∂s1
). (7.73)

This vector field is subject to the natural equation for magnetic fields divB =
0. In addition, for such a vector field, D = grad ψ. Thus, in this case, the
equations (7.72) become

gξij =
1

ε(s) + |B|2

[ ∂s
∂ξi
·
∂s

∂ξj
−

k2 − 1

ε(s) + k2|B|2
∂ψ

∂ξi
∂ψ

∂ξj

]
, i, j = 1, 2.

With these covariant components the two-dimensional diffusion equations
(7.11) have the following form

Fig. 7.32. Example of a triangular field-aligned grid.
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w[s(ξ)]
(
gξ22

∂2si

∂ξ1∂ξ1
− 2gξ12

∂2si

∂ξ1∂ξ2
+ gξ11

∂2si

∂ξ2∂ξ2

)
= Ki, (7.74)

where

Ki =
(J)2

gs

∂

∂sj
[w(s)gijs ]

=
J

gs

{∂s2
∂ξ2

∂

∂ξ1
[w(s)gi1s ]−

∂s2

∂ξ1
∂

∂ξ2
[w(s)gi1s ]

−
∂s1

∂ξ2
∂

∂ξ1
[w(s)gi2s ] +

∂s1

∂ξ1
∂

∂ξ2
[w(s)gi2s ]

}
, i, j = 1, 2.

Equations (7.74) become the inverted Beltrami equations after substitut-
ing
√
gs = 1/

√
gs for w(s).

Analogously there are written out the inverted diffusion grid equations in
the form (6.171) and corresponding inverted Beltrami grid equations.
The equations (7.74) were solved by the numerical algorithms reviewed

in Sect. 7.1.2. There were used the following expressions for ε(s) and ψ(s):

ε(s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

0.05 exp(−|B|2/0.1), Fig. 7.29;

0.05
( 0.3

0.3 + |B|2

)2
, Fig. 7.30;

0.05 ln(0.005 + |B|2)/ ln(0.005), Fig. 7.31;

0.1exp
(
−
|B|

0.07

)
, Fig. 7.32.

ψ(s) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

φ(s2)(1− φ(s2))[(s1 − 0.5)2 + 2(φ(s2)− 0.5)2], Fig. 7.29;

φ(s2)(1− φ(s2))[(s1 − 0.5)2 − 6(φ(s2)− 0.5)2], Fig. 7.30;

φ(s2)(1− φ(s2))[(s1 − 0.5)2 + 2(φ(s2)

− 0.5− 0.2s1)2], Fig. 7.31;

φ(s2)(1− φ(s2))[(s1 − 0.5)2 + 1.5(φ(s2)− 0.5)2], Fig. 7.32.

where

φ(s2) = 0.5
[
1 + tanh

(s2 − 0.5
0.2

)]
.
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Fig. 7.33. Grids for the tokamak–edge region.

An example of a field-aligned grid for the tokamak edge region is exhibited
in Fig. 7.33 (right-hand). The left-hand picture demonstrates an initial grid
presented by A. Glasser. Originally grids for the tokamak edge region were
performed by Petravic (1987) and Rognlien, Xu, and Hinmarsh (2002).

7.4.3 Application to Grid Clustering

The basic layer-type functions φi(x, ε), i = 1, 2, 3, can also be used to pro-
duce grid clustering in the vicinity of a hypersurface defined by the equation
φ(s) = 0. For this purpose one can specify a monitor metric in the form
(5.95) proposed for generating grids adapting to the gradient of a function
f(s) that has large variation near the hypersurface. One of such functions
is defined by the formula f(s) = tanh[φ(s)/δ], that includes the layer-type
map φ1(x, δ). Figure 7.34 (a) demonstrates a grid with node clustering near
the curve φ(s) = 0. Figure 7.34 (b) shows grid clustering near two curves
φ1(s) = 0 and φ2(s) = 0.

f(s) =

⎧⎪⎪⎨
⎪⎪⎩
0.05 tanh

(φ(s)
0.05

)
, (a);

0.06 tanh
(φ1(s)
0.05

)
+ 0.08 tanh

(φ2(s)
0.1

)
, (b);

where
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Fig. 7.34. Triangular adaptive grids.

φ(s) = 100(s1 − 0.5)2 + 16(s2 − 0.5)2 − 1,

φ1(s) = (s
1 − 0.5)2 + (s2 − 0.5)2 − 0.5,

φ2(s) = s
2 − 0.5− 0.8 sin(6(s1 + 0.3)).

Another metric for providing grid clusstering is defined by the formula
(5.99):

gijs = ω[z(φ)]δ
i
j , i, j = 1, . . . , n,

where the function z(φ) is formulated by the basic layer-type mappings
φi(x, ε), i = 1, 2, 3. Figures 7.35 and 7.36 exhibit domain grids generated
through such metric by the numerical solution of the inverted diffusion grid
equations. Remind, in accordance with Sect. 5.1.5 the three-dimensional dif-
fusion equations are the Beltrami equations in a modified metric.

Fig. 7.35. Examples of quadrilateral adaptive grids.
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For Fig. 7.35 there was assumed

ω[z(φ)] =

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

exp(−z2/0.5), z(s) = exp{−[φ(s)]2/0.001}, (a);( 0.5

0.5 + z2

)2
, z(s) = exp{−[φ(s)]2/0.0005}, (b);

2 exp(−z2/0.3), z(s) =
ln{0.0005 + [φ(s)]2}

ln(0.0005)
, (c);

φ(s) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩
(s1 − 0.5)2 − 0.8(s2 − 0.5)2 − 0.05, (a);

(s1 − 0.5)2 + (s2 − 0.5)2 − 0.0625, (b);

s2 − 2(s1 − 0.5)2 − 0.2, (c).

Figure 7.36 demonstrates two-dimensional and three-dimensional adaptive
grids in the case

Fig. 7.36. Examples of triangular and hexahedral adaptive grids.

ω[z(φ)] = 0.5 exp
[
2 exp(−

φ(s)2

0.001
)
]
,

φ(s) = (s1 − 0.5)2 + (s2 − 0.5)2 + (s3 − 0.5)2,

which provides node clustering near central points of the geometries.

7.4.4 Application to Formulation of Weight Functions for
Generating Balanced Grids

The basic layer-type functions (7.65)–(7.67) are changing rapidly in a very
narrow zone when the parameter ε is small. Therefore they allow one to for-
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mulate weight functions for localizing the contribution of the corresponding
terms of the metric elements (5.100) and (5.101) on the resulting quality of
the balanced grids, obtained by the numerical solution of the inverted Bel-
trami or diffusion grid equations.
For computing the balanced numerical grids, that are field-aligned and

adaptive to the values of one function and to the variations of another func-
tion, there was used formula (5.101) for the contravariant metric elements of
the monitor metric, written in the following form

gij(s) = (1− α)gijal + α
(
(1− β)gijadg + βg

ij
adv

)
, i, j = 1, . . . , n.

gijal = δ
i
jε(s) +B

iBj , gijadv = δ
i
jf1(ϕ1),

gijadg = δ
i
j −

1

1 + |grad f2(ϕ2)|2
∂f2(ϕ2)

∂si
∂f2(ϕ2)

∂sj
.

Fig. 7.37. Examples of balanced numerical grids.

Some two-dimensional balanced grids in a square domain X2 are shown
in figure 7.37. These grids were generated through the solution of equations
(7.11) by the finite-difference algorithm described in Sect. 7.12. First picture
of the figure demonstrates the grid aligned to a vector-field B formulated by
(7.73) and adapted to the values of a function ϕ1(s). Second picture demon-
strates the grid aligned to the same vector-field and adapted to the gradients
of a function f2[ϕ2(s)]. Third picture demonstrates the grid aligned to the
same vector-field and adapted to the values of one function and the gradi-
ents of another. These grids were generated with the help of the following
functions and parameters
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f1(ϕ1) =
( 0.6

0.6 + ϕ1

)3
, ϕ1(s) =

( 0.01

0.01 +R2

)5
,

f2(ϕ2) = 0.05tanh
( ϕ2
0.03

)
, ϕ2(s) = R

2 − 0.2,

R2 = (s1 − 0.5)2 + (s2 − 0.5)2,

ψ(s) = v(s2)(1− v(s2))[(s1 − 0.5)2 + 2(v(s2)− 0.5)2],

v(s2) = 0.5
[
1 + tanh

(s2 − 0.5
0.2

)]
,

1) α = ε(s) =
( 0.3

0.3 + |B|2

)6
, β = 1,

2) α = ε(s) =
( 0.3

0.3 + |B|2

)8
, β = 0,

3) α = ε(s) =
( 0.3

0.3 + |B|2

)5
, β = exp(−(f1)

2/0.1).
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